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Motivation: GAIA data

GAIA is an astrophysis mission of the European Spae Ageny(ESA) whih will undertake a detailed survey of over 109 stars inour Galaxy and extragalati objets.Satellite to be launhed in 2012.Aims of the missionClassify objets (star, galaxy, quasar,...)Determine astrophysial parameters (�APs�: temperature,metalliity, gravity) from spetrosopi data (photon ounts atertain wavelengths).Group �Astrophysial parameters� at MPIA Heidelberg is in hargeof developing the neessary statistial toolbox.Yet, one has to work with simulated data generated throughomplex omputer models.
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GAIA data

Photon ounts (N = 8286) simulated from APs:
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GAIA data: Estimation of APs

Try linear model for the temperature, using training sample of size
n = 1000:

> lm(temperature˜ spec1 +...+ spec16, data= gaia)

Estimate Std. Error t value Pr(>|t|)

(Intercept) -14033286 21104764 -0.665 0.506

spec1 14065842 21104812 0.666 0.505

spec2 14216977 21107526 0.674 0.501

.

. . . . .

spec16 13886697 21106076 0.658 0.511

Residual standard error: 1978 on 983 degrees of freedomMultiollinearity!Does not seem to be a useful model for this data.

– p. 4/24



Dimension redution

Usual remedies:Model/ variable seletion proeduresDimension redution tehniquesLook at sree plot:

Comp.1 Comp.2 Comp.3 Comp.4 Comp.5 Comp.6 Comp.7 Comp.8 Comp.9 Comp.10
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Three prinipal omponents appear to be su�ient.

> lm(temperature ˜ Comp1 + Comp2 + Comp3, data = gaiapc)

Estimate Std. Error t value Pr(>|t|)

(Intercept) 10835.90 65.14 166.34 <2e-16 ***
Comp1 -187339.39 1706.85 -109.76 <2e-16 ***
Comp2 -173967.35 3157.61 -55.09 <2e-16 ***
Comp3 -155314.86 6726.19 -23.09 <2e-16 ***
Residual standard error: 2060 on 996 degrees of freedomlooks aeptable...
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Prinipal omponent sores

We plot the the �rst three prinipal omponent sores
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Atually, we seem to need only parameter if we were able to laya smooth urve through the data loud, and parametrize it.This is a task for prinipal urves, �smooth urves through themiddle of a data loud� (Hastie & Stuetzle, 1989).
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Prinipal omponent sores

We plot the the �rst three prinipal omponent sores and shadehigher temperatures red.
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Atually, we seem to need only one parameter if we were able to laya smooth urve through the data loud, and parametrize it.This is a task for prinipal urves, �smooth urves through themiddle of a data loud� (Hastie & Stuetzle, 1989).
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Loal prinipal urves (LPCs)
Einbeck, Tutz & Evers (2005): Calulate alternately a loal enter of massand a �rst loal prinipal omponent.
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Step 1: Fitting the LPC

LPC through prinipal omponent sores of photon ounts, withloal enters of mass m (sky blue squares):
> gaia.lpc <- lpc(gaia.pc$scores)
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Step 2: Parametrization

Unlike HS urves, LPCs do not have a natural parametrization, soit has to be omputed retrospetively.De�ne a preliminary parametrization s ∈ R based on Eulideandistanes between neighboring m ∈ R
d.For eah omponent mj , j = 1, . . . , d, use a natural ubi spline toonstrut funtions mj(s), yielding together a funtion

(m1, . . . ,md)(s) representing the LPC (no smoothing involvedhere!).Realulate the parametrization along the urve through the arlength of the spline funtion,
t =

∫ s

0

√

(m′

1
(u))2 + . . . + (m′

p(u))2 du
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Step 2: Parametrization (ont.)
> lpc.spline(gaia.lpc)
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The spline funtion (�) is almost indistinguishable from theoriginal LPC (�).
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Step 3: Projetion

Eah point xi ∈ R
d is projeted on the point of the urve nearestto it, yielding the orresponding projetion index ti

> lpc.spline(gaia.lpc, project=TRUE)
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Step 4: Regression

We want to predit stellar temperature from 16-d spetral data,using the projetion indies of the spetra as preditors.
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This is now a simple one-dimensional regression problem,

yi = g(ti) + εi.
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This is now a simple one-dimensional regression problem,

yi = g(ti) + εi.
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Predition

For a new observation xnew ∈ R
d, predition proeeds as follows:Projet xnew onto the LPC, giving tnew.Compute ŷnew = ĝ(tnew) from the �tted regression model.Comparison: We sample n′ = 1000 test data from the remaining

8286 − 1000 observations and observe the predition error:predition error /10
3 LM PC+LM PC+AM PC+LPCaverage(ε̂2

i

) 4593 4967 1732 1430median(ε̂2

i

) 1049 1124 104 52

where ε̂i is the di�erene between true and predited temperature.
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Density estimation

Having now the projetion indexes ti, i = 1, . . . , n, this an beeasily used for other purposes suh as �density estimation along theprinipal urve�:

f̂(t) =
1

nh
K

(

t − ti

h

)
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Limits of one-dimensional data summaries

Look at �metalliity�
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The relevant information seems to be orthogonal to the prinipalurve!Would a prinipal surfae help?
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Loal prinipal surfaes

Instead of points x, we work with the �building blok� triangles ∆.Loal PCA is only used to determine the initial triangle, say ∆0.Then, the algorithm iterates(1) For a given triangle ∆, we glue further triangles at eah of itssides j = 1, 2, 3.(2) For j = 1, 2, 3, adjust the free triangle vertex via the meanshift. We dismiss the new triangle ifthe new vertex falls into a region of small density, orthe new vertex is too lose to an existing one (Delaunaytriangulation).until all sides of all triangles (inluding the new ones) havebeen onsidered.
– p. 16/24



Loal prinipal surfaes (ont.)

Illustration: Constrained mean shift on a irle (enforingequiliteral triangles):
– p. 17/24



Loal prinipal surfae for GAIA data

Loal prinipal surfae (LPS) for PC sores based on training dataset with n = 1000:
– p. 18/24



Regression on the surfae

Then, how to use this surfae for regression?It seems hard to de�ne a meaningful 2-dim. parametrization on thesurfae.However, we may use distanes instead: For eah triangle, we anount the distane d to all other triangles through the smallestnumber of triangle borders that have to be rossed to walk fromone to the other.Assign loal weights via disrete distane-based kernel

κ(d) = e−d/λThe parameter λ ∈ [0,∞) steers the degree of smoothing on themanifold: the higher λ, the smoother.
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Regression on the surfae (ont.)

The entire �tting proess is summarized as follows:(I) Fit a LPS as explained above, yielding a surfae with, say, Rtriangles.(II) Assign eah data point xi, i = 1, . . . , n to their nearest triangle.(III) For eah triangle r = 1, . . . , R, ompute the mean ȳr over theresponse values of all data points assigned to it.(IV) Compute all pairwise distanes dr,s between all triangles on thesurfae.(V) Use the disrete kernel κ(·) to smooth over the manifold. Thesmoothed response value gr on triangle r is given by

gr =

∑

s κ(dr,s)ȳs
∑

s κ(dr,s)
.
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Simulation study

Predition errors for n′ = 1000 test data. The LPS is �tted with λ = 1.Temperaturepredition error /10
3 LM PC+LM PC+AM PC+LPC PC+LPSaverage(ε̂2

i

) 4593 4967 1732 1430 1252median(ε̂2

i

) 1049 1124 104 52 49Metalliitypredition error LM PC+LM PC+AM PC+LPC PC+LPSaverage(ε̂2

i

) 2.601 3.084 2.849 3.070 3.067median(ε̂2

i

) 1.287 1.821 1.671 1.859 1.323
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Manifolds of higher dimension?

The tehniques extend to loal prinipal manifolds (LPMs) ofhigher dimensions by using tetrahedrons instead of triangles.Visualization of ourse triky....

Slightly ontrived example: 3d-Torus , with:2d surfae 3d manifold

– p. 22/24



Conlusion

Prinipal urves or surfaes an be used for dimension redutionprovided thatthe intrinsi (topologial) dimensionality of the data loud islose to 1 or 2, respetively,or, at least, the projetions are informative for the targetvariable.Regression on surfaes is (yet) done via a disrete kernel approah(due to a lak of parametrization).Diret LPC/ LPS regression (without preliminary PCA step) inpriniple possible.Extendable to loal prinipal manifolds (LPMs) of arbitrarydimension > 2 by replaing �triangles� with suitable �tetrahedrons�or �simplies�.
– p. 23/24
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