Analysis ITI/IV (Math 3011, Math 4201)

Solutions to Exercise Sheet 10 14.12.2011

1. Let f = (f1, f2, f3). We have

F*(ysdyy A dyz A dys) = 23(df1)e A (df2)e A (dfs)e =
:z:g(cos xodry — w1 sinxadre) A (sin xedzy + 1 cos xodxe) N 2xsdrs =

2%‘%(1‘1 cos? xg + 21 8in’ xo)dxy A dag A drs = 2x1m§d3:1 A dxo N dxs.
2. We have
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Evaluation at the point z € U yields

(" (dyr Ndya A -+~ Ndyp)), = det Dp(x)(dxy A - A dxy)s.

3. The restriction w\Uj of w to any of the domains U; is exact, so we have
w\Uj = dfj with fj € COO(UJ'). On Uyy := Uy NUs, we have df1|U12 =
dfa|v,,, so (dfi — df2)|u,, = 0. Since Uy is pathwise connected, and the
differential of (f1 — f2)|v,, vanishes, the function (f; — f2)|y,, must be
constant. Let (f1 — f2)ly,, = c12 € R. Similar arguments show that
(f2 — f3)|Uas = c23 € R. Define f € C°(U; U Uy U Us) as follows:

fl(l‘)—clg ifl‘EUl
F@) =4 folz) if x € Uy
f3($) +co3 ifxeUs

The function is obviously well defined on U; UUsUug. Moreover, we have

(df1). ifzely
df;r = (dfg);r ifz e U2 = Wy,
(df3)e ifxe€Us

ie., we QYU UUy UUs) is exact.

- Adxp,.



4. (a)

(b)

Assume that I*(w) = 0. Then wy, = 0 and wy, = 0. Since any
point x € U lies in either Uy or Us, this implies w, = 0, i.e., w =0
and I* is injective.

Let w € QF(U). Then

k(T1k k
J (I (w)) =J (W‘UUW‘UQ) = (W‘U1)|U10U2 - (W‘U2)|U10U2 =
w|U1I’7U2 - w|U1I’7U2 = O
This shows that im I C ker J*. Now, we assume that (wi,ws) €
ker J*. Let wy = Yo frdxzr, wo =), grdxy, where I = (i1,. .., i)
runs through all multi-indices with 71 < i < --- < 1. We conclude

from J*¥(w1,ws) = 0 that wi|y,ny, = wa|v;nv,, which implies that
frlownv, = g91luy,nu,- Now, define functions hy € C*°(U) by

h () = {f[($), %f z el
gr(z), ifxeUs

hr is well-defined since the restrictions of f; and g; on the intersec-
tion Uy N Uy agree. Then w = >, hrdxy € QOF(U) is well-defined,
and we obviously have

IM(w) = Wloy, wloy) = O frder, Y grder) = (w1, ws).
I 1

This shows the converse inclusion ker J* C im I*.

For a given function f € C*°(U; N Us), let us introduce smooth
extensions of f to C*°(U;) and C*(Us) via

1 p2A2)f(x) ifxeUinUs 9, Jpi(x)f(z) ifzeUinNUs
f(x)_{ f(x)_{o ifoely— U

0 if.I‘EUl—UQ

Then we obviously have (f! + f2)|v,nv, = Pilvinvs f + P2lvinu, f =
(p1 +p2)|vsnv, f = f. For a differential form w € QF(Uy; NUy), given

by
w = Z frdxr,
T

we define wy = >, fride; € QF(Uy) and wy = — 3, fi2dar €
QF(Us). Then

Jk(wth) = Z (f[l - (_f?)) ‘UlﬂUdeI = Zfldxf =uw,
1

I

which shows that J* is surjective.

5. Assume that F' doesn’t have zeroes in D. Since ¢ : [0,27] — U is a closed
curve, so is y = Foc:[0,2n] — R? — 0. Let g : [0,27] — R? — 0 be the
point curve vo(t) = F(p). Observe that

(1 —=s)c(t)+sp=p+ (1 —s)r(cost,sint) € D



for all s € [0,1]. This shows that the map H(t,s) = F((1 — s)c(t) + sp)
is well defined. Moreover, it is a free homotopy between v and 7, since
H(t,0) = F(c(t)) =~(t), H(t,1) = F(p) = 70(t) and

H(0,s) = F((1 —s)c(0) 4+ sp) = F((1 — s)c(2m) + sp) = H(2m, s).

Next, we calculate
2m 2
/F*wo=/0 (F*wo)c(t)(C’(t))dtZ/o (wo) F(e(e)) (DF (c(t))d (t))dt =

2T o
/0 (wo) Foe(ry (F 0 ¢)'(t)dt = /0 (wWo)y(ry (V' (1)) dt = A wo.

We know from Exercise 2(b) on Sheet 7 that wy is closed. Since v and ~
are freely homotopic, we conclude that

K{WOZ/WOWO:/OZW(WO>F(p)wdt:0.

=0

This obviously contradicts to n(F, D) # 0.



