CYCLES IN HYPERBOLIC MANIFOLDS OF NON-COMPACT
TYPE AND FOURIER COEFFICIENTS OF SIEGEL MODULAR
FORMS

JENS FUNKE* AND JOHN MILLSON**

ABSTRACT. Using the theta correspondence, we study a lift from (not necessarily
rapidly decreasing) closed differential (p — n)-forms on a non-compact arithmetic
quotient of hyperbolic p-space to Siegel modular forms of degree n. This generalizes
earlier work of Kudla and the second named author (in the case of hyperbolic space).
We give a cohomological interpretation of the lift and analyze its Fourier expansion
in terms of periods over certain cycles. For Riemann surfaces, i.e., the case p = 2,
we obtain a complete description using the theory of Eisenstein cohomology.

1. INTRODUCTION

Throughout the 1980’s, Kudla and the second named author studied integral trans-
forms A from closed differential forms on arithmetic quotients of the symmetric spaces
of orthogonal and unitary groups to spaces of classical Siegel and Hermitian modular
forms ([11, 12, 13, 14]). These transforms came from the theory of dual reductive
pairs and the theta correspondence.

In [14] they computed the Fourier expansion of A(n) in terms of periods of n over
certain totally geodesic cycles under the assumption that n was rapidly decreasing.
This also gave rise to the realization of intersection numbers of these ‘special’ cycles
with cycles with compact support as Fourier coefficients of modular forms.

It is clear from [7],[4] and [6] that the situation is far more complicated when
the hypothesis of rapid decay is dropped. The purpose of this paper is to initiate
a systematic study of this transform for non rapidly decreasing differential forms 7
by considering the case for the finite volume quotients of hyperbolic space coming
from unit groups of isotropic quadratic forms over Q. We expect that many of the
techniques and features of this case will carry over to the more general situation.

We now give a more precise description of this paper. Let V(Q) be a rational vector
space of dimension m = p + 1 with a symmetric bilinear form ( , ) of signature (p, 1)
and put G(Q) = SO(V(Q)). We let L be an integral lattice in V(Q) and I'(Q) be a
torsion-free subgroup of the stabilizer of L in G(Q). We denote by B the associated
symmetric space to G(R), and we assume that the hyperbolic manifold M = I'\ B is
non-compact.

Kudla and the second named author ([11, 12]) constructed a certain theta function
0(r, Z) for T € H,,, the Siegel upper half space, and Z € B, which is a non-holomorphic
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Siegel modular form of weight % with values in the closed differential n-forms of M.
For n a rapidly decreasing closed differential (p — n)-form in M, they then defined
the transform

(1.1) A(n)(T):/Mn/\H(T,Z).

They showed that A(n)(7) is a holomorphic cusp form, see [14]. Moreover, the Fourier
coefficients are given as periods of n over certain geometrically defined composite,
in general non-compact, ‘special’ cycles Csg in M attached to positive definite 3 €

Sym,(Q), i.e.,

(1.2) A(??)(T) _ Z </C 77) e2mitr(BT)

8>0

The lift factors through the cohomology H?~"(M, C) with compact support, and the
period fcﬁ n is the evaluation of the pairing of [n] € HP~"(M,C) with the relative

cycle Cg € H,_,(M,0M,Z). The key point is here that the Fourier coefficients 63 of
(7) are the Poincaré-dual forms of the cycles Cj.

In the case of p = 2 and n = 1, this lift is closely related to the work of Shintani
[15] on the inverse of the Shimura lift.

The Borel-Serre compactification makes M a compact manifold with boundary M.
Here each boundary component is a (p — 1)-torus at the various cusps of M. We
develop a machinery to determine the growth of §(7, Z) and show

Theorem 1.1.

0(t, Z) extends to a smooth differential form on M. Moreover, the coefficients of the
restriction of 0(t, Z) to each boundary component are given by a linear combination of
holomorphic Siegel cusp forms of weight % coming from the orthogonal group O(p—1).

We can therefore extend the theta integral (1.1) to (p — n)-forms n on M. For
the special case n = p and n = 1, the theta integral was already studied by Kudla
([9, 10]).

Theorem 1.2. o
Let n be a closed differential (p — n)-form on M. Then A(n)(T) is a holomorphic
Siegel modular form of weight % for a suitable congruence subgroup of Sp(n,Z).

The key point is here that there exists another, rapidly decreasing theta function
=(7, Z) such that

(1.3) 00(t,2) =d=(r, Z).

Here O operates on the 7-variable and d on the Z-variable. This, together with Stokes’
theorem, implies that A(n)(7) satisfies the Cauchy-Riemann equations.

The form = exists in general but it is not necessarily rapidly decreasing. Thus
the problem of when A(7n) is holomorphic is rather delicate. In fact, in [6] it was
shown that in the case of signature (p,2) analogous theta integrals are in general
non-holomorphic modular forms.
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We call the space of holomorphic Siegel cusp forms of weight 7 and degree n coming
from theta series attached to O(p — 1) the space of unstable cusp forms and denote
it by ©™(p —1). (For p = 2 and n = 1, these cusp forms correspond to Eisenstein
series of weight 2 under the Shimura correspondence).

By Theorem 1.1 the image of exact forms lies in the space of unstable cusp forms.
Denoting the space of holomorphic Siegel modular forms of weight 3 and degree n

by MT(,:L/)T we therefore obtain

Theorem 1.3. o
The transform A factors through the cohomology H?~™(M,C) ~ HP~"(M,C) mod-
ulo unstable Siegel cusp forms, i.e., A defines a map

A HP7(M,C) — M, /0™ (p —1).

By Theorem 1.2 we see by the Koecher principle that the Fourier expansion of
A(n)(7) is given by

(1.4) A)(7) =) ag(n)em e

B8>0
with

(1.5) as(n) = /M 0 A Bs(7).

(For n = 1, the vanishing of the negative coefficients follows from a direct calculation
which we omit).

For the singular coefficients, the 63(7) turn out to be rapidly decreasing, and we
have

Theorem 1.4.

_Jo if  rk(B)<n-—1
ag(1n) = (—1)" fo, n if rk(B) =n—1.

In particular, we see that A(n)(7) is in general no longer a cusp form. Here, for
positive semi-definite of rank n — 1, the ‘singular’ cycles Cj are linear combinations
of embedded (p — n)-subtori at each component of the Borel-Serre boundary of M.
The coefficients are values of Dirichlet series attached to the boundary components.
Note that the Cj can be considered as absolute cycles in M and therefore the period
of n over C is cohomological.

The calculation of the singular Fourier coefficients uses extensively ideas from [10],
where the case of n = p was considered. However, through a careful growth analysis of
the theta series involved we are able to greatly simplify the concept of the calculations,
avoiding the usage of a wave packet attached to Eisenstein series. This observation
should also be very helpful for extending the much more general results of [14].

The situation for the positive definite coefficients is considerably more complicated
as now 0z is nonzero at the boundary and therefore homotopy- and Stokes-type ar-
guments for the computation of (1.5) are no longer available. In particular, the
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calculation for n rapidly decreasing (see [13]) does not extend to arbitrary n. This
corresponds to the fact that the period [ 1l (where Cjp is the (in general relative)

cycle mentioned above) no longer has a (co)homological interpretation.
In fact, if  is an exact form which extends to the boundary, the equation

(1.6) as(n) = /C 0

is in general no longer valid! We define the ‘defect’ d5(n) = ag(n) — f05 n and show

that d5 descends to a function on ZP~"(M)/ZP~™(M,dM), where Z*(M) is the space
of closed differential forms on M and Z*(M,dM) the subspace of forms which vanish
at the boundary. Moreover, we show that the defect can be non-zero on the subspace
of exact (p — n)-forms supported near OM.

For the case of a Riemann surface, i.e., for the case of SO(2,1) and n = 1, we have
a complete picture:

Theorem 1.5. Let p =2 and n = 1. Then each class in H(M,C) has a represen-
tative n such that

(1.7) An)(r) = </O n) + ) (/Cﬁ n) o 2miBT

0 B8>0

Hence (1.7) holds in Mé};/@(l)(l) for all closed 1-forms n in M.

The point is here that via the theory of Eisenstein cohomology H'(M,C) splits
into its cuspidal (or L) cohomology and a part defined by Eisenstein series coming
from cohomology classes at the boundary. We are able to directly compute (1.5) for
forms defined by cusp forms and Eisenstein series, thus verifying (1.6).

Furthermore, we can consider the 'truncated’ part 0°(7) of the form (7), which is
obtained by subtracting the Eisenstein form of the restriction of 6(7) to the boundary
from 0(7) itself. 6°(7) is again a modular form of weight 3/2 with values now in the
rapidly decreasing differential 1-forms of the Riemann surface M.

For > 0, we define Cj to be the homology class dual to the §-th Fourier coefficient
of 6¢(7). This definition and the following result is completely analogous to the one
by Hirzebruch-Zagier for Hilbert modular surfaces ([7]):

Theorem 1.6. Let p =2 and n = 1. The map
n = / nA0(T)
M
factors through H(M,C), and if C is the homology class dual to [n], we have that

/M N A0 (1) = =[C5.C1+ ) _[C5.Cle*™

B8>0

is a holomorphic modular form of weight 3/2. Here [.] denotes the cohomological
intersection product.
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It seems natural to expect that this generalizes to SO(p,1) (at least when the
Eisenstein classes involved are not residual), and we hope to come back to this issue
in the near future.

We can also define in the general case

(18) A(C)(r) = / o(r)

for C' being a special cycle of complementary dimension n. For this lift, we have
complete control over the Fourier coefficients:

Theorem 1.7. A(C)(7) is a holomorphic Siegel modular form of weight %5 and degree
n and

AC) (1) =Y [C.Chlye®™™ ) (=) > [C.Cple™ ),
B>0 820
rk(8)=n—1
Here [C.Cgly denotes the transversal intersection number of C' and Cg in M, i.e.,
the sum of the transversal intersections counted with multiplicities.

We would like to thank Steve Kudla for many crucial discussions and his encour-
agement. The first named author would like to thank the Max-Planck-Institut fiir
Mathematik in Bonn and the Department of Algebra and Geometry at the University
of Barcelona for their hospitality where major work for this paper was done.

2. PRELIMINARIES

Let V(Q) be a rational vector space of dimension m = p+ 1 and let ( , ) be a
non-degenerate symmetric bilinear form on V' (Q) with signature (p,1). Let L C V(Q)
be an integral Z-lattice of full rank, i.e., L C L#, the dual lattice. We let G(Q) =
SO(V(Q)) viewed as an algebraic group over Q. We denote by I'(L) the stabilizer of
the lattice L and fix a neat subgroup I' of finite index in I'(L) N G(R), which acts
trivially on L# /L. Here Go(R) is the connected component of the identity of G(R).

Let B be the real hyperbolic space of dimension p and realize B as one component
of the two-sheeted hyperboloid of vectors of length —1:

(2.1) B={ZecVR):(Z,2)=-1}"

Fix a base point Z; € B and let K be the stabilizer of Z; in Go(R). Then K ~
SO(p) is a maximal compact subgroup of Gy(R), and we have

(2.2) B~ Gy(R)/K.

Note that we can identify B as the set of negative lines in V(R) and therefore also as
the space of minimal majorants of (, ) by defining, for Z € B, the majorant

)G on Z+:
(23) (JZ_{—@) onRZ.
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For the tangent space Tz (B) we have the standard canonical identification
(2.4) T7(B) ~ Z+.

We fix an orientation on V', and this induces an orientation of B by requiring that, for
every properly oriented basis {w, ..., w,} for Tz(B) ~ Z*, the basis {wy, ..., w,, Z} is
properly oriented for V. Note that the action of Gy(R) on B preserves this orientation.

We assume that the hyperbolic manifold M = T'\ B is non-compact. It is well
known [1] that this is the case if and only if V(Q) has an isotropic vector. Then I'
acts with finitely many orbits on the set of isotropic lines in V(Q), the cusps of M.
We choose cusp representatives (o, {1, ..., ¢, and primitive vectors u; € L such that

(25) gj = @u]' and (Uj, Z) <0

for all Z € B. We will express this second condition by saying u; is forward pointing.
We note that every null line has a canonical orientation given by the class of a forward
pointing vector. We also choose g; € Go(Q) = G(Q) N Gy(R) such that

(2.6) g; to = U

and with go = 1. Pick another isotropic vector uf, € V' (Q) such that (ug,uj) = —1/2.
This gives an isomorphism

(2.7) 05 /0o ~ W(Q) := [ug, up]*

Note that W is positive definite of dimension p — 1. We choose a basis {wy, ..., wp_1}
of W such that ug, wy, ..., wy_1, u is a positively oriented basis for V' (Q) and call such
a basis a Witt basis for V(Q). Note that this also gives rise to an orientation of £3- /4.
With respect to this basis, (, ) is of the form

~1/2
(2.8) (, )~ S ,
~1/2

where S is the matrix of the bilinear form restricted to W.

We can assume that the base point Z; is rational and contained in the hyperbolic
plane [ug, up). Since we assumed (Z,7) = —1 and (Z,uy) < 0, we see that Z, =
ug + ug, i.e., in coordinates:

(2.9) Zy =

_ O

Note that majorant (, )z, =: (, )o associated to the base point Z, is given by

1/2
(2.10) (, Jo~ S
1/2

We pick another basis for V(R) as follows. We let

(2.11) e1 = ug — and epi1 = U + uh = Zy.
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We have (e1,e1) =1 and e; L Z; and extend e; to an orthonormal basis {ej,--- ,e,}
for Z3-. With respect to this basis {ej,- - ,€,+1} the bilinear form has the matrix

1

(2.12) (, )~
-1
Let g be the Lie algebra of Go(R) and ¢ be that of K. We then have the Cartan
decomposition
(2.13) g=t+p,

where p is the orthogonal complement of £ with respect to the Killing form. We
identify p with Z3 in an SO(p)-equivariant way via

~

ZOL—> p

(2.14) EE

where w A w’ € \*V is identified with an element of g given by
(2.15) (wAw)(v) = (w,v)w — (W, v)w.

We identify the basis {e1,--- ,e,} for Zy with a basis of p. With respect to this
basis we have

(2.16) p:{(tgj 8) :vezoi}.

We let {wy,- -+ ,w,} be the dual basis of p* corresponding to this basis.
We will denote coordinates with respect to the Witt basis {ug, w, ..., w,_1, uy } with
y;; and coordinates with respect to the basis {e;} with z;;.

Let P be the Q -parabolic subgroup of GG defined by

(2.17) P(Q) = {9 € G(Q) : glo = to}.
Then for the unipotent radical N(Q) of P(Q), we have
(2.18) N(Q) ~ W(Q),

and the isomorphism is explicitly given by

1 2(,w) (w,w)
(2.19) N(Q) ~ < n(w) = 1w @f w e W(Q)

(2.20) AQ)~Lalt)=| 1w L teQ

We define
(2.21) M=PR)NK ~ SOW(R))
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and have the standard decompositions

(2.22) Go(R) = N(R) Ap(R) K
and
(2.23) Po(R) = N(R) Ao(R) M,

where Py(R) = P(R) N Gp(R) and Ap(R) = A(R) N Gop(R) ~ R,
Fort € Ry, let

(2.24) Ay ={a(t') € Ay(R) : ' > t},
and for an open relatively compact subset w C N(R), define the Siegel set
(225) Gt = wAtK C GQ(R)
Then by [1] there exists a Siegel set & C G(R) such that
(2.26) Go(R) = JTy;6
J
and
(2.27) B = JTy&

j
where &' =& - Z,.

Let N;, 0 < j < r, be the point-wise stabilizer of the cusps ¢; = Qu; in N and
I'; = N;NT. We have

(2.28) N; =g;Ng;".
There exist lattices A; C W(Q) such that

Recall that by adding for each cusp ¢; the torus I';\N; to the manifold M = I'\B
we obtain (with the appropriate topology) the compact manifold with boundary M.
This is the Borel-Serre compactification, see [3]. We have

(2.30) M = M]i[rj\Nj.

J=0

We introduce upper-half space coordinates on B associated to an isotropic line,
which we take to be fy. We consider the map

(2.31) o:A(R)x N(R) — B
given by
(2.32) o(a,n) =naZ

Via the parametrization of Ay(R) x N(R) by R, x RP~! we obtain coordinates on B
by

(2.33) (£.b) — Z(t,b) := n(b) a(t) Zo.
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We have
t+t1(b,b)
(2.34) Z(t,b) = b :
t_l
where we identified R?~! with W (R) ~ N(R). We observe that in P(V') we have
(2.35) tlim Z(t,b) = {y,

whereas in the Borel-Serre enlargement of B we have lim; ., Z(t,b) = b € {5 /{o.

We extend o to N x A x K — G by o(n,a,k) = nak, and this induces an
isomorphism between the left-invariant forms on N A and the horizontal left-invariant
forms on GG which we identify with p*. It is easily seen that a basis for the left-invariant
forms on N A is given (in terms of the left-invariant forms % on Aand db;, 1 <i<p—1
on N) by {v1,vs,---,v,}, where

dt db;_ .
(2.36) v = n and v; = ; ! for 2 <i<np.
We have
Lemma 2.1.
oF w; =1, for 1<i<np.

Proof. We only have to prove this at the identity. Then the basis {vy,--- ,1,} for
a* + n* is dual to the basis {2ug A uf), 2e; A up,2 < j < p}. The image of this basis
under do|, when projected onto p (the horizontal Maurer-Cartan forms annihilate £)
is the basis {e; A €pt1,€2 A €pt1,- -+ €y A €pr1}. But this basis is dual to {w;} per
definitionem. O

We will need a refinement of these coordinates associated to positive semi-definite
subspace U of V(Q) of dimension n such that the radical

(2.37) RU)={ucU: (uU)=0}

is non-zero. In this case we see by signature considerations that there exists a rational
isotropic line ¢ such that

(2.38) R(U)="¢.
We may choose the above Witt decomposition such that
(2.39) U=t +UNW,

ie., L =Lly. We write U = UNW and let U” be the orthogonal complement of U’ in
W, hence

(2.40) W=UaU",

with the summands orthogonal for both (, ) and (, )o.
We define subgroups N’ and N” of N with

(2.41) N'~U" and N'~U"
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under the isomorphism from W to N. We also define
Ny={ne N :nly =id} ={n € N :n|yp =id}.
We observe that
(2.42) Ny = N,
Indeed, for w, w’ € W, we have n(w)w' = w' + (w,w)ug, whence Ny = (U')*+ = U".
We can write
(2.43) n(b) = n(b")n(b")
with n(b') € N and n(0”) € N”; so b’ € R* ! ~ U’ and b’ € R~ ~ U”. We obtain
a product decomposition

(2.44) oc:Ry xR xR — B
with
(2.45) o(t, 0, 0") = Z(t, V', 0") == n(t)n(b")a(t) Zo.

3. SPECIAL CYCLES

We define special cycles in B as follows: Let U be a positive definite subspace of
V(R) of dimension n < p, and define

(3.1) By={ZeB:Z 1LU}.
Note that By is a totally geodesic submanifold, isomorphic to the hyperbolic space
of dimension p — n. If U = spangX for an n-frame X = (z1,--- ,z,) in V(R), we

also write By for By. An orientation on U (say, coming from X) induces one on By
as follows. We have a canonical isomorphism

(3.2) Ty (By) ~ Z+nU*.
Then Tyz(By) receives an orientation by the rule that the orientation of Ty (By)
followed by the orientation of U = U N Z* is the orientation of T7(B) ~ Z*.

Let Gy be the point-wise stabilizer of U in G and put I'y = I' N Gy. We then
define Cy = I'y\ By; the image of By in M.

For g € Sym,(Q), we consider the corresponding hyperboloid

1

(3.3) Qg ={X € V(Q): 5(X, X) = 5},
We fix a congruence condition h € (L#)n once and for all.
If 5 is positive definite, then I" acts on Q3N (L™ + h) with finitely many orbits, and

we define the composite cycle

(3.4) Cy= Y  Cx.

T\QgN(L"+h)

We now construct special cycles on the Borel-Serre boundary of M. Let U be a
positive semidefinite subspace of V(Q) of dimension n with nonzero radical R(U) = /.
We denote the unipotent radical of the parabolic associated to ¢ by N, ~ ¢, /¢ and
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write I'y = I' N Ny,. The boundary component corresponding to the cusp /¢ is the
(p — 1)-torus T',\ N, with universal cover ¢*/¢. We then define the (p — n) cycle By
at the boundary by

(3.5) By = {w € (+/t: (U w) = 0}.

We write Cy = I'y\By with I'y = Ny NIy and note that in the Borel-Serre
compactification this cycle only depends on the equivalence class of the cusp /; i.e.,
we have Cy = Cypy with v € T" such that v¢ = ¢; for some i.

An orientation for U gives one for Cy in the following way:

Pick any null line ¢ = Qu’ as above such that ¢ and ¢ span a hyperbolic plane
whose orthogonal complement in V' we denote by W. Recall that the forward pointing
vectors (see (2.5)) give an orientation for ¢ and ¢ respectively. The orientation of U
induces one for U’ = UNW by requiring that the orientation of ¢ followed by the one
of U’ gives the orientation for U. By is isomorphic to the orthogonal complement
of U in ¢y L W, and we require that the orientation of ¢ followed by the ones of
By =T%(By), U’ and finally of ¢} gives the orientation of V.

A fixed orientation for U defines a sign character €(X) for X a rational n-frame
with spang(X) = U, by setting ¢(X) = 1 if X defines the same orientation on U and
€(X) = —1 otherwise. So Cx = ¢(X)Cy.

Remark 3.1. When working with coordinates for B adopted to U (see Section 2)
one obtains a different orientation for Cy; which differs from the given one by a factor
of (—1)(n=1p=n),

The construction of a composite cycle in this situation is more complicated:
Let § € Sym,(Q) positive semidefinite and of rank n — 1. We define
1
(3.6) Qy={XeV": §(X’X> = and rank(X) = n},

the ’singular’ part of the hyperboloid €23. Since § is singular, the radical R(X) of
the span of X € Qj is nonzero, i.e., R(X) = £ = {x for some rational isotropic line £.
For such a line, we define
(3.7) Qpe={XeV(Q) :(X,X)=p8 and R(X)=/(}C .

We then have

T

(3.8) Q=11 TI Qe

Jj=0 ~vel; \I'
where /g, - - - , £, are the cusp representatives of the I'-orbits of rational isotropic lines.
We also write (23 ; for {05, and
(3.9) L =Qp;N(L"+h).

Lemma 3.2. Let ¢ be a rational isotropic line. There is a finite number of rational
n-dimensional subspaces Uy, --- ,U, of I+ such that

(3.10) {U, -+ Uy} = {span(X) : X € Qe N (L" + h)}.
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Proof. Indeed, we consider the quadratic space ¢+ /¢ which is positive definite. Then
there are only finitely many X € (Qg,N (L™ + h))/¢ such that £(X, X) = 3. Pulling
back to ¢+ then gives the lemma. O

For each cusp ¢, find a collection U;;,2 =1, ..., a;, of n-dimensional subspaces of
EJ-L as in the lemma. We will write

(311) Qﬁﬂ',j = {X € Qﬁ,j . Span(X) = UZ} and ‘Cﬁ,i,j = Qﬁﬂ;,j N (Ln + h),
so that

(3.12) Q@j = HQﬁ’i’j and ACg’j = H‘Cﬁ’i’j'
i=1 i=1

Lemma 3.3. The action of I'; on Qg; induces a free action of I'y, \I'; on Qg ;.
Here I'y,, = Ny,, N T;.

Proof. We show that the action of I'; on {3, carries g, ; into itself and that the
induced action of I'y,; is trivial.

Indeed, an element v € I'; operates on an element z € {; + W = EJ-L by adding a
multiple of u; to z. Thus 7 leaves stable any subspace of (¢;)* containing ¢;, whence
7 leaves (5 ; stable. Consequently, I'; leaves {15 ; stable. Also, I'y,, acts trivially
on U;; whence it acts trivially on Qg ;.

Finally, if v € T satisfies vX = X, then, since X spans U;;, necessarily
1.

Uij =

Let Cg,; ; be a set of coset representatives of this action on Lg; ;, i.e.,
(3.13) Coig = (L3/Tuy) \ Qi O (L™ + 1))

We will see below that Cs;; is infinite. It is clear that the collection of the Cgs; ;
provides a set of representatives for I'\Qg N (L™ + h).
Pick a € Q" in the radical of 3. Then for all X € Q3,

(3.14) X -a € lx = Quy,

with ux € fx as in (2.5). We can take a nonzero and primitive in Z". With this
condition, X determines a up to £1, and we write X - a = v(X)ux, where v(X) is
determined up to a sign. Following [10] we call X reduced if with such a choice of a
we have

(3.15) X -a=v(X)ux
with v(X) € [0,1). Note that if X is reduced so is yX with v € I' and v(X) = v(yX).
We write Qged for the set of reduced elements in 3.
Lemma 3.4. T' acts with finitely many orbits on the reduced elements in F\Qg N
(L™ + h), and Cif; »= Cgi s NQUFT forms a set of representatives.

red

Proof. 1t is enough to show that for each pair 4, j, C57; consists of only finitely many
elements. We write Cgy,; » for Cg; ;.
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Choose m € SL,(Z) such that meg = a, where ¢y = *(1,0,---,0). We put [y =
tmBm and k = hm. Then right multiplication by m gives a bijection from Csu,;n to

Cﬁo,Uij,k'
As the vector e is a primitive integral vector in the radical of 3y, we have
0 0
3.16 o = ( ) .

where [ is a positive definite (n —1) by (n — 1) matrix. We write U;; = ¢; L U’ with
U’ positive definite. Picking an appropriate basis for U’ we can assume that the n by
n matrix g(Y') for Y € Cg, y,, x is of the form

(3.17) o= (") = (% %)

where yo = (yo1, y) is a row vector of size n and Y7 is an invertible (n —1) by (n —1)
matrix. Similarly, the congruence condition k is of the form

(3.18) g(k) = (’“81 2(1)) .

Also, since y; = k; mod Zuy we have yo; = ko1 mod Z. Since [, is positive definite,
there are only finitely many Y/ which represent ). We have

(3.19) g(n(u)Y) = (y(()n vt 2}/(?’,}/1’))

for n(u’) € I';. Hence there are only finitely many g, but yo; runs through the set
{kor +n :n € Z,n # —ko1}. Assuming ko; € [0,1) we observe v(Y) = ko for YV
reduced. This proves the assertion.

O

The proof of the lemma shows that the representatives of Cg;; come in natural
Z-classes: If X € Qg, and X - a € {x as above, then {)~( = X +ux'd : k € Z} with
a' € Z" and 'a’a = 1 defines the Z-class. From this we see that each class contains
exactly two reduced frames. If X is reduced with respect to a, then X = X — ux’a’
with ¢’ € Z" and *a’a = 1 is reduced with respect to —a. Moreover, (X) = 1—v(X).

Recall that the first periodic Bernoulli polynomial is defined by

(3.20) Bi(a) = {3 2 ﬁ . i(oo Y
We readily check
(3.21) B, (1(X))e(X) = By (v(X))e(X).

We are finally ready to define the singular weighted composite cycle C; by

(3.22) G= Y B0

XeD\Qedn(Lr+h)
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Remark 3.5. We could also define for a complex parameter s the cycle

1 —S8
(3.23) Coomt S WX Cx.
Xer\Qsn(L"+h)
Then the arguments of the previous lemma show that Cjg, converges for Re(s) > 1
and has a meromorphic continuation to the whole complex plane. For the value at
s =0 we have

(3.24) Cpo = Cj.
(see also the proof of Prop. 6.7.)

4. A CoHOMOLOGY CLASS FOR THE WEIL REPRESENTATION

Recall that the metaplectic cover G’ = Mp(n,R) of the symplectic group Sp(n, R)
is a central group extension

(4.1) 1 — C' — Mp(n,R) — Sp(n,R) — 1

of Sp(n,R). Here C! = {z € C: |z| = 1}. We fix a splitting Mp(n,R) = Sp(n, R) xC!
and denote by K’ C Mp(n,R) the inverse image of the standard maximal compact
subgroup

(4.2) {(_ab 2) atibe U(n)}

of Sp(n,R). Then K’ admits a character det'/?; ie., its square descends to the
determinant character of U(n).

G x G’ acts on the Schwartz space S(V(R)") via (the restriction of) the Weil
representation w = wy (r) associated to the additive character ¢t — e(t) := exp(2mit),
see for example [16]. Recall that the action of G’ on ¢ € S(V(R)") is characterized
by the formulae

(4.3) w((8:,2:)) Y(X) = (deta)™*y(Xa)
for a € GL}(R);

(4.0 (1) () = ey ()
for b € Sym,,(R);

(4.5) w ((26)) $(X) = 1) (X),

where 1) is the Fourier transform of 1 and v an eighth root of unity.
The central C! acts by

(4.6) w((1,1)¢ = {
for all t € C.

The group G acts on S(V(R)") via
(4.7) w(g)(X) = (g X),

which commutes with the action G'.

t if m is odd

P if m is even
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For Z € B, we define the corresponding Gaussian by

(4.8) wo(X, Z) = exp(—mntr(X, X)z)
and put oo(X) = po(X, Zy). Note that ¢o(X, Z) is G-invariant; i.e.,
(4.9) v0(9X,92) = (X, Z).

The space of differential n-forms on B is

G)® /\(p*)] ,

where the isomorphism is given by evaluating at Z.
The main result of [11] (cf. also [14]), specialized to our situation, is the construc-
tion of a certain differential n-form of B with values in the Schwartz space S(V (R)").

(4.10) A™(B) ~

Theorem 4.1 ([11]). For each n with 0 < n < p, there is a nonzero Schwartz form

n K
(4.11) on € [S(V(R)") ® A*(B)]” = | S(V(R))" ® /\(P*)] :
such that
(i)
dSDn =0;
e., for each X € V(R)", v,(X) is a closed n-form on B which is Gx-

mvariant:

9 en(X) = @n(X)
for g € Gx, the stabilizer of X in G.
(ii) The forms are compatible with the wedge product:
Pnq A Prno = Pnitnas

where @, =0 for n > p.
(ili) Assume U = U(X) for a linear independent, positive definite n-frame X in
V(R). Then a Poincaré dual of Cyy = I'y\By is given by

67r(X,X) Z 7*¢n(X

yely\T'

In [11, 12] Poincaré dual form means the following: Let C' C M = I'\ B be a cycle
of dimension n. The 7 is a Poincaré dual form of C' if

(4.12) /w_/um77

holds for all compactly supported (or rapidly decreasing) closed n-forms w.

We now give some explicit formulae for the forms ¢, € [S(V(R))" @ A" (p*)]"
Via the basis {e1,--- ,e,} for Zy we identify p with RP. Then w; becomes the
functional on p which picks out the i-th coordinate. For X = (z1,...,2,) € V(R)"
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M n(R) (w.r.t. the basis {e1,...,ep41}), m = p+ 1, and for 1 < s < n, we then
define the 1-form

P
(4.13) w(s, X) = inswi.
i=1

Note that w(s, X') only depends on the s-th column vector x; of X: w(s, X) = w(s, x).
We set

(4.14) 2720 (X) = (/\ w(saX)> © po(X)

s=1

(4.15) = p1(@) A A pi(an)

with o(X) = exp(—ntr(X, X)g), as before.
Note that this differs from the corresponding quantity in [11] by a factor of 2"/2,
We easily see

(4.16) @u(X)=2"2 Y Py (X)) exp(—mtr(X, X)o) @wj, A Awy,,
1<j1<<jn<p

where Pj,...;, (X) is the determinant of the n by n matrix obtained from X by re-

moving all rows except the 71, -, j,. Occasionally we will write X for this matrix,
suppressing the coordinates. We write ¢j, ... ;. (X) = P, ... j,(X) exp(—mntr(X, X)o).
Then it is easy to see that we have

(4.17) On(X)(W) = 22 det(X, W) exp(—ntr(X, X)o)
for W € Ty, (B)" ~ p™ ~ (Z3)". Lemma 2.1 gives
Corollary 4.2.

on(X) =27 N Py ()T g A Ay

1<1<<Gn<p

We write ¢, (X, Z) for the corresponding n-form on B; for g € Go(R), we have per
construction

(4.18) vn(9X,97) = pn(X, 2),
which also implies Th. 4.1 (i).

Fundamental for the relationship to modular forms is

Theorem 4.3 ([11, 12]).
©n 18 an eigenvector of the mazximal compact K' C Mp(n,R) under the action of
the Weil representation. We have

W(K) o = det(K)" e,
for k' € K'.
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We denote by L, the G’-homogeneous line bundle over G'/K’ to the character
det™™/2 of K'. Then the previous theorem can reformulated as

(4.19) On € [Lm ®S(V(R)") @ A(B)| S

(4.20) ~ |Cy,, @ S(V(R)") ® /\(p*)] ,

where C,,, is the one-dimensional module on which K’ acts via the character det™™/2,
For 7 = u+ v € H,, = {7 € Sym,(C) : Im(7) > 0} ~ G'/K’, the Siegel space of
genus n, we define in the usual way

(4.21) (T, X, Z) = det(v) "™ *w(g")pn(X, Z).
Here ¢, € Sp,(R) is a standard element carrying the base point iJ,, € H, to 7; i.e.,

(4.22) ;o v: vTIu (1 u vi 0
' 9r = 0 U*% \0 1 0 U*% )

This is well defined, and we obtain
Proposition 4.4.
on(T, X, Z) (W) = 22 det(v) Y2 det(X, W )emitrX:X)rz
for W e (Tz(B))" ~ (Z+)" and with (X, X); 7 = u(X, X) +iv(X, X)z.

For a congruence condition h € (L#)", we define the theta series 6(7) with values
in the differential n-forms of B by

(4.23) 0r.Z)= > ¢, X,Z).
Xe(Ln+h)

By the standard machinery of the theta correspondence (Poisson summation for-
mula), we get

Theorem 4.5 ([11, 12]).
O(,Z) is a non-holomorphic Siegel modular form of weight m/2 with values in the
[-invariant differential forms of B for some suitable congruence subgroup of Sp(n,7Z).

In [14] it was shown that dy,, (with respect to the symplectic variable 7 € H) is
exact in the orthogonal variable Z € B; i.e., there exists

(4.24) Yn1 € [Ln ® S(V(R))" @ A*(B) @ A™ ()|
such that
(4.25) Oon = dip, 1.
Defining the analogous theta series
(4.26) E(r,Z) =04(1,2) = > (r.X,Z)

Xe(L™+h)
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we obtain

(4.27) 80(r,2) =d=(r, Z).

We now give a concrete formula for v,,_;. Consider the double complex
(4.28) 1£,, ® S(V(R))" @ A(B) ® A% (H,)]*

with maps d, 0. The Lie-algebra version of this complex is the following. Let g’ =
¥ + p’ be the complexified Cartan decomposition of sp,. We can identify p’ with
the complex tangent space of H,, ~ G’/K’ at the base point il,, and the Harish-
Chandra decomposition p’ = p, @p_ gives the splitting of p’ into the holomorphic and
antiholomorphic tangent spaces. We let v;;,1 < 7 < k < n be dual to the standard
basis of p_ C Sym,(C). Evaluation at the base points gives an isomorphism of the
above complex with

(4.29) Ch =[C,, ® S(VR)"® \p @ \p K.

We define d,d on C* via transport of structure, for explicit formulae see [14]. Note
that ¢, € C™° and v,_, € O"~ b1
We put (in coordinates for {e;})

(4.30) Ajp(X) = (—1)k_1xm7je_%”(”’x’“)°¢1(xl) A Nor(zr) A AN er (),

where over a term denotes that this term is omitted in the product. We have

(431) Ajk - (_1)k_1 Z Tmyj Pc(y]f?---,an,l(X)QOO(X) & Way JARRRNA Wary,—1

1<ai<an—1<p

Here P . (X) is the following polynomial. Let X® denote the m by (n —
1) submatrix of X obtained by deleting the k-th column. Then ng?...}anfl(X ) =
PP . (X®) is the minor obtained from X *) using the rows oy, - -+ , p_1.

We now define

. 3
(4.32) tpy_y = 2"/ Z Ay ® vighin A== A vt Z (Ajp + Ay @ v
1<j<n 1<j<k<n
Then

Theorem 4.6 ([14]).

aSOn = dwnfl-

We write ©jj.0, an a0d Yjga, . o, for the coefficient of wq, A -+ Aw,, , in Aj;
and Aji, + Ay; respectively.
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5. THE GROWTH OF §(7,Z) AND Z(T, Z)

In this section we prove that 0(7, Z) extends to the Borel-Serre boundary and that
=(r, Z) is rapidly decreasing on I'\ B.

Since ¢, (X,97'7) = ¢,(9X, Z), it suffices to prove the required estimates on the
fixed Siegel set &’. By some standard arguments we can also assume that the lattice
L is of the form

(5.1) L=LnNt + LNW + LnN¥,.

We first consider an arbitrary n-form ¢ € [S(V(R)" ® A" p*]" in the polynomial
Fock space, that is, the space of Schwartz functions of the form p(X)yo(X) with p a
polynomial function on V(R)™. (In the Fock model of the Weil representation these
become polynomials on C"™.)

We extend our basis wy, -+ ,w, of p to a frame field Vi(Z),...,V,(Z). We then
have

(5'2) 990(7_’ Z(tv b)) (‘/;1 (Z(t7 b))’ T ‘/;n(Z(t7 b)))
= Z ()0(7—7 ZOacL(t)iln(b)ilX)(wiu T 7win>‘
Xe(L™+h)

Thus the problem of estimating a form of the above type on &' reduces to estimating
an expression of the following type

(5.3) 0(t,b,R) = Z p (a(t)"'n(b) ' X) exp (-7 R(a(t)"'n(b) ' X)),
Xe(Ln+h)
where p(X) is a homogeneous polynomial function on V™ and R is a complex-valued

quadratic function on V" with positive definite real part. We now make some elemen-
tary observations concerning the growth of such expressions in t. We define 6*(¢, b, R)

by
(5.4) 0*(t,b, R) = Z Ip (a(t)"'n(b) "' X) exp (=7 R(a(t)"'n(b) ' X))| .
Xe(L™+h)

Via V(R)" ~ M,, »(R) we think of p as a polynomial in some coordinates of V(R)".
From now on we use coordinates y;; with respect to a Witt basis, see Section 2.

Writing X = (5’1’ > we have

til (yl - Q(Y/a b) + (b7 b)ym)
(5.5) a(t) 'n(b)tX = Y' = b ym
tYm

As a warm up we note
Lemma 5.1. Suppose p(y;;) is in the ideal in Cly;;| generated by {ym; : 1 < j < n},

the ideal of polynomial functions which vanish on ((5)". Then 0*(t,b, R) is exponen-
tially decreasing on &'.
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Proof. We may replace R by CZL i yfj for a suitable constant ¢ (since we are taking
absolute values of the terms in the sum). Under the hypothesis of the lemma the only
terms that appear in the sum have y,,;(X) # 0 for some j. But these terms appear

in the exponential multiplied by 2, and the lemma follows. O

Remark 5.2. The forms 1, 1 and ¢, are not of this form.

We have an isomorphism

(5.6) S(V(R)") — S((€o)") @ S(W(R)") @ S((45)")
given by the partial Fourier transform operator
(5.7) Folp1 ® pa ® p3) = P1 ® 2 @ 3.

Here @7 is the usual Fourier transform on (¢g)”. The right hand side is sometimes
referred to as the mixed model of the Weil representation.

We will need some formulae relating the action of w and Fy on S(V(R)"). Iden-
tifying (€o)" with MZ" for some M € Q we denote the Fourier transform variable
(dual to y;) by & € R™

Lemma 5.3. Let (&, w,y,) € (R)" x W(R)"™ x (£{(R))".
(i) For n(b) € N(R) with b€ W,
Fo(n(b)e) (€, w, ym) = € (§'(=2(b,w) + (b, b)ym)) Fop(€,w = by, Ym):
(ii) Fora(t) € A(R),
Fola(t)) (&, w, ym) = t" Fop(t€, w, tym);
(4:21) € Sp(n,R) with v e GL,(R),
Fola' (0)) (€, w, ym) = (det v) T~ Fop(§'0™", wv, ymv)
(iv) For n'(u) = (%) € Sp(n,R) with u € Sym,(R),
(w, w)
2

(iii) For a'(v)

Fo(n' (u)p)(&,w,ym) = € (tr(u )) Fop(€ + %ymu, W, Ypn)-

Proof. This is an easy exercise which we omit. 0

We introduce the following notation
(5.8) a* (0) (&, W, ym) = P(EV7, WV, Ymv),
(5.9) ¢(b, &, w,ym) = e (£'(=2(b,w) + (b, b)ym)) -

Note |¢p(b, &, w, ym)| = 1.
Let I C S(V"™) be the ideal of Schwartz functions in the polynomial Fock space that

vanish on the linear subspace W™ of V". Note that W" is defined by the equations
(5.10) y1; =0 and Ym; =0

for 5 = 1,---,n, ie, I =< y1j,Ym; >. We observe that if Fyp € I then also
Fola'(v)e )andfo( (u)g) € 1.
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Lemma 5.4. Suppose Fop is in the ideal I. Then 0(t,b) is exponentially decreasing
on &.
Proof. We may write

Here Oy, » is the sum of Dirac deltas (placed at the points of A + L") and < , >
denotes the Kronecker pairing.
We write h = hy + b/ with hy € ({y)". Then there is a constant C' such that

(5.12) FoOnirn = Ce(E'h1)Opry1n

by Poisson summation. Using the formulas from the previous lemma we obtain

(5.13) Fo((n(b)a(t)))(&, w, ym) = ¢(b, & w, ym) Fop(t&, w, tym).

Hence

(5.14) 0(t,b) = Ct" > A(b, &, w, Y )e (& 'hy) Fop (€, w, tym)-
ceM—1zn

(w,ym ) EW x (£)7+h
The lemma now follows from an argument analogous to that of Lemma 5.1. U

Note however that one cannot conclude from the lemma that 6*(¢,b) is rapidly
decreasing.

Lemma 5.5. Suppose p(y;;) is divisible by y1; for some j but no higher power of ;.
Then Fop is in the ideal I. Moreover, for every v € GL,(R) and uw € Sym,(R) the
function Fo(n'(u)a’(v)e) is in the ideal 1.

Proof. The first statement is clear for we may write

(5.15) p(X) = ylje_ﬂy%jw(X)'
where (X)) does not involve y;;. Now taking F; does not change the function since

ylje_”y%j is its own Fourier transform (up to the constant —i).
The second statement follows from the first one, the formulae (iii) and (iv) of
Lemma 5.3 and the observation that if Fy € I, then a*(v)Fp € I and

Corollary 5.6. If ¢ satisfies the hypothesis of the lemma, then for every T € H,,
0(t, b, 7) decays exponentially on &', where

(5.16) Q(t’ b, 7-) = Z p(X’U% )e*ﬂ(X,X)T,Z(t,b) )

Xe(L™+h)

We now check that the form 4, ; satisfies the hypothesis of the previous lemma.
It is enough to do this for the individual components ¥;x.q, . .a,_,

Lemma 5.7.

(1) Fovjjiar,omnq €1 for all 1< <~ <a,.1<p
(i) Fo¥jkar,ans €1 for all 1< < <a,.1<p
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Proof. (i) follows immediately from Lemma 5.5 and the explicit formulae for 1, ;:
We have

(5.17) Vijiar e an s (X) = 2mi PP o (X)go(X)
(5.18) = (y1j — Ymj) PO o (X)po(X).

Now observe that Pc(ﬂl) ,an_1(X) is a polynomial which does not involve yj;.

(ii) is more complicated. By an argument similar to the previous one we find that
FoVikiar, - an € I provided oy # 1. However, for oy = 1 it is no longer true. We
have, assuming j < k,

(5:19) Vstar, s = |(=1) 2w P 0,0 + (<1 P (X)) ol(X).
We expand Pl(k) a1 (X) by the first row and obtain
(5.20) P (X)) = (=1 ey PUY L (X) + Ry,

y s On—1 ,0n—1

where R}, is a polynomial not involving ;. Similarly,

(5:21) P (X) = (R0} P POR
We obtain

(5.22) Uin(X) = 21y = yi) P o, (X)eo(X) mod F51T.

Taking F, now shows that the right hand side is in F, '1. This boils down to the fact
that the Fourier transform of 22e™™" is (& — 22)e™™ . O

(X) + R;.

—7TZL‘2

We conclude

Theorem 5.8.
=(1, Z) is rapidly decreasing.

We now determine the growth of 6(7, Z) =0, (7,Z) on &'. Recall
(5.23) Py san (X) =22 Py, 0 (X)po(X)

and put 0;(7,2) = > vepnin P an(X) With J = {aq, -, an}.
We write

(5.24) L"+h= )"+ ho)+ (L"NW" + hy) + (6,)" + hg)

according to the decomposition (5.1).
The following lemma gives the growth of the components 0;(7, Z) of (7, Z).

Lemma 5.9.

(i) Yai,an € ]:0_1[ if and only if ay = 1.
(i) If oy = 1, then 0;(7, Z) has exponential decay on &',

_Jjowm) if  hy € (6o)"
(i) f o #1, then 6,(7,2) = {o<tne—0t2> i by ¢ (G)"
ast — oo.

(iv) 05(r, 2) = O(t") if hy € (£)"
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Proof. For (i) develop P, ... o, (X) after the first row and proceed as in the proof of
Lemma 5.7. (i) follows from (i) and Lemma 5.4. For (iii), we first write
oy, (@) I(D) X)) = 202D, o (X)e 2t (X i) —rtr (XX 2w (Cun) - with
n(b)'X = (y1,X',ym). The assertion now follows from 3=, , , e "*¥/9* = O(t)
as t — o0, which can be most easily seen by taking the Fourier transform, and
S wezam € T = O(e=C%) if and only if & ¢ Z. This also implies (iv) in the case of
ay # 1. If ag = 1, then (iv) reduces to >, .., ]%]e‘”(’“/”Q = O(t), which is an easy
calculus exercise. d

Note that the condition h{ € ()" certainly is equivalent to h € (¢3)". Following
([10]) we call the congruence condition h € (L#)" non-singular if for all frames
X € h+ L™ of rank n, the radical R(X) is empty. Otherwise we call h singular.

Near the cusp given by ¢y, we can change the upper-half space coordinates (¢,b) to
(s,b) with s = 1/t. Then the restriction of a differential form on to the boundary
component coming from ¢ is given by setting s = 0 (and corresponds to ¢t — 00).

Theorem 5.10. (Theorem 1.1)

(i) 6(7) extends to the Borel-Serre boundary of M; i.e., defines a closed differen-
tial form on M.
(ii) If h is non-singular or n = p, then 0(T) is rapidly decreasing on M; hence
9(7’) OM — 0.
(iii) If h is singular, then the restriction of 6, to the component of the Borel-Serre
boundary ep coming from the parabolic P is the restriction of the theta series
to the positive definite subspace W of V.. More precisely, under the assumption

(5.24),

> (X, Z(0) if he ()"
0w|ep (7'» Z(b)) = { XeL"nN(W"+hy)

0 if kg (e

Here

o(1,X,Z(b)) = Z P, o o (X) exp(=mtr(X, X)7T)dba, A -+ Adb,,
2<a < <an<p
for X e W".

Proof. Everything follows from Corollary 4.2, Lemma 2.1, Lemma 5.9 and
(5.25) tlim 700y 0n (T, Z) = Py o a0, (X) exp(—7tr(X, X)T)dbo, A -+ A dba,,
which is seen by taking the operator Fj, Lemma 5.3 and Poisson summation. U

Remark 5.11. Theorem 5.10 (iii) also shows a nice functorial property of the Weil
representation. We have

(wr@) (9'(7)0,)) lep (Z (D)) = wwm(9'(7)) (Oclw) (Z(D)),

where wyy(r) is the Weil representation attached to the positive definite space W (R)
and 6,|w is the theta series restricted to W.
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By Theorem 5.10 we can now define for a closed differential (p — n)-form 7 on M,

(5.26) A()(r) = /M n(Z) A O(r, 2).

This extends the lift considered in [14] to forms which do not vanish at the boundary.

Theorem 5.12. (Theorem 1.2)
A(n)(7) is a holomorphic Siegel modular form of weight m/2.

Proof. This will now follow from Theorem 5.8 and the following calculation, see [14]:

(5.27) GA()(r) = /M 0(Z) N O,(r, Z) = /M 0(Z) A3, (7. 2)

= [ w2y nbus(r.2) = [ dw(2) n0u(r. 2)) =0

M

The last equation is Stokes” Theorem. Here we need 0 rapidly decreasing. 0

Remark 5.13. In the analogous situation of locally symmetric spaces associated to
orthogonal groups of arbitrary signature 60y is not rapidly decreasing and the above
argument breaks down. The theta integral is non-holomorphic in general, see [6]. In
[14] it was assumed that n was rapidly decreasing and the above argument showed
the holomorphicity of the theta integral.

6. THE SINGULAR FOURIER COEFFICIENTS

In this section we compute the singular Fourier coefficients of the theta integral

An)(7).
For the B-th Fourier coefficient, we have

(6.1) as (n) = / an S pliv, 2, X)e e,
M

XeQgn(L+h)

First note that Prop. 4.4 implies that only for rank (X) = n we have p(X) # 0.
Therefore ag = 0 unless 8 = %(X7 X) is singular and positive semidefinite with
rank(X) =n (or § positive definite).

Theorem 6.1. (Theorem 1.4) Assume that 3 is positive semi-definite of rank n — 1.
Then
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Proof. With the notation of Section 3 we have

(62 ey = [ gn Y lin2X)
B

XeQsn(Ln+h)

(6.3) z/F\BnAZ Y veliv, 2,X)

J=0 velj\I' XeLg,;

(6.4) :Z/F\Bn/\ Z Z Yoliv, Z, X)

~eT;\I! XeLg,;

(6.5) :ZZ]/F\Bn/\ Z Z Yo(iv, Z, X).

7=0 =1 ’YEFJ'\F XGﬁﬂyi’j

Proposition 6.2.

/1“\377/\ Z Z ,V*SO(iU,Z,X):/ nA Z QO(iU,Z,X),

yel;\I' X€Lg i ;5 Ti\B X€Lp,i,;

Proof. The considerations in Section 5 imply that it is enough to show that
Doxecr,,, Pliv,a(t)"n(b)71X) is rapidly decreasing for ¢ — oo and ¢ — 0. Tak-
ing m € SL,(Z) as in the proof of Lemma 3.4 we find via Prop. 4.4 that

(6.6) Y pliva®)n®) ' X) = > e, a(t) " n(b)"'Y)

XeLpu, . \h YeLg,,vu.: k
ij 0-Yij

with v = 'm~lom™! and By, k = hm and  as in (3.16). But now Lemma 6.4 and
Lemma 5.9(i) show that we have <p|£50’UZ_jJc € F,'I (in the notation of Section 5).

Asin (3.17), Y € Lg,u,,x is of the form (, onl/) with yo € ({p)" and finitely many
possibilities for Y/. So we can apply Fy to the sum over Lg,y, ;» and Lemma 5.5
gives the rapid decay as t — oo. The decay as t — 0 is clear. ([l

Remark 6.3. In [10] and [14] unfolding was not attempted in the above situation.
This led to considerable complications. In [10], the case n = p, Kudla introduced
a wave packet attached to the standard Eisenstein series for O(p, 1) to compute the
integral. The method employed in the following is conceptually much simpler (even
though the actual calculations are quite similar). Moreover, it should be immediately
available in the more general situation of [14] for not rapidly decreasing 7.

We define a smooth differential n-form 6; ;(Z) on I';\ B by
(6.7) 0.5(2)= > o(Z,X).

X€eLg; ;

(6.8) 61, B,U,) /

n N 91’](2)
I';\B
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Hence
(69) 627rtr(ﬁv)aﬂ — Z Z 6)(77’ B, UZ])
j=0 i=1
We also define a function ®(X, Z) via
(6.10) nAe(Z,X) = @(X, Z)du,
where dp = t7Pdt Adby A -+ A\ db,_; is the Riemannian volume form, and set
(6.11) 0;(2)= > OZX).
XGQﬂ,i’j

Picking the standard fundamental domain for I';\ B we obtain

(6.12) 0(n, B,Uy) = (—1)P1 /Doo (/RP_VA_ @i,j(Z(t,b))db> tPdt.

Recall (2.29) that the lattice A; C W ~ N; ~ RP™! is given by A; ~ T';. Here and
from now on N; = N;(R) and W = W(R). We denote the torus A;\W by T;.
We write A; ;(t) for the inner integral of (6.12). We have

(6.13) A () = / &, ;(Z(t,b))db
[ \N;
(6.14) :/ > ®(Z(t,b), X)db
Ui\Ni xeLg, ;
6.15 = O(Z(t,b), X)db.
(6.15) Py /Fj\Nj (2(t,0), X)

We also get a splitting
(6.16) W =U;NW+ (U;NW).

Now note that the right hand side of (6.15) is multiplicative under finite coverings!
We pass to a subgroup I'; ~ A; of finite index « in I'; given by

(6.17) Aj = (Ui NAy) + (U N A;) = A+ A
and obtain a degree x covering
(6.18) T, =T x Ty, — T,
with T = A'\U;; and Ty,; = A”\U;;. We obtain
(6.19) RIOENSY / O(Z(t,b), X)db.
Xeﬁﬁ’m T/XTUij

We will use the horospherical coordinates adopted to U;;. We may choose a Witt
basis u,wy, ..., wy_1,u" with w,wy,...,w,—1 € U;;. Then the horospherical coordi-
nates (t,by,---,b,_1) are adopted to U;;. The decomposition

(6.20) Z(t,b) = Z(L, 1)
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corresponds to the splitting (6.16). We write 1 in terms of these coordinates as
(6.21) n(t,b) = f(t,b)dby, A -+ Ndb,—1 +1'(t,b),

where 7/(t,b) is in the ideal of forms on I';\ B generated by {dt,db,--- ,db,_1}.
For o, (Z(t,b',0"), X), we have

Lemma 6.4. Suppose U := span(X) = span{ug,wr, -+ ,w,_1}. Then
1
on(Z(t, 0, 0"), X) = 2"/25 det g(X)e ™ XX zwv o =" 2dt Adby A - A dby_y,

where g(X) is the matriz expressing the basis X for U in terms of the basis
{ug, wy, -+ ,wy_1} forU; i.e.,
(1, Tp) = (ug, wy, -+ ,wy—1)g(X).
Proof. We have X = (z;;) with
(6.22) xi; = (x5, €) for 1<i<p and  zp41; = —(2j,€p41)-

Moreover uy = %(el + ep+1). But by assumption (x;,up) = 0 for all j and (z;,e;) =
0 for « > n. It follows immediately that the only vanishing Pliicker coordinate
P;, ... j,(X), which is non-zero, is Py ... ,, and this has value 3 det g(X).

We next observe

(6.23) pul Z(,5), X) = ou(Zo, alt) 'n(bh)"1X).
Now we have (using the previous formulas)

(6.24) det g (a(t)'n(b)"'X) =t~ " det g(X),

(6.25) exp(—7(X, X) z(tp)) = exp(=7(X, X) z(t.0,0))
and

(6.26) A Ao, =t"dt ANdby A -+ Ndb,_1.

The lemma now follows from Corollary 4.2
OJ

Writing h(X,¢,b) = det(v)/22"/21 det g(X )t~ o (iv, a(t) 'n(t/) ' X), Lemma 6.4
and (6.21) give

(6.27)
n A (iv, Z(t,0,0") = (=)@ (X 4 6) f(t, 6,07 dt Adby A - Adb,

and
(6.28) (X, Z(t,V,1")) = (—1)P=Mmer=p (X ¢ 0 f(t, b, 1),
Thus the inner integral in (6.12) is given by

(6.29)  KA;(t) = (=D N / h(X,t,b’)( f(t,b’,b”)db”) dv'.
JT Ty,

XeLpj
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But the inner integral is equal to the period of the differential form 7 over the closed
cycle Cy,, (t, V') C I';\B given by

(6.30) Cr, (1) = (=1) " D@ (1 )a () Ty, .

(For the sign, see Remark 3.1). Since 7 is closed, the period is independent of &’ and
t, and we obtain

(6:31) KAij(t) = 22 det(v)2 (~1) 77! (/ n)
Cu,;

We now unfold

(6.32) = ). / det g(X) o (iv, a(t)'n(b) "1 X)db .

Xe[lg”

We observe T ~ T/ Ty, — T;/Ty,, ~ ;\Z //JI\IZJ is a covering of degree .
We let D" be a fundamental domain for I';/T'y;,; in N/Ny,;. By Lemma 3.3 we have

©633)  I=x 3 detg(X) 3 /D poat) n(n) X )b

XGCQZJ 'YEF]/FUU
(6.34) =k Y detg(X) / wola(t)'n(b)~1X)db.
XeCgs,4,5 N/Ny,;

So we have proved

Proposition 6.5.

A, ;(t) = 2"2 det(v)

Nl
A
H
S—
5
=
~
hi
3
L
N
S
]
3
v

x 3 detg(x) / oliv, a(t) " n(H) "L X)db.

For the integral, we write
(635) [(t, X) = / eXp(—ﬂ'tT(X, X)iU,Z(t,b’))db/7

and it is not hard to see ([10] Lemma 5.3)

Lemma 6.6.
1
I(t, X) = 27D/ (St (ifo)) (det v) | det (X)| 1 exp(— St %€,

where

det v[*gy (X)]
detv det g(X)?

§=8(X) =
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Here g(X) = <Z?E§;), where go(X) is the first row and g1(X) an (n—1) by n matriz.

We are now ready to compute 6(n, 3, U;;). We have

(6.36) 6(n,B,Ui;) = (_;3# </CU n) e (%tr(zﬂv))

X Z / sgn det( (X))g_%exp(—gt_zg_l)t_zdt

XeCp,4,5

At this point interchanging of summation and integration in (6.36) is not allowed.
Instead, we define for s € C,

(6.37) / Z sgndet(g ))5_% exp (—Zt_2§_1> t7275dt.
0

2
X€eCsz,4,5

Via a similar argument as in Prop. 6.2, the sum is rapidly decreasing as t — oo so that
I(s) is entire and for Re(s) > 1 we can interchange integration and summation by
an argument similar to Lemma 5.9(iv); see also the proof of Prop.6.7 below. Noting
sgndet(g(X)) = €(X) in the notation of Section 3, we obtain

(6.38) I(s) = X)e3 / eXp t‘2§_1> 25t
XEC;;H
s— —(s 1+s 2
(6.39) = 9s=1/2p=(s+1)/2p (T) DX
X€eCa,i,5

The above series is (up to the factor det(v)~®) the Dirichlet series

(6.40) Q(s,v,[) = Zfsvg

XeC[;”

where f: C x P, x GL,(R) — C is given by
det
(6.41) f(s,v,9) = S’g;%f] det v['g]®

and g = (9) as in Lemma 6.6.

Proposition 6.7 ([10]). Q(s, v, 3) has an analytic continuation into the entire com-
plex plane and

(6.42) Q0,0,8) = > Bi(r(X))sgndet(g(X)).

d
XeCper,
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Proof. Again we take m € SL,(Z) as in the proof of Lemma 3.4 and obtain

(6.43) Us,v,0) = Y [fls,v,9(X))
XGCQ’Uij’h

(6.44) = Y fls,v (V)
YECBO,UZ-j,k

in the notation of the proof of Lemma 3.4 with v/ = 'm 'vm~!. Note g(V) =
Yo1 det(Yl’) Then

/ . det v'['Y7]*
(6.45) Z f(s,v',9(Y)) = Z sgn(yor)|You | ;sgndet(ﬂ)—‘ det Y{|*

Y €Cay,u;; .k yo1=ko1 f

The sum over Y/ is finite and can be evaluated for s = 0, while the first is equal to
H(ko1,s) — H(1 — ko1, s), where H(z,s) =Y (z +n)~* is the Hurwitz (-function.
The series converges for Re(s) > 1 and has an analytic continuation to the whole
complex plane. Observing H(z,0) = 3 —z = By () for « € [0,1) finishes the proof of
the proposition. Note here that the two Hurwitz (-functions correspond to the two

reduced elements in one Z-class in Cg, v, k- O
Hence
(6.46) 1(0) = =272 Y © By (v(X))sgn det(g(X))
XeCys,

and therefore

(6.47) O(n, B,U;) = (=1)" Z %Bl(V(X))E(X)e_er(ﬁ”),
XeCs;

Considering (6.9) in conjunction with the definition of the cycle Cjs from Section 3
concludes the proof of Theorem 6.1!

O

7. THE PoSITIVE DEFINITE FOURIER COEFFICIENTS

7.1. The defect d5(n). For 5 > 0, the main point of [11, 12, 13] (in much greater
generality) is that the Fourier coefficient

(7.1) 05 = Z o(iv, Z, X e 2rir(8v)

XeQan(Ln+h)

(72) =YY yelin 2 x)e

Xem\Qgn(L™+h) veT'x\I'

is a Poincaré dual form for the composite cycle Cp, i.e.,

(7.3) ag<n>=/MnAeﬁ=/%n
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for all n € ZF,(M), the rapidly decreasing closed k-forms in M, and k = p — n.
(Actually, the case n = p — 1 is not treated there, but for p = 2 and n = 1 we will
show below that this is still true).

Furthermore, by Stokes’ Theorem, (7.3) also holds on the space of relative cobound-
aries B¥(M,0M). Slightly more general we have

Lemma 7.1. If 1 is an exact k-form vanishing on OM, then (7.3) holds.

Proof. We consider the inclusion i : M — M and note that as a consequence of the
relationship between duality on H*(M) and duality on H*(OM ), we obtain

(7.4) [i*65] = PDI[0.[Cp]],

see e.g. [2], Th. 9.2, p. 357. We write 1 = dw, whence the restriction of w to M is
closed. Then

(7.5) /77/\05:/ w/\Hg:/ w:/ n.
M oMt aCy Cs

Here the second equality follows from (7.4) and that w is closed on OM. U

However, (7.3) will not hold for all € Z*(M) unless Cj is compact (which can
only happen for k =p —n <4).
In fact, we define the defect

(7.6) %WZ%W—Ln

for n € Z*¥(M). By the above discussion, ds factors through
(7.7) ZE (M) + B*(M,0M) = Z*(M,0M),

the closed forms vanishing at the boundary. The equality in (7.7) follows from the
fact that H*(M,0M,C) ~ H¥(M,C) has a system of representatives consisting of
rapidly decreasing forms. So we proved

Lemma 7.2. Forn<p—1orp=2andn =1, dg descends to a map
. ZMM)
'\ Z(3, 000)
We take a neighborhood U of the boundary of M such that OM is a deformation
retract of U and obtain a projection map « : U — M. We pick a smooth ’bump’

function p on M supported in U with p|yy = 1 for another neighborhood V' C U and
define a map

(7.9) v AN OM) — ZF(M)
by t(w) = d (pr*(w)) on U and ¢(w) = 0 elsewhere. Note that ¢(w)|s57 = dw.

(7.8) 55

Lemma 7.3. We have the following exact sequence

A=Y OM) ZF(M) 7
— — —_— ——

Zk=1(OM) Zk(M,0M)

(7.10) H*(OM,C).
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Here 7 is the quotient of the restriction map r : Z*¥(M) — Z*(OM) to the boundary;
in general this is not surjective. Also note that t is independent of the choices involved,
so that (7.10) is intrinsic to the situation.

We can therefore study the map (7.8) via the exact sequence (7.10).

AF=1(9]])

Proposition 7.4. 6z is not identically zero on (the image of) =ik

Proof. Let w € A¥1(9M). Then the calculation (7.5) for ((w) is no longer valid
(unless w is closed) - and it is clear that there are examples so that (7.5) does not
hold, i.e., d5(¢(w)) # 0. For Riemann surfaces, we make this more explicit in the next
section. O

It is very tempting to investigate the other piece coming from H*(OM,C) using
Eisenstein cohomology. We carry this out for the Riemann surface case.

7.2. The defect for Riemann surfaces. For the remainder of this section we con-
sider the special case of SOy(2,1). In particular, we prove the Theorems 1.5 and
1.6.

There is a double covering SLs(R) — SO(2, 1) and the symmetric space D is just
the upper half plane H. We therefore work with S L, in this section. Accordingly, we
change notation and write z = x 4+ iy € D ~ H for the orthogonal variable. We write
dz; for the basic differential form of the boundary component T; of the Borel-Serre
compactification corresponding to the cusp ¢;. Hence dz; = (g; ')*dz. Finally, for
convenience we assume that I' = I'(N), the principal congruence subgroup. Hence
the width of all cusps is equal to N.

AO(8M)
Z9(OM) "
By Theorem 5.10, the restriction of §(r, z) to a boundary component T; is given by

We first illustrate that the defect is not identically zero on

(7.11) 0(r, 2)

T, = Z PQ(X)@M(X’X)T dl’l = el(T)dilfl

XeW;N(L+h)

(For the isotropic line ¢; defining a cusp, W; = £;-//; is one-dimensional, and identi-
fying W;(R) with R we have Py(X)e™(X:X) = X miX? )
Pick a function f € A°(OM) = @;A°(T;) only supported at the cusp ¢,. Then

(7.12) /M W) A6, 2) = ( i f(x)dx) 0o (7):

i.e., Ag(¢(f)) is up to a factor the integral of f over the whole boundary circle. On
the other hand,

(7.13) /C - /8 ot

which is the oriented sum of the evaluations of f at the boundary points of Cp. It is
certainly easy to find f, where these two terms are not the same; i.e., d5(¢(f)) # 0.
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We briefly review the relevant facts for Eisenstein series and Eisenstein cohomology
needed.
We introduce the tangential Eisenstein series for the cusp 4;,

(7.14) El(s,2)= > Im(g;'7)"(y'da)
YEL\T

with s € C. We easily see

1
(7.15) El(s,2) = o (Ei(s+1,2)_9dz + Ei(s+ 1, 2)2dZ)
with
(7.16) Ei(s,2)a = Y _ Im(g;'v2) g 'y, 2)",
YELAD
where (g, z) = \Zigl for g =(2b).

The following theorem is well known, convenient references are [8] and [5].

Theorem 7.5. (1) The series Ei(s, z) 1o converge for s > 1 and have a meromor-
phic continuation to C. At s =1, FEi(s, z)+2 are holomorphic, and the Fourier
ezpansions E;;(1,2) 1o at a cusp {; are given by

1 1 o ,
(717) §E2j<17 2)72 = (6” -+ ;CLU(O)) -+ Z aij(m)(BQﬂlmz/N’
m=1
1 1 - -
(7.18) gEz'j(L 2)2 = (517 + 5%‘(0)) + > ag;(m)e*mmaN,
m=1

(i) The tangential Eisenstein series El (s, z) is holomorphic at s = 0 and defines
a harmonic 1-form on M, which extends to the boundary. For two different
cusps © and j, the difference

(7.19) EF(0,2) — ET(0, 2)

is closed, and its restriction to the boundary is dx; — dr; € Z*(OM) =
®rZ (Ty). We call the space of all linear combination of tangential Eisen-

stein series consisting of closed forms &.
(iii) The cohomology H'(M,C) splits as

Hl(Mv (C) = H(12)(M7 C) 52 Hllﬂis<M7 C)’

where Hy, (M, C) is the image of & in H'(M,C), while H(12)<M’ C) is the

Lo-cohomology. Its classes can be represented by weight-2 cusp forms. Note
H(12)(M7 C) = Hll(MJ (C) = 1Im (Hcl(M7 C) - Hl(M7 C))

Theorem 1.5 now will follow from the vanishing of the defect dg for tangential
Eisenstein series and weight-2 cusp forms. Via (7.1) we have to show

(7.20) / nA Z ’y*@(iv,z,X):e”(X’X)/ 7.
\B Cx

yErX\I'
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for (X, X) > 0. X has signature (1,1) and therefore the stabilizer I'y is either
infinitely cyclic or trivial. In the first case, the cycle Cx is a closed geodesic and
(7.20) holds for any 1-form 1. When the stabilizer is trivial, the cycle Cx is an
infinite geodesic joining two cusps.

Theorem 7.6. Assume Cx is an infinite geodesic. Then
(7.21) [ EOAY v x) = e [ B )
'\B ~el Cx

Proof. First note that unfolding in (7.21) is not allowed. Recall we have a Witt basis
ug, w, ug, for V, and we can assume that X = 2auy + bw with a € Q and b € Q; so
that Cx is the geodesic joining the cusps co and 7 € Q. The stabilizer of the cusp
0018 oo = Too(N) = {(} %) : k € NZ}.

We have

(7.22) / EiT(O,z)/\Zv*go(z,X) :/ ET(0, 2) Z Z v oz, X+2kbuy).
MNB I'\B

~eT YEP\I kENZ
We introduce a holomorphic function I(s) for s € C by
(7.23) I(s) :/ ET(0, 2) Z Z (y o(z, X + kauo))
B ~ET s\ kENZ

and unfold

(7.24) I(s) = /r . ET(0,2) A Z yio(z, X + 2kbuy).

kENZ

To justify this we first need some explicit formulae for ¢. We have

(7.25)
(a=abtkb)® | 1oy — b+ kb\ _nle=zbrkn)? oy d
(2, X + 2kbug) = v/2he T TE ) x+\/§<a Y )e (le=ettkt)? ) dy
Y Y y
(7.26) =: o1 (k, X)dx + @o(k, X)dy,

so that the Fourier transform with respect to k is given by

(7.27) P(z, X + 2kbug) = Pk, X )dx + Gk, X )dy
with
(728) @(kj X) = e_ﬂbQG_W (Z}Z% 6—27Tikx627ri%k’
2
(7.29) Po(k, X) = ky 677rb2677r%672m'kx€2m%k.

o
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By Poisson summation and (7.15) we obtain

1 1 .
(7.30) 1(s>:/Fw\B o (Bi(1,2) 2 + Bi(1,2)) Nk;Z@Q(k,X) y
(7.31) + 2—?(@(1,@_2 — Ei(1,2),) % > Gk, X) | y*dady,

ket Z

and this is rapidly decreasing as y — oo and of moderate growth as y — 0. Hence
unfolding is valid for Re(s) sufficiently large. We pick the standard fundamental
domain for I',,\ B and integrate w.r.t. x. This picks out the 0-th Fourier coefficient:

(7.32)

1) = e ™ [ Z — X (m)me R
(7.33) —ée”b2/0 5 (xlmbas(m) - Xmyaddm)e "6 ey,
where y(m) = *™5™/N . Hence

—je /2 &2 -
(7.34) I(s) = ooy > " (x(m)ai(m) — x(m)a;(m))
x/oo (\/_bN+\/_) (be'H[b) yidy
—iNe*/2
(135) = (VAN (LB (L, 2) s o5 1) — L(B(L 2)2, T 5+ 1)

X /m (\/%— \/§b> et dt,

where L(FE;(1,z)49,...,s) are the (twisted) L-functions attached to F;(1,z)_o and
Ei(1, 2)s. Specializing to s = 0 finally gives

(7.36)
—N
/EiT(O,z)/\Zv*ga(Z,X): o (L(E(L 2) 2 x0 1) - L(Ei(1,2)2,%,1))e™ ™.
M yel i
But now one easily checks that
—N
@30 [ B0 = LB - LB T D)
Cx u
This proves the theorem. 0

Remark 7.7. The given proof (or a slightly simpler version of it) also works for
n = f(z)dz with f(z) a weight-2 cusp form. This is important, since for C'x an infinite
geodesic, the proof of the basic identities (7.20) and (7.3) for n rapidly decreasing is
actually not included in [13],[14].
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Because of Stokes’” theorem we have [~ 6(7,z) = 0 and therefore Y, 6;(1) = 0.
Thus

(7.38) Eis(0 Ze VET(0, 2)

defines a closed differential form in M with values in the holomorphic cusp forms of
weight 3/2, and we define the truncated theta function

(7.39) 0°(t,2) = 0(1,2) — Eis(0, z).

So 0°(7) is per construction a rapidly decreasing closed differential 1-form in M with
values in the non-holomorphic modular forms of weight 3/2. We write

(7.40) 0°(t, z) 265 v, 2)e* T

for the Fourier expansion. For n = f (z)dz with f(z) a weight-2 cusp form we still
have

(7.41) /7)/\%:/77/\%:/ 7,
M M Cs

as cusp forms are orthogonal to Eisenstein series. (By Theorem 7.6, (7.41) actually
also holds for tangential Eisenstein since it is not too hard to show that the integral
of the wedge of two tangential Eisenstein series vanishes.) This justifies the

Definition 7.8. We define C'; to be the homology class dual to the Fourier coefficient
05.
B

C§ does not depend on v since (7.41) and Th. 7.6 show that Sy A 05 indeed does
not depend on v.
This discussion proves Theorem 1.6.

8. THE THETA INTEGRAL OVER SPECIAL CYCLES

We can also define a lift
(8.1) MrCo) = [ 8,.(r.2)
Cuy

where Cy is the special cycle coming from a positive definite subspace U of dimension
p—n in V. Note that Cy has dimension n.

We write Ly = LN U and Lyr = LN UL and obtain a decomposition
(8.2) L'+ h=>Y (Ly+h) + (L. +hY)
i=1
with h} € (L¥)" and b} € <L#L>n. By 6c¢, (1, Lyr + h!) we denote the top degree

theta integral A(7,1) = fCU ZXG(LZLM;’) ©n (1, X) for the hyperbolic space Cy;. Note
that the top degree lift A(7,1) was computed in [10].
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Proposition 8.1. With the above notation, we have

A(7,Cy) = _9(r, Ly + h})0c, (7, Ly + hY)

=1

where J(1, Ly + ;) = ZXE(LZM") et (X5X)T) s the standard theta series of degree n
for the positive definite space U.

Proof. Using the explicit formula for ¢,, = ¢, v from Section 4 one easily checks that
under the pullback i}, : A"(B) — A"(Byp)

(8.3) irPny = Po.u & Pn s,

where ¢ 17 is just the standard Gaussian for the positive definite space U. From this
the proposition easily follows. O

Theorem 8.2. (Theorem 1.6)

A(T, OU) _ Z[CU.CB]tTQQﬂitr(/BT) + (_1)77, Z [CU.OE]@QﬂitT(/BT),
3>0 3>0
rk(8)=n—1
where [Cy.Cgly is the transversal intersection number of Cy and Cg (i.e., the sum
of the transverse intersections counted with multiplicities +1 and —1) and [Cy.C3] is
the evaluation of the cohomological intersection product.

Proof. First assume for simplicity that in (8.2) we have s = 1 and write A’ = h} and
" = hl. Let B € Sym,(Q) be positive definite. It is easy to see that a (p — n)-
cycle Dy with %(Y, Y) = [ intersects Dy transversely if and only if the orthogonal
projection of Y onto U+ spans has rank n. From that we conclude that the transversal
intersection number [Cy.Cjly, is given by

(8.4) [CU'Cﬁ]tT = Z r(a1,U) deg(COéz,CU)a
f0
a1taz=0

where r(aq, U) is the representation number of a; in L, + A’ and

(8.5) deg(Co,.cp)) = > e(X)

X €Ty \Qa,N(LY | +h")

is the (weighted) degree of the 0-cycle C,, in the space Cy defined by as. But the
right hand side of (8.4) is exactly the §-th Fourier coefficient of J(7, Ly + k') times
the positive definite part of O¢,, (7, Ly + R”), which is given by (8.5), see [10].

The statement for the singular coefficients is clear as Th. 1.4 shows that the (5-th
coefficient of ¢ is the Poincaré dual of the absolute cycle C5. But one can also see
in the same combinatorial way as above that the Fourier coefficient attached to a
semidefinite  represents the intersection numbers at the Borel-Serre boundary of the
singular cycle Cj§ and the boundary of Cy. O
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