Analysis ITI/IV (Math 3011, Math 4201)

Solutions to Exercise Sheet 9 7.12.2011
1. Note that of of of
df = =—d —d ——dz3.
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On the other hand, we have
oo (200 ),

0x1’ Oz’ O3
ie.,
of af af
= — + — + —— dx3.
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Next, note for a vector field F' = (f1, fo, f3) we have
_ <5’f3 Ofs 0fi  0Ofs 0fs 8f1>
curl F = — - —= — - =2 =2~ |

ie.,

Ofs  0Of2 ofr  Ofs dfx  0f1
= (28 22 grondws | 28— I3 quandey+( 222 — 2L day Adas.
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On the other hand, since wp = fidxy + fodxs + f3dxs,

0 0 0
dwp = %dazg + %dazg Adx1+ %dxl + ﬁdazg Ndxo+ ﬁdacl + ﬁdwg Adxsg,
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which shows 71 = dwp, after rearranging the latter expression and
using the fact that dx; A dzj = —dz; A dz;. Finally, for F' = (f1, fa, f3)
and np = fidxo A dxs + fodxs A dzi + f3dxri A dxe, we obtain

0
dnp = %dazl ANdxo N dxs + %dazg ANdxg N\ dxry + ﬁdl‘g Adx1 A\ dxs,
o0x1 0xo Ox3

ie.,

dnp = Oh + % + % dx1 N dxo N\ drg = div Fdxy A dxs A dxs.
6.1‘1 6.1‘2 6.1‘3

The above calculations show that the following diagram commutes:

CoR3) —— X(R%) -, ¥(R3) C>(R?)

e

QORY) —— QR —— QR —— P(RY)
Here, X(U) denotes the space of smooth vector fields on U C R", and
the vertical maps ®; are bijective maps between functions/vector fields

and differential forms and defined as follows:

Qo(f)=f, P1(F)=wp, PoF)=np, @3(f)= fdriAdrsAdxs.
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Since the vertical maps are bijective, we see that d?> = 0 translates into
curl o V = 0 and div o curl = 0.

. (a) We have

/Cw‘z/ dt‘ /| ), (t))] dt <

b
/ | (e - 1) [dt < M / I (®)dt = ML(c).

(b) According to Proposition 5.13, we only habe to prove that we have
[.w = 0 for all closed curves ¢ : [a,b] — R™ — 0. Choose M > 0 and
r > 0 such that ||F,(x)|| < M for all ||z|| < r. Let ¢ > 0 be arbitrary.
We consider the free homotopy G : [a,b] X [¢,1] — R™ — 0, defined by
G(t,s) = s-c(t). Since G is a free homotopy and w is closed, we conclude

that
o]
c Ce

by Corollary 6.13. Note also that L(c.) = € - L(c), since c.(t) = ed(t).
This implies with (a) that

[+
(&
Since € > 0 was arbitrary, we must have fc w = 0. This is what we wanted
to show.

/Cew‘ < M-Lic) = - M- L{c).

(c) Note that F,(x,y) = (—%ﬂ/m ﬁ) and
1F.(0,9)] = —
Y e
“ Y|

Note that 1/|y| is not bounded for any disk of centre 0, so we cannot
apply (b) in this case.

. (a) Since d,(t) = = = (z1,z2), we have

/ W—/ wcz(t dt / fl Cx dxl( ())—i—fz(cx(t))dxg(c;(t)) =
/0 fi(txy, tee)xy + fo(txy, txe)xadt.

(b) Since w = fidxy + fadxs is closed, we have gf = g—ﬁ. Using this, we



obtain

) 1
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1
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= [ VA0, dt+/f1cx
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= /Othl(cx dt—l—/ filex(t
1
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where in the last step we applied the chain rule. Partial integration yields

o 1 1
SE@) =th el [ hecaltdi [ fioctdt = 1fi(@)-0-510) = (o).
0 0
Similarly, one shows g—gg;(:z:) = fa(x), and we conclude that
0 0
df = —fdasl + —fdazg fidx1 + fodxo = w,
6.1‘1 8

i.e., w is exact.



