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1.1 General form of isometries of R?
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Klein’s idea: Understand geometry by looking at the group of transformations

preserving key properties of this geometry

In Fuclidean Geometry, we start with R™ and its inner product

n
(z,y) =aly= Zwiyi,
i=1
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where we consider x,y as column vectors.

Properties of the inner product:

[ )
e (x,x) =0 is equivalent to x =0

The inner product induces a norm ||z|| = \/(z,z) and a distance function
d(z,y) = |z —yll = 0.

Properties of the distance function:

e d(z,y) =d(y, )

o d(z,y) =0

e d(z,y) =0 is equivalent to x =y

o d(z,2) < d(x,y) +d(y, z) (triangle inequality)

Definition 1.1. f: R"™ — R"™ s called an isometry if f is surjective and if

d(f(x), f(y)) = d(z,y).
Natural Question: What are the isometries of R™?

Example. Let A € O(n) = {C € M(n,R) | CTC =1d}, b € R*, and f :
R™ — R"™, f(z) = Az +b. We show that [ is an isometry. [ is surjective:
Let y € R™ be given. We have to solve f(x) = Ax +b = y. The solution is
=AYy —b)=AT(y —b). It remains to show the following:

d(f(z), f(y))* 1f(z) = fW)]I? = [(Az + b) — (Ay + b)||> = || A(z — »)|?
(Alx —y), Az —y)) = (z —y) AT A(z — y)
= (@-y) (@-y) =@x—yar—y) =|z—y|*=dazy)>

We will see later that these are all isometries of R"™.
Lemma 1.2. FEvery isometry f : R™ — R" is injective.

Proof. Assume f(z) = f(y). Then

ie., x=uy. O

Lemma 1.3. If f : R® — R" is an isometry, so is f~1.



Proof. Since f : R® — R" is bijective, f~! : R® — R" exists and is also
bijective. Thus, f~! is surjective. To show:

d(f'(z), f'(y)) = d(z,y) Var,yeR"

But
d(f~H (@), [ (y) = d(F(f @), F(F () = d(=, ),

since f is an isometry. O
Lemma 1.4. If f,g: R" — R"™ are isometries, so is fog:R"™ — R".

Proof. Since f,g: R™ — R" are bijective, f o g : R™ — R" is also bijective, and
thus surjective. To show:

d(fog(x), fogly)) = d(z,y).

This follows immediately from the facts that f, g are isometries:

d(z,y) = d(g(x),9(y)) = d(f(g(=)), f(9(y))) = d(f o g(z), f o g(y)).
O

Important consequence: The set of all isometries of R™, denoted by I(R"),
forms a group. Klein’s viewpoint: to understand Fuclidean geometry means to
understand the group I(R™) of transformations preserving the distance d.

Our first goal is to prove the following:

Theorem 1.5. Fvery isometry f: R™ — R™ is of the form
f(z) = Az +b
with A € O(n) and b € R™.
This is done in steps.

Lemma 1.6. Assume that g : R — R"™ is an isometry with g(0) = 0. Then
g 1is uniquely determined by its values of g(e1),g(e2),...,g(en) € R™, where
€1,€2,...,6Ey 15 the standard basis of R™.

Proof. Let g,h : R® — R™, ¢g(0) = h(0) = 0 and g(e;) = h(e;). We have to
show that g = h. We consider the isometry k : h=* o g. Then k(0) = 0 and
k(e;) = e;, and it suffices to show that k = id. Let y = k(z), 2 = (z1,...,2,) ",
Y= (ylv"'vyn)—r~

a) We have [lz] = ||

Iyl = d(y,0) = d(k(x), k(0)) = d(z,0) = ||z[.
b) We now show that ||y — e;|| = ||z — e:
ly = eill* = dly, e5)* = d(k(z), k(e:))* = d(, €:)* = ||z — es]|*.
c¢) We have

ly = eill® = (y — es,y — &) = yll* — 2(y. ) + [lesl|*,



and, similarly,
lz = eill® = ll2ll* — 2(z, e:) + [les]|*.
We know from a) that ||z|| = ||y||, so we conclude from the previous formulas
and b),
Ty = <fE,€i> - <y76i> = Yi,
i.e., all components of x and y coincide. This implies that = = y.
Thus we have k = id and the proof is finished. O

Lemma 1.7. Assume that g : R™ — R™ is an isometry with g(0) = 0 and
g(e;) =v;. Then vi,va,...,v, are an orthonormal base of R™.

Proof. We have to show that (v;,v;) = d;;.
a) [[oi]) = d(vs,0) = d(g(e:), 9(0)) = (e, 0) = [les] = 1.
b) flui — vl = d(v, v5) = d(gles) gle)) = dleir ) = llei — es]]
¢) We assume that ¢ # j. Squaring the left hand side of b) yields:

i = vi)1* = (vi = vj,vi — v;) = [Jvill*> = 2(vi, v3) + ||vj]1* = 2 = 2(vs, v;),
by using a). Squaring the right hand side of b) yields, similarly,
lei — e5l1? = lleill® = 2(es, €5) + [lej]1* = 2.
Comparing both sides yields the required result
(v,v5) = 0.
O

Corollary 1.8. Assume that g : R™ — R™ is an isometry with g(0) = 0 and
v; =g(e;). Then A= (v1 v2 ... wyp)€O(n) and g(z) = Az.

Proof. Since (v;,v;) = v/ v; = &;;, we have ATA = 1d, i.e., A € O(n). Since
h(x) = Az is an isometry with h(0) = 0 and g(e;) = v; = h(e;), we have g = h,
by Lemma 1.6. O

Proof of Theorem 1.5. Let f : R™ — R™ be an isometry and b = f(0). Then
g(z) = f(z) — b is also an isometry (since it is the composition ¢_; o f of the
two isometries f and t_p(z) = v —b). We have g(0) = 0 and, thus, by Corollary
1.8, g(z) = Az with A € O(n). This implies that f(z) = g(z)+b= Az +b. O

1.2 Classification of isometries of R?
Next, we want to classify isometries of R?. Let us first look at concrete examples:

Examples. a) translations: t,(z) =z +a
cosa —sina

. is counter
sina  cosa

b) rotations about origin: r,(x) = Ryz, Ro = (

clockwise rotation about origin by angle o
¢) general rotations about z: 7 .(z) = Ro(x — 2) + 2

S
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d) reflection along a line l: s;. The set of fixed points of s; is the line I.
Assume first that 1 is a line through the origin, given by | = Rv and wlv and
[[v]] = [Jw|| = 1. If © = av + Pw, then

si(z) = av— Pw =2 — 20w =z — 2(x, w)w.

If 1 is a general line | = w+V with V equals a line through the origin, then
si(z) = sy (z —w) +w.

e) glide reflection: let | = w + V be a line, V' be a parallel line through the
origin and a € V. The glide reflection s; . is then defined to be

Sl,a = 810 tq.

Claim: s; oty =t, 0 9.
Proof: Using the fact that sy is a linear map and that a lies in the fixed
point set of sy, we have

sioty(z) = si(z+a)=sy(z+a—w)+w=s,(x—w)+sv(a)+w
= sy(r—w)+w+a=s(x)+a=t,0s(x).
Theorem 1.9. Let f : R" — R™ be an isometry different from the identity.

Then f is a translation t,, a general rotation v ., a reflection s; along a line
I, or a glide reflection s; q.

Definition 1.10. An isometry f(x) = Az + b of R™ is called orientation pre-
serving or orientation reversing, if det A=1 or det A = —1.

Proof of Theorem 1.9. Let f(x) = Az +b. Then the column vectors of A are
an orthonormal base. Every unit vector is of the form (cosa sin a)T for

. N . T
o € [0,27) and a second orthogonal unit vector is either (—sina cosa)

. T
or (sma — cos a) . Thus
cosa —sina cosa  sina
A+Ry =1 . or A=S,=1{". .
@ sina  cosa @ sina  —cosa

Let f(z) = Rox + b, i.e., an orientation preserving isometry, a € [0,2m). If
a =0 then b # 0 (since f #id) and f(z) =2+ b=tp(x). If @ € (0,27) then

det(I—A) = det (1 TS sma
—sina 1 —cosa
Hence (I — A)z = b has a unique solution z € R? and

Ta(x) = Ro(r —2)+2=Ror+ (I —A)z=Rax+b= f(x).

Let f(x) = Sax + b, i.e., an orientation reversing isometry. Since

—cosa —sina

1
det(] — A) = det < —sinae  1+cosa

> =1—cos’a—sin*a=0,

) = (1—cosa)62+sin® o = 2(1—cos ) # 0.

—
17 October 2008



V = ker] — A is one dimensional (we never have I — A = 0). If b = 0 then
f = Sa = sy (since all vectors in V are fixed by f and a vector w1V must be
mapped to —w because of f #id). If b # 0 then b can be written as

b=2w+v withwlV, veV.
Note that Sqw = —w, Sqv =v. Let [ =w + V. Then

sio(x) = si(z)Fv=sy(z—w)+w+v=sy(x)+ I —sy)(w)+v
= sy(z)+2w+v==S,x+b= f(x),

i.e., f is a glide reflection. O

Definition 1.11. Let f : R™ — R"™ be a map. A point x € R"™ is called fixed
point of f if
f(@) = .

Let us investigate on the fixed points of isometries in R?:

(a) translations t,, a # 0, have no fixed points at all, since z = t,(z) = z+a
is never fulfilled.
(b) let 7o, . be a rotation with (0, 27). Then

Ta.(x) =2
& Ry(x—2)=x—=2
< (I—Ry)(x—2)=0
< x—2=0 sincedet(l —R,)#0

This shows that z is the only fixed point of 74 ..

(¢) the fixed points of a reflection s; along a line [ is obviously precisely the
line [

(d) finally, we consider a glide reflection s; 4, @ # 0. Let V be a line through
the origin and parallel to [, i.e., [ = w + V for an appropriate vector w € R2.
Then

Sia(z) =
& s(x)ta==
& a=uz-—sx),

But one easily sees that @ — s;(z) is orthogonal to V', whereas a # 0 is parallel
to V. This is a contradiction. So glide reflections don’t have fixed points.

Lemma 1.12. Let f(x) = Az +b and g(x) + Cz + d be two isometries of R™.
Then
(fog)(x)=ACx+e, (gof)(lx)=CAhAx+f

with suitable vectors e, f € R™. In particular, the composition of two orientation
preserving or reversing isometries is orientation preserving and the composition
of an orientation preserving isometry with an orientation reversing is orienta-
tion reversing.

Proof. Straighforward. O



Remark 1. We have

RaRﬁ = Ra+,8
Sa53 Ra—p, in particular S;;' = S,

1.3 Conjugation of isometries of R?
Next, we look at conjugations of isometries in R?:

Theorem 1.13. Let f(x) = Ax +b € I(R?). Then

,f ] ta o f_l - tAa
f OTa,z© f71 = Tdet A-a,f(2)
fosiaof™ = S04

Proof. Note that f~!(x) = A='z — A='b. Then

(fotao fTH)(x) = fota(A™lx = ATID) = f(A 'z — A7 b+ a)
=AA e — A7+ a) +b=2 4 Aa = taq(z),

proving the first identity.
fora.o f~!is orientation preserving, by Lemma 1.12, and has fixed point

f(2):
(fo Ta,z © f_l)(f(z)) =fo Ta,Z(Z) = f(2),

thus is a rotation about f(z) by the Classification Theorem 1.9. We distinguish
two cases:
a) f(z) = Rgz+b. Then, by Lemma 1.12,

(fora.of ') (z) = RgRoR_pr+d= Ry +d
for a suitable d € R?, ie., fora.o [~ =714 0.
b) f(Z) _ SﬁZ + b, Then 20 October 2008
(fora.of ) (z) =SsRaSpr +d=R_,v+d
for a suitable d € R?, i.e., fora .o f~' =7r_q 52
Finally, we first prove fos o f~! = syay: By Lemma 1.12, fos o ft
is orientation reversing and fixing the line f(l), since for x € f(I) we have

f~Y(x) € l and:

fosiof~Hz)=fosi(fH(x) = f(f(2)) = .

But there is only one such isometry, by the Classification Theorem 1.9, namely,
sfqy- This implies

fosiaof ™' = fosiotao f 1 = (fosiof T )o(fotao fT1) = sy Otan = $£0),Aa-

O



Definition 1.14. Let G be a group and X be a set. An action of G on X is a
map which assigns to every g € G a map Ty : X — X such that

T, = Idx, Tg,.go = Tg, 0 Ty,,

for all g1,92 € G (e equals the identity element of G). An action is called
transitive, if for every pair x,y € X there exists a g € G such that Tyx = y.

Note that, in a group action, we obviously have Ty = (T,)~", since

TyoT, 1 =T,y =T, =ldx.

Examples. (a) The vector space G = R™ is a commutative group under addi-
tion. It acts on X = R"™ via translations G > a — t, : R™ — R™. The action is
transitive, since for x,y € X =R"™ and a =y —x € G = R"™ we have

to(zt)=x4+a=z+(y—x) =y.

(b) The matriz group G = O(n) is a group under matriz multiplication. An
action on X =R"™ is: G 5 A— R4 : R™ — R" with

Ra(z) = Ax VreR"
Obviously, Ry = Idg~ and
(RaoRp)(x) = A(Bx) = (AB)x = Ra.p(x).

This action is not transitive since 0 € R™ cannot be mapped to any other point
in R™ wvia transformations R 4.

Theorem 1.15. Two elements of I(R?) are conjugate if and only if one of the
following statements is true:

(a) both elements are the identity
(b) both elements are translations by non-zero vectors of the same length

(c) both elements are general rotations by angles in [—m, ) of the same non-
zero absolute value

(d) both elements are reflections
(e) both elements are glide reflections with the same non-zero glide distance
(Note that the glide distance of a glide reflection s; 4 is the value |a| > 0.)

Proof. Tt follows from Theorem 1.13 that if two isometries in I(R?) are conjugate
then they both belong to the same class (a)-(e). It remains to show that two
isometries of the same class are conjugate: class (a) is trivial.

class (b): t, and ¢, with ||a|| = ||b]]. Obviously, there exists an a € [0, 27)
such that b = Rya. If f(x) = R,z then

fotaofl=ta, =t



class (¢): ra,. and 75, with a,f € [—m, 7). If o = 3, choose f(x) =
x4 (w—z), if @ = —f3, choose f(x) = So(xr —2) +w with Sy = <(1) _01) Then
det Sp = —1 and

f OTq,z 0 fil = rﬂ,f(z) =Tpw-

class (d): s; and sp. If [ and I’ are parallel, then I’ = #,(I) and if [ and I’
intersect in z, then I’ = r, (1) for suitable « € [0, 7). Choose f =t, or f+ 714 2,
respectively. Then

foslof™t= Sy = Su-
class (e): 81,4 and sy o with ||a|| = ||a’||. If l and I’ are parallel, then I’ = ¢;({)

and [ = t.(V) with V a line through the origin, parallel to [ and I, and o’ = +a.
To @’ = %a, choose

f =torco (£ldgz)ot_,
respectively. Then f(1) = tpc 0 (£Id)(V) = tp4(V) =1’ and
fosiao f™ =sp1)ta =50

If | and I’ intersect in z, then I’ = 74,,(l) for suitable « € [0,7). Then o' =
tRqa. If o' = Rqa then choose f =7, ., if a/ = —Rya = Rayqa then choose
f =Tatr,. In the second case, we have f(I) = ro4r.(l) =1. Then

-1
fosl,aof = Sf),a’ = SU,a’-

1.4 Symmetry groups
Definition 1.16. Let S C R" be a set. The symmetry group of S is given by

I(S) ={feI®R") | f(S) =5}
Let h : R™ — R™ be a function. The symmetry group of h is given by
L(h)={f € I(R") [ ho f = h}.

Remark 2. The definition of a symmetry group of a function is more general
than the definition of a symmetry group of a set. If S is a set, we can choose
the characteristic function

h(z) = 1, ifzels,
Y70, iz gs.

We then obtain T'(S) = T'(h). But h can encode more information: brightness,
colour, ... of a pattern (note that h is even allowed to be vector valued).

Examples. (a) windmill S: a symmetry f must fiz the origin 0 and must
map the vertex x to one of the 8 vertices. This can be achieved by 7).y /4,
ke {0,1,...,7}. Then r_pr/4 0 f fizes the origin and x, i.e., it is either
the identity or the reflection along the horizontal line. But the latter is
not in the symmetry group T'(S). Thus

T(S) = {rpesa | k€ {0,1,...,7}}.
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(b)

(c)

(d)

heptagon s: a symmetry must fix the origin O and must map the vertex x to
one of the 7 vertices. This can be achieved by ropy /7, k € {0,...,6}. Then
T_okr/7 © [ fizes the origin and w, i.e., is either the identity or reflection
along the vertical line . The latter is in I'(S). Thus we have

F(S) = {7”2]@71—/7|]€€{0,...,7}}U{T2kﬂ—/7081|]€E{O,...,7}}
D7 (dihedral group)

1

infinite net S: Any symmetry f must map 0 to some node of the form
muy + nve, m,n € Z. This can be achieved by tpuy,4+nv,, and hence
L (mui4nve © [ fizes the origin, i.e., is either a rotation of a reflection
through the origin. Since vy is not perpendicular to vy and ||v1|| # ||ve|l,
no reflection is in T'(S). S0 t_(mu, ynvy) © [ is either the identity of a
rotation by m and

I'(S) = {tmvi + nva}t orpe | m,n € Z,k € {0,1}}.

zig-zag pattern S: Any symmetry f must map 0 to some node, but the
nodes muvy + nvy are only the downward pointing nodes. An upward
pointing node can be reached from 0 by a glide reflection along the hor-
izontal line | and glide vector 5-: 8., /2. So either t_(my,4nv, © f 0T
t_ (mui4nvs © S, 2610 f is fizing the origin and thus is either the iden-
tity or the reflection sy, where I’ is the vertical axis. This implies that

I'(S) = group generated by ty,,ty,, 510, /2,51
- <tv—17tv2; 8l,1}1/27 5l’>-

Note that these four isometries are not independent. We have, e.g., t,, =

2
Sl,v1/2 :

A natural goal would be to classify all symmetry groups of I(R™), at least up
to isomorphism. But this goal is too ambitious. Instead, we try to understand
all discrete symmetry groups of R? a bit better.

Definition 1.17. A subgroup T' C I(R™) is called discrete if, for any xo € R™
and any bounded set B C R™, the set

{f el f(zo) € B}

is finite. A discrete subgroup T' C I(R™) is called uniform, if there is a compact

aet K C R" such that

U r(&) =Rr".

fer

A discrete uniform subgroup of I(R™) is also called a crystallographic group.

Examples. (a) The group I = {t, | a € Q*} C I(R?) is not discrete since,

forz=0€R? and B = {2z € R? | |z]| < 1} we have

{f e[ f(0) € B} =[{a Q| |al] <1} = co.

10



(b) The groups T = {t, |a € Z?} or T = {t, | a € Z x {0}} are both discrete.
The first group is uniform since, for K = [0,1] x [0, 1],

U )= a+ K =R

fer a€Z2?

but the second group is not uniform since every compact set K C R? is

contained in a large enough square Q = [—n,n] x [-n,n] with n > 1 and
U st c U 1@ =R x [-nn] # R
fer fer

Remark 3. For discreteness of I it is enough to check the following: For every
ball B, = {z € R™ | || || < r}, we have

|{fer|f(O)EBr}|<OO

This fact is proved in FExercise 5.

1.5 Translation subgroup and derived group

Definition 1.18. Let T' C I(R") be a subgroup. The translation subgroup T'(T")
is defined as
T(T)={t, | a € R"}

and is isomorphic to L = {a € R™ | t, € T'}. The derived group I is defined as
I ={f'(x) = Az | f(z) = Az +beT}.

Both groups T'(T") and I play an important role in Crystallography.

Lemma 1.19. Let I' C I(R?) be a subgroup.
(a) Ift, € T(), a #0, then
{tp@ | feltcT(I).
(b) If T(T') = {Idg:}, then all f € T have a common fized point z, € R?.
Proof. (a) Let f(x) = Az 4+ b. Then, by Theorem 1.13,
fotao f7h =taa =ty () € T(D).

(b) T(T') = {Idg=} implies that I' contains no glide reflection s;4, a # 0,
since otherwise
Sl2,a = (tq081) 0 (s10ty) =taq € T(T).

Assume that fi, fo € I have no common fized point. If both are rotations r, .
and rg ., with «, 5 € (0,27) and znequw, then

Ta,z ©T3w 7é TB8w O Ta,z, (1)

since otherwise we would have

8w (Ta,z (w)) = Ta,z (w),

11
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ie., rq.(w) would be fixed point of 73, i.e.,
Ta,-(W) = w,
i.e., w would be fixed point of r, ., i.e., z = w, a contradiction. Since
Ta, 073w 0 (rgw o w%z)_l(x) = Az +b

has trivial linear part by Lemma 1.12, this isometry is a translation. This
translation is non-trivial because of (1), which contradicts to T(T') = {Idg}.
Consequently, all rotations in I" have a common fixed point.

Let rq, . with o € (0,2II) and s; be in " with z # . Then we have s;(z) # 2.
By Theorem 1.13, we obtain

—1
S1O0Ta,z08  =T_q5/(2) er,

but then I' would contain two rotations with different fixed points, which was
ruled out before. Therefore, if I' contains a rotation with fixed point z, then
all reflections s; must satisfy z € [. It remains to consider the case when I’
doesn’t contain any rotations at all, i.e., that all non-trivial elements of I" are
reflections. If there are two different reflections s;, s;7 € T', then s; o sy is either
a non-trivial translation (if [ and I’ are parallel) or a non-trivial rotation (if
and !’ intersect). But these possibilities are ruled out under the condition that
the non-trivial elements of I' are only reflections. So in this case we must either
have I' = {Idg=} or I = {Idg2, 5;}, and in both cases all isometries of I' have a
common fixed point. O

Corollary 1.20. Let I' C I(R?) be a discrete subgroup. Then

(a) T(T') is generated by linearly independent vectors, hence is isomorphic to
{0}, Z or Z2.

(b) TV is finite.
(c) T is finite if and only if T(T') = {Idg=}.
Proof. We skip the proof of (a).
We first assume that T'(T") = {Idg2}. Then all f € T have a common fixed

point g € R%. Let 27 € R? with d(z1,20) = 1 and Bi(zo) := {y € R? |
d(y,zo) < 1}. Then f(x1) € Bi(xp) for all f € " and, by discreteness,

Tl =Kf el | f(z1) € Bi(wo)}| < o0

Consequently, we also have |I”| < oco.
Now, assume that t, € T(T"), a # 0. Then {tx, | k € Z} C T(T'), and T'(T")
is infinite. This implies that I" is also infinite. Since

{ty | feT}CT(D),

we conclude from the discreteness of T'(T') that {f'(a) | f € T'} C Bjq)(0) =
{y € R? | d(y,0) < ||a||} is finite. Since there are at most two linear isometries (f
is a linear isometry if f(z) = Az without translation part), namely a particular
rotation about 0 and a reflection s; with 0 € I, which map a to f/(a), I is also
finite. O
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Theorem 1.21. If a discrete group I’ C I(R™) is infinite, then T is isomorphic
to C (the cyclic group of order k) or Dy, (the dihedral group of order 2k) with
ke {1,2,3,4,6}.

Proof. We skip the proof of the fact that discreteness of T implies IV = C} or
Dy, for some k € N and prove only the restriction of k to {1,2,3,4,6}. We
assume k # 1.

Let r = rer /i € I be a rotation by a minimal angle a € (0, 27) and ¢, € T'(I")
be a non-zero translation with minimal [ja|| > 0. Then t.—, € T(I'), by
Lemma 1.19 (a), and r(a) —a # 0, since k # 1. Now,

2
(@) = al* = [r(a)l* = 2(r(a), @) + [|aVert* = 2[|a]|*(1 — cos ?ﬂ) > [al?,
ie., 005277r < %, k < 6. Now, assume that k = 5. Then
2 2 2 Am 2
0 < [lr*(a) + al* = 2]lal|*(1 + cos =) < al|

and idge # t,2(q)4a € T(7), contradicting to the minimality of ||al|. O

The fact that rotations in a discrete group of isometries can only have or-
ders 2,3,4,6 holds in R™ for dimensions n = 2 and n = 3, and is called the
Crystallographic Restriction Theorem. Crystallographic groups in I(R?) are
also called wallpaper groups and you can find more about them at the web-
page http://en.wikipedia.org/wiki/Wallpaper group. There are 17 dis-
tinct wallpaper groups, up to isomorphism.

The classification of crystallographic groups (i.e., discrete and uniform sub-
groups of I(R™)) is of practical importance in dimension 3. There are 219
different crystallographic groups in dimension 3, up to isomorphism (see, e.g.,
the webpage http://en.wikipedia.org/wiki/Space group). Let us finally
mention (without proofs) the famous Bieberbach theorems:

Theorem 1.22 (Bieberbach (1912)). LetI' C I(R™) be a crystallographic group.
Then T'(T') is a normal subgroup of I' of finite index and a lattice (i.e., of the
form Zvy + - - - + Zv, with vy, ..., v, linearly independent).

Theorem 1.23 (Bieberbach (1912)). For every dimension n € N, there is only
a finite number of isomorphism classes of crystallographic groups T' C I(R™).
Two crystallographic groups are isomorphic if and only if they are affine conju-
gate.

1.6 Fundamental domains and orbit spaces

Next, we introduce the important notions of fundamental set and fundamental
domain.

Definition 1.24. Let G be a group acting on a set X. This defines an equiv-
alence relation ~ on X: We write x1 ~ x2 if there is an element g € G such
that xo = gx1. The equivalence classes

(] ={2" € X |2/ ~ 1z}
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are called orbits of the group action. A fundamental set S is obtained by choosing
one particular element in each orbit, i.e.

[SN[z]] =1 for every orbit [z].

The existence of a fundamental set in general is guaranteed by the axiom
of choice. But in many concrete cases a fundamental set can be chosen in an
explicit way.

Examples. (a) Let G be the group generated by all reflections s, : R — R at
integer points n € Z. Note that sp(z) = —(x —n) +n=2n—x and

(Snt198n)(x) = $pt1(2n—2) = 2n+2) — 2n —z) =z + 2 = to(x).
The orbits are given by
[]={z+2n|ne€ZU{2n—a|n € Z},

in particular [0] = 27 and [1] = 2Z 4+ 1 and a fundamental set is given by
S =10,1].

(b) Let G be the group generated by all translations t, : R — R, t,(x) = z+n
for n € Z. The orbits are given by [x] = x + Z and a fundamental set is given
by S =1[0,1).

Often, we don’t need these strict properties of a fundamental set. A set with
somewhat weaker properties is presented in the next definition:

Definition 1.25. An open connected domain F C R™ is called a fundamental
domain for a discrete group I' C I(R™) if it satisfies the following conditions:

(a) Ugepg_F =R", where U denotes the closure of U C R".
(b) ForallgeT, g#e: FNgF =0.
(¢) There are only finitely many g € T' such that

FngF #0.

Examples. (a) Let vi,vo € R? be two linear independent vectors and I' =
{tnv,+muvs : R?2 — R? | n,m € Z}. Then a natural fundamental domain is the
open parallelogram

F = {tiv1 +tava | t1,t2 € (0,1)}.

The picture one should have in mind is that the “tiles” gF, g € G, tessellate
the plane without overlapping.

(b) Let T be isometry group of the honeycomb pattern S C R2. Let the
origin be placed in the centre of a cell Cy of this pattern. Then every g € T’
must map Co to a cell of the pattern. The subgroup To := {g € T'| gCy = Co} is
isomorphic to the dihedral group Dg. Choose F to be the open triangle with the
origin, a vertex of Cy and a midpoint of an adjacent side of Cy as its vertices.
Then

U gl = COv

g€lo
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and since every cell of the pattern can be reached from Cy by a translation of T,

we have L
U 9F =R?,

g inI’

proving property (a). Obviously, gF N F = 0 for all g € Ty, since the dihedral
group unfolds this triangle in the hexagon. This proves (b), since any group
element mapping Cy to a different cell, maps F to a triangle disjoint to F.
Finally, one checks that F meets 16 neighboring triangles, proving property (c).

Let G act on a set X. Then there is an obvious bijection between the
orbits [z]subsetX and points of a fundamental set S. If we denote the orbit
space by X /G, we thus have a 1 : 1-relation between the elements in X/G (the
orbits) and the points of S. But two points x,y in S might be quite far apart
even though the orbits [z] and [y] are close to each other. Let us look at an
example: X =R and G = {t, | n €}, S = [0,1). Then the orbits [0] = Z and
[0.99] = 0.99 + Z = Z — 0.01 are very close, even though the points 0,0.99 € S
are far apart. To remedy this, one should think of X /G as the closed interval
[0, 1] with the points 0 and 1 identified. Topologically, this would coincide with
a circle St.

Let us, finally, discuss two other 2-dimensional examples:

Examples. (a) Torus: Let I' = {tne,+me, | n,m € Z} acting on R%2. A
fundamental set is S = [0,1)x[0,1). Since the orbits (x,0)+Z* and (z,0.99)+7Z>
are very close as well as the (0,y) + Z* and (0.99,y) + Z?, we should represent
the orbit space R? /T by the closed square [0, 1] x [0, 1] where we identify the lower
and upper side and the left and right side, i.e. (x,0) is identified with (x,1) and
(0,y) is identified with (1,y). These identifications imply that all four vertices
(0,0),(0,1),(1,1) and (1,0) are identified as one point. These identifications
yield, topologically, a two-dimensional torus T? as the space representing the
orbit space R?/T.

(b) Klein bottle: Let I' be generated by the elements t., and sie,, where
1s the horizontal axis. Note that we have 812761 = t9¢, . A fundamental domain
is given by F = (0,1) x (=1/2,1/2). Straightforward considerations lead to
the conclusion that the orbit space R?/T' should be seen as the closed square
[0,1] x [=1/2,1/2] with the side identifications (x,0) ~ (z,1) and (0,y) ~
(1,1 —vy). Again, all four vertices (0,—1/2),(1,—1/2),(1,1/2) and (0,1/2) are
identified, but the topological surface now obtained is non-orientable and called
the Klein bottle. This surface cannot be embedded into R3 (we need R* for this),
but it could be immersed into R3 with self-intersections. This surface is called
Klein bottle after Feliz Klein, who set up the concept that we should understand
different geometries by studying the associated groups of these geometries. WE
come back to this theme straight at the beginning of the next chapter.

2 Affine Geometry

2.1 Affine transformations and parallel projections

Let us start again with Klein’s point of view:

15
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e Fuclidean geometry is based on a space R™ with the transformation group
I(R™) of isometries.

e Affine geometry, the topic of this chapter, is based on a space R™ with the
transformation group A(R™) of affine transformations, i.e.,

AR™) == {f(z) = Az +b| A € GL(n,R),b € R"}.

Note that we have I(R™) C A(R™) and that A(R™) is a group: if f(x) =
Az 4 b and g(x) = Cz + d then we have

(fog)(x) = A(Cx+d)+b=ACx+ Ad+b,
fHz) = A7z — A

In the following we restrict our considerations entirely to two dimensions,
ie,n=2.

While distances d(z,y) = ||z — y|| are preserved under I(R?), which are the
geometric properties preserved by A(R?)? Certainly, no longer distances, as can
be seen by the affine map f(z) = 2z.

We first introduce bijective maps f : R? — R2, which are called parallel
projections, and which will be later seen to be affine projections. These maps
are defined by embedding domain and image of the map f as different planes
into R3. Such a higher dimension embedding can be used to prove elegantly
highly non-trivial facts with only little use of 3-dimensional geometry. We will
employ this method also very successfully when we study Projective Geometry.

Example (parallel projection). Represent two copies of R? by two separate
planes 1, T with their coordinate azes. Place the planes w1, ms into R3. A map
f+m — m is defined via parallel rays (neither w1 nor ma should be parallel to
these rays so that each ray intersects both planes in uniquely determined points).
Note that the so-defined map f : R? — R? remains the same if we move w1 or mo
parallel along the rays. f is obviously bijective and called a parallel projection.
The inverse map f~ : R? — R? is also a parallel projection (we obtain it by
reversing the directions of all rays).

A parallel projection f : w1 — w9 is an isometry if m; and 7y are parallel. In
fact, every isometry can be realized by a parallel projection.

Next, we list and prove some fundamental geometric properties of parallel
projections:

Proposition 2.1. let f: R? — R? be a a parallel projection. Then:
(a) f maps straight lines to straight lines.
(b) f maps parallel lines to parallel lines.
(¢) f preserves the ratios of lengths along a given straight line.

Proof. (a) The rays through a straight line [ C m; fill a plane ¥ C R®. This
plane intersects the non-parallel plane 75 in a line I’ C 7, which coincides with
the image f(l).

(b) Let l1,l2 C m be two parallel lines. The rays through [; fill a plane
¥ C R Let I = f(l;) = ¥ Nma. If 1) Nlssup{P} C ma, then f~Y(P) € m
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would lie in both planes 31, Yo and therefore also in I1 Nly. But I; Nily = 0,
because both lines are parallel. This is a contradiction and we conclude that
hniy=0.

(c) Let A, B,C be three different points on a line [ in m; and A" = f(A),
B’ = (B) and C" = f(C) their images in mp. We already know that A’, B’, C"
lie on a line, namely on I’ = f(I) C mo. We have to show that

d(A,B) _d(A",B) 2
d(A,C)  d(A,CY

If both planes 71,72 are parallel, then f is an isometry and there is nothing
to prove. Therefore, we assume that both planes are not parallel. By moving
T, we can assume w.l.o.g. that A coincides with A’ in R3. Then the two lines
I,I' C R? intersect in A = A’. If they coincide, there is nothing to prove. So let
us assume that they don’t coincide and that A = A’ is their only intersection
point. Then [,!’ C R? span a plane, which we denote by . ¥ contains all six
points A, B,C, A’, B’,C" as well as the lines [, 1’. Since the pairs of points B, B’
and C,C’ can be connected by two parallel line segments in 3 (since they are
images under parallel rays), the triangles AABB’ and AACC’' = AA'CC’ are
similar, i.e., one triangle is, up to congruence, a rescaled image of the other
triangle. This immediately implies the desired equality (2). O

Next, we show that parallel projections are affine transformations:

Proposition 2.2. Every parallel projection f : R?2 — R? is an affine transfor-
mation, but not every affine transformation is a parallel projection.

Proof. We first consider a parallel projection f : R? — R? with f(0) = 0. We
prove that f is linear:

Let A € R and v € R?. The points 0,v, Av lie on a line | through the
origin. They are mapped to the points f(0) = 0, f(v), f(Av) on a line I’. Since
| preserves ratios along lines, we must have f(Av) = Af(v).

Let v,w € R?. We can assume that v and w are linear independent, since
otherwise one of the vectors is a multiple of the other, e.g., w = pv, and we can
use the previous argument to show that

flotw) = f(A+p)o) = A+p) f(v) = f)+pf(v) = f0)+f(po) = f0)+f(w).

Linear independence of v, w implies that 0, v, v+ w, w are the vertices of a paral-
lelogram in 7r;. Since f maps parallel lines to parallel lines, f(0) =0, f(v), f(v+
w), f(w) must be the vertices of a parallelogram in my. Since 0, f(v), f(v) +
f(w), f(w) is also a parallelogram in mo, both parallelograms must be equal
(three of the four vertices of a parallelogram determine the fourth). This im-
plies that f(v+w) = f(v) + f(w).

Since f : R? — R? is linear and invertible, we must have f(r) = Az with
A e GL(2,R).

Now, assume that : R? — R? is a parallel projection with f(0) = b. Then
g(z) = f(z) — b is also a parallel projection (by just readjusting the coordinate
axes of ) satisfying ¢(0) = 0, so we have g(x) = Az with A € GL(2,R). This
implies that f(z) = Az + b, i.e., an affine transformation.

17
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Finally, we convince ourselves that the affine transformation f(z) = 2z
cannot be realized as a parallel projection. Since f(0) = 0, a parallel projection
representing f could be set up that both planes m; and ms intersect in their
origins. Obviously, both planes cannot be parallel, since then f would be an
isometry, which it isn’t. Therefore, both planes intersect in a line [ through the
origin. Vectors on this line in m; are mapped to vectors of the same length in
ma. But f(x) = 2z does not preserve the length of any non-zero vector. O

Even though we cannot realize every affine transformation f by a paral-
lel projection, we can realize f as the composition of two parallel projections.
This implies that the set of parallel projections doesn’t have a group structure
(under composition) but that it is large enough to generate the group of affine
transformations. This is the content of the next proposition:

Proposition 2.3. Every affine transformation can be obtained as the composi-
tion of two parallel projections.

Proof. (a) We first prove that an affine transformation f(x) = Ax+1b is uniquely

determined by the images f(0), f(e1), f(e2): Let A = <Zl 22>. Then b = f(0)
3 Q4

and
() = flen-v

f(eg) — b

R
L
NN
~_
Il

This means that we can reconstruct the affine transformation f from f(0), f(e1), f(e2).
(b) Let f : R? — R? be an affine transformation with f(0) = P, f(e1) =

Q, f(e2) = R. Below, we construct two parallel transformations g1, go : R? — R?

with

91(0)="P, gi(e1) =Q, gi(e2) =X € R?,
92(P)=P, ¢@Q)=Q, g¢((X)=R

Then the affine transformations gs 0 g1 and f coincide in the points 0, e, e2 and,
therefore, are equal.

Place 71 into R? and a second plane 7o, not parallel to pi1, intersecting 7 in
the origin, but not in the z-axis of 1. Arrange the coordinate system of w5 such
that the origin of m; coincides with the point P of o and that @ does not lie on
the line 71 N 7o of intersection. Now, the line connecting e; € m with Q) € 79 is
not parallel to any of the two planes 7y, w5 and defines a parallel projection gy
satisfying g1(0) = P, g1(e1) = @ and g1(e2) = X € ma. Since 0,e1,e2 don’t lie
on a common straight line, their images P, @, X under g; don’t lie on a common
straight line, either.

Now, we introduce a third plane 73 in order to define go. We place 73 in
such a way that it is not parallel to w5 and it intersects w2 in the line through
P,@Q € m. Choose the coordinate system of w3 in such a way that P,Q € ms
are mapped to points in 73 with the same coordinates. Therefore, we have
g2(P) = P and ¢2(Q) = @, whatever parallel projection we consider between
the planes 5 and w3. We know from above that X € w5 does not lie on the line
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of intersection | = my N3. In order to know that the point with the coordinates
of R in 73 lies not also in [, we use the fact that affine transformations map
0,e1,es to three affine independent points, a fact, which we will prove later.
Anticipating this result, we can conclude that the point R € w3 does not lie on
l. Therefore, the line connecting X € my with R € w3 is not parallel two the
two planes w3 and 73 and defines a parallel projection go satisfying go(P) = P,
92(Q) = Q and g2(X) = R, finishing the proof. O

We obtain as an immediate corollary:

Corollary 2.4. Let f(x) = Az + b with A € GL(2,R) and b € R? be an affine
transformation. Then:

(a) [ maps straight lines to straight lines.
(b) f maps parallel lines to parallel lines.

(¢) [ preserves the ratios of lengths along a given straight line.

2.2 Fundamental Theorem of Affine Geometry

Next, we leave the 3-dimensional geometry behind and use a little bit of matrix
algebra in the arguments to follow. We first introduce the following important
notion in higher dimensional space R":

Definition 2.5. The points Py, Py, ..., P, € R™ are called affine independent,
if the vectors Py — Py, ..., Py — Py € R™ are linear independent.

Remarks 1. (a) Note that the n + 1 points 0,¢e1,...,e, € R™ are affine inde-
pendent.

(b) Affine independence does not depend on the order of the points. Namely,
one can check that the vectors Py — Py, ..., Py — Py are linear independent if
and only if the vectors Py — Py, ..., P_1 — P, Piy1 — Py, ..., P, — P; are linear
independent.

(¢) Recall that, for given k + 1 points Py, ..., Py in R™ with n > k, there is
always a k-dimensional affine plane containing them. These points are affine
independent, if they don’t lie in an affine plane of dimension < k. In particular,
three points in R? are affine independent, if they don’t lie on a common line.

Theorem 2.6 (Fundamental Theorem of Affine Geometry). Every affine trans-
formation f :R™ — R™ maps n+1 affine independent points Py, ..., P, ton+1
affine independent points. Given two ordered sets Py, ..., P, and Qq,...,Qn
of affine independent points in R™, there is a unique affine transformation
[ R™ = R"™ satisfying f(P;) = Q;.

Proof. Let Py, ..., P, € R" be n+1 affine independent points and f(z) = Az+b
with A € GL(n,R). Then

f(P1) = f(Ro) = A(PL — Ry),..., f(Pn) — f(Po) = A(P, — Fo).

Since P, — Py, ..., P, — Py are linear independent and A € GL(n,R), we con-
clude that A(Py — Py), ..., A(P, — Pp) are linear independent. This shows that
f(P), ..., f(P,) are affine independent.
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Now, we are given two set Py,..., P, and Qo,...,Q, of affine independent
points in R™. We prove existence and uniqueness of an affine transformation
f:R” = R™ with f(P;) = Q.

Existence: Let v; = P, — Py and w; = Q; — Qop. Then vy,...,v, and
w1, ..., w, are both linear independent sets of vectors. Let A; = (v1...vy)
and As = (wy ... wy,). Then A;, As € GL(n,R) and C := AgAfl € GL(n,R)
satisfies Cv; = Ase; = w;. Thus we have

C(Pl—Po) :Qi_QO for i = 1,2,...,71.
The affine map f(z) = Cx + (Qo — C'Fy) satisfies f(Py) = Qo and

f(R):C(R—PO)+QO:(Q7_QO)+Q0:Q7 fori=1,2,...,n.

Uniqueness: Note first that an affine transformation k(z) = Az + b with
A € GL(n,R) with k£(0) = 0 and k(e;) = e; for ¢ = 1,...,n must be the
identity map: k(x) = z: k(0) = 0 implies that b = 0, i.e., k(z) = Az is linear
and k(e;) = e; implies k(z) = x for all x € R™. Now, let f,g be two affine
transformations satisfying

f(P)=gP)=Q; fori=0,1,...,n.
Let h be an affine transformation satisfying h(0) = Py and h(e;) = P; for

it =1,...,n (existence of such a h is guaranteed by the previous arguments).
Then

h™tog o foh(0)=h" g ' (f(P) =h (g™ (Qo) =h™ (R) =0
and
h™tog™ o foh(e;) =hn" g (f(P)) =" (g~ Qi) =h"(P) = e
This shows that "' o g~ o f o h = idg», i.e.
foh=goh,
and applying h~! from the right on both sides yields

=g

2.3 Normal forms in conjugation classes

Next, for a given affine transformation f(z) = Az+b, A € GL(2,R), b € R", we
look at all its conjugates g~ 'o fog with g € A(R?) and try to find a particularly
simple form. We first deal with the linear part, since we know that

(g7 o fog) =(g ") ofod,

where ' denotes the linear part h'(x) = Cx of an affine transformation h(z) =
Cz +d.
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Proposition 2.7. Let A € GL(2,R). Then there exists a C € GL(2,R) such
that C~1AC is one of the following three normal forms:

e (M0

crac = (4 5). ek
-1 _ a —f

crac = (5 7). asersro
W

CAC = <0 NE AeR.

Proof. Let p(t) = det(tId — A) denote the characteristic polynomial of A. In C,
this polynomial of degree 2 is a product of the form

p(t) = (t — A1) (t — A2), A1, A2 € C.

We distinguish three cases:
(a) A1, A2 € R and A1 # Ag: Then there are two linear independent eigen-
vectors vy, vs € R? and we have with C := (v1 v2) € GL(2,R):

C AC—(O )\2).

(b) One of the eigenvalues is not real, i.e., A\ = o« + i with 8 # 0. Since

p(t) is a real polynomial, we have p(¢) = p(t), and therefore

p(A1) =p(A) =0=0,
ie., \a =\ = a —i3. Then
p(t) = (t— A1)t —X) =1 —2at +a® + 2.
Then the theorem of Cayley-Hamilton yields
A% —20A + (o + fH)Id = 0,

which implies that
(A —ald)? = —3%1d.

Let J = —1(A — oId). Then
J? = p7%(A - old)? = —1d,

ie. J € GL(2,R?). Now let v; # 0 be an arbitrary vector and vy = Jvy. If v
and vy were linear dependent, then we would have vy = pv; and u%l = J%v =
—v1, a contradiction. Thus v and ve are linear independent and C' = (vy v2) €
GL(2,R). From

vy = Jup = A — ald)vy = B (Avy — awy)

we conclude that
Avy = avy + Pug,

and from

—v1 = J%v; = Jug = B7HA — ald)vy = 7 (Avy — awy)
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we conclude that
Avy = — vy + avs.

This implies with C' = (v; vg):

_ a —f0
C 1AC:<ﬁ a)'

(c) We have A\; = Ay € R. Then p(t) = (t— )2 = 2 =2\t + A2 with X := ). 7m0
By Cayley-Hamilton, we also have
(A — \Id)? = 0.

This implies that A— AId is not injective, for otherwise it would also be surjective
and A—\id as well as (A—AId)? would both be bijective. Let V := ker(A—AId).
Since A — AId is not injective, we have V # {0}. If V = R? then A = \d and

().

Otherwise, choose a vector vy ¢ V' = ker(A — AId) and v, = (A — Ald)vg # 0.
Then vy, v2 cannot be linear dependent, for otherwise we would have v; = pwvs
with p # 0 and

0= (A—\d)*vy = (A — Md)v; = u(A — Nd)vg = pwy # 0.
Moreover, 0 = (A — Ald)?vg = (A — Ald)v; implies that
Avy = vy,
and we also have, by the construction of vy,
Avy = vy + Avs.

Thus, if we choose C = (v; v2), we obtain

i (A1
crac= (3 1).

The above proposition is useful for the proof of the following result:

Theorem 2.8. Let f(x) = Az + b with A € GL(2,R) and b € R? be an affine
transformation. Then f is conjugate to one of the following normal forms:

glz) = (Aol )(\)2>x A, A2 € R\ {0}, A1 > Ao,
so) = (5 )e ascrszo

so) = (3 3)e Aer\WO,

s = (3 D)a+ (7). rerri,

o0 = (5 1)+ (1)
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Part of proof. One first chooses C' € GL(2,R) as in Proposition 2.7 and obtains
with h(x) = Cz and by = C~1b:

h™to foh(z) = C Y A(Cz) +b) = (CTAC)x + C~'b = (CT1AC)z + by.

Now, A; := C~1AC has one of the forms in Proposition 2.7. Thus f is conjugate
to fi(z) = Ajx + by, If det(I — Ay) # 0, then I — A; is invertible and v =
(I — Ay)~'b satisfies b = v — Ajv. Then fo =t_, 0 f ot, is conjugate to f; and

folx) = filze+v) —v=A1(x+v)+ b1 —v=A12+ b — (v— Av) = Az,

i.e., we are able to remove the translational part of f; in this case by conjugation
with ¢,. If det(I — A;) = 0, we cannot completely remove the translational
part, but we can simplify the translational part into the form presented in the
theorem. Finally, note that the first three normal forms have a fixed point,
namely x = 0, whereas the last two don’t have fixed points. O

2.4 Applications: Ceva’s and Menelaus’ Theorem

We like to finish this chapter by looking at two classical theorems of affine
geometry. Before so doing, let me recall two important formulas for the ratios
of three points P, Q), R on a line [. If the coordinates are given by P = (xp, yp),
Q = (zq4,y4) and R = (xp,yr) and [ is not parallel to the y-axis, then the
z-coordinate formula tells us that

PQ _zq—wp
QR_QTR—J?Q

where % denotes the ratio of the segments PQ and QR (which can be negative
if @ doesn’t lie between P and R). If [ is not parallel to the z-axis, then the
y-coordinate formula tell us that

PQ _yo—vyr
QR yr—Yq

Theorem 2.9 (Ceva’s Theorem). Let AABC be a triangle, and let X be a
point which does not lie on any of its extended sides. If the line lax through A
and X meets the line Igc in P, lgx meets lca in Q and lcx meets lpa in R,
then

AR BP CQ_

RB PC QA
Proof. Let A be the standard triangle with the vertices 0, e1, e2. By the Funda-
mental Theorem of Affine Geometry, there is an affine transformation f which
maps AABC to A and f(A) = 0, f(B) = e; and f(C) = es. Since affine
transformations map straight lines to straight lines and preserve ratios along
lines, we only have to prove Ceva’s Theorem for the standard triangle. Thus
let A =0, B=e¢e; and C = e3. For a given point X = (u,v), which doesn’t
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lie on the z- and y-axis and on the line y = 1 — x, one easily calculates the
intersections

R=lcxNlap = (L70>7
1—w
U v
P=laxnNI = , ,
Ax B (u—i—v u—|—v>

"1—u

QZchﬁlCA = (0 Y >

Here we used the fact that the line through the points Z = (a,b) and X = (u,v)
is given by
lzx = {Aa,b) + (1 = N)(u,v) | A € R}.

Using the z- and y-coordinate formulas, we conclude that

AR BP (CQ

RB PC QA
_ u/(l—v)  u/(utv)—1 v/(1—u)—1
1—u/(1=v) 0—u/(u+v) 0—v/(1—u)
u v utv—1

= =1
l—u—v —u —v

O
Let us finally present the Theorem of Menelaus. The proof is Exercise 12.

Theorem 2.10 (Theorem of Menelaus). Let AABC be a triangle and let
be a line that crosses the extended sides lpc, loa, lap at the points P,Q, R,
respectively. Then
AR BP CQ
RB PC QA

_—
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3 Projective Geometry

3.1 Points, homogeneous coordinates and Lines

Projective Geometry was discovered through artists’ attempts to capture the
three-dimensional world on a two-dimensional screen. In the early Middle Ages,
artists started to produce accurate reproductions of three dimensional scenes by
using methods of perspective. A prominent artist who studied the mathematical
background of this problem was ALBRECHT DURER (1471-1528) from Germany.

The basic idea is to draw rays from a reference point p (position of the artist’s
eye) to points g of a three-dimensional object behind a screen 7 = R2. These
rays intersect the screen at the image points f(q) € w. Obviously, objects far
behind the screen have smaller images on the screen as the same objects closer
to the screen.

We can think of the map f as a central projection of R? with respect to
the centre p to the screen 7. From a mathematical point of view, f is also well
defined for points between the eye and the screen as well as for points behind
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the eye. Any point ¢ € R? is mapped to the screen 7 by taking the extended
straight line [,,; and defining

flg) =l nm

However, the points in the plane E through p parallel to m don’t have images
in 7. So we have

f:RB\E, flg) =1lpg N

Thus we can identify lines [ through p € R3 with points on the screen 7 =2 R?
with the exception of the lines in E || 7 through p. One could consider those
lines to correspond to points which are infinitely far away on the screen m and
call them ideal points.

The projective plane RP? is obtained by choosing the reference point p =
0 € R3, removing the screen m and only looking at all lines through p as Points
in RP2. Since Points in RP? are actually lines in R3, we use a capital starting
letter ‘P’ to emphasize this distinction. Hence, the elements of RP? are projetive
points or Points. These Points become ordinary points when choosing a screen
7, but by such a choice we will always miss out the Points parallel to this screen,
which we refer to as ideal Points with respect to the screen 7.

Klein viewpoint was that a geometry is given by a group of transformations
acting on a space of points (and preserving some geometric properties). We will
first have a closer look at the space of points, which we call a projective space
and will later introduce the corresponding group of projective transformations.

Let us already now state a significant difference between affine and projec-
tive space: In 2-dimensional affine space there is a unique line through two
different points, but not every two different lines intersect in a unique point.
Two different parallel lines don’t have an intersection point. In 2-dimensional
projective geometry, any two different lines intersect in a unique point. The
notion of parallelity does no longer exist in projective geometry.

Projective spaces can be defined for arbitrary fields F in any dimension
n > 1. If you don’t feel comfortable with arbitrary fields, then simply think of
F as being R or C:

Definition 3.1. An n-dimensional projective spcae over a field F is the set
of all 1-dimensional subspaces of F*"t1 and is denoted by FP™. Any non-zero
vector v € F" ! determines a Point [v] :=F -v € FP".

It can be shown that CP! is topologically the same as the 2-sphere S?. But
in this course, we restrict ourselves mainly to the 2-dimensioal real projective
space RP?. Note that every v = (v1,v2,v3) € R3\ {0} defines a straight line

V1
vy| :=R-v e RP2
V3

We call [v1, va, v3] the homogeneous coordinates of the projective point and we
have

U1 w1
vo| = |wa| «— FIAER\{0}: v=Iw.
U3 w3
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Definition 3.2. A Line | C RP? (note the choice of the capital letter ‘L’ since
this is a projective line) is uniquely associated to a plane E; C R® through the
origin: all Points in | are the lines through the origin which lie in Ej.

Let [ € RP? be a Line. If we choose a screen m C R? which is not parallel
to Ej, then the Points of [ intersecting 7 form a line in 7, namely 7 N E;. But [
contains one more Point, which has no image in 7, namely the line through the
origin in £j which is parallel to . This Point is ideal with respect to the screen
.

Next, we show that any two different Lines in RP? intersect:

Proposition 3.3. Any two different Lines ly,ly C RP? intersect in a unique
Point.

Proof. The corresponding planes Ej,, E;, C R?® have non-empty intersection
(namely the origin). Therefore, they must intersect in a whole line through the
origin. This line is the intersection Point of I; and Iy in RP2. O

If we choose any screen 7, then all Points of RP? have image points in 7,
except for the lines through the origin which are parallel to . Those lines lie
in a plane E parallel to 7 and therefore define a Line in RP2. We refer to this
Line in RP? as the ideal Line with respect to the screen m. We can think of
RP? as the completion of 7 = R? by this ideal Line of Points. This completion
process yields the fact that any two different Lines intersect. If these Lines are
represented as parallel lines in 7, their intersection Point is ideal with respect
to 7, otherwise, their intersection Point is a point in 7. The intersection of the
ideal Line with any other (non-ideal) Line [ is precisely the ideal Point of [.

Proposition 3.4. Let [v], [w] € RP? be two different Points. Then the Line |
through [v], [w] is given by

v Wi Z1
[Z] S ]RPQ | det | v wo 29| =0
U3 w3 Zz3

Proof. [v],[w] are two different Points if v = (vy,v2,v3) and w = (wy, wa, w3)
are two linear independent vectors in R%. The plane E; C R? through the origin
associated to the Line [ is the span of v,w. Any non-vector z in this plane
defines a Point [z] on [ and vice versa. A non-zero vector z is in the plane Fj if
and only if it is a linear combination of v, w, which is equivalent to

v w1 21
det | va wy 29| =0.
U3 w3 Zz3

O

Example. The Linel through[1,0,5] and [2,6,0] is given by the Points [z1, 22, 23]
satisfying

1 2 Z1
det |0 6 22 =0
5 0 z3

S
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This transforms into
623 + 1029 — 3021 = 0,

or, after division by 2:
—1521 + 529 + 323 = 0.

Thus,
I ={[z] € RP?| 1521 + 529 + 323 = 0}.

3.2 Higher dimensional projective spaces
Let us shortly look at higher dimensional real projective space RP™.

Definition 3.5. A k-dimensional subspace of RP™ with k < n is the set of all
one-dimensional subspaces in a (k+ 1)-dimensional subspace of R"*1. (n —1)-
dimensional subspaces of RP™ are called Hyperplanes or projective hyperplanes.

Lemma 3.6. Let E, ' C RP™ be two subspaces of dimension k and l, respec-
tively. If k+1—mn >0, then ENF is a subspace of dimension > k+1—n. If
ENF =0, then there exists a unique subspace of dimension k-+1+1, containing
both E and F'.

Proof. E and F determine (k + 1)- and (I 4 1)-dimensional subspaces E, F' of
R™*!. By the dimension formula

dmENE = dim(F)+ dim (F) — dim (E + F)
k+1D)+(+1)—(n+1)=(k+1+1)—n.

v

So, EN F is a subspace of R"t1 of dimension > (k + 14 1) —n and determines
a projective subspace E N F' of dimension > k + [ —n.
If ENF =0, then ENF = {0}, then

dimE + F =dim (E) +dim (F) = (k+ 1)+ (+1)=k+1+2,

and E + F' determines a (k + ! + 1)-dimensional projective space, containing
both E and F. (|

The following corollary is a generalization of Proposition 3.3:

Corollary 3.7. In RP?, any two different Lines intersect in a unique Point.
For any two different Points, there exists a unique Line containing both of them.
If RP3, any two different Planes intersect in a Line and a Line not lying in a
Plane intersects that Plane in a unique Point.

3.3 Two proofs of Desargues’ Theorem

Next, we present a highlight, namely Desargues’ Theorem. We will give two
different proofs of this theorem. Beforehand, however, a little bit of notation:

Definition 3.8. Points Ay,..., A, € RP? are collinear, if there is a Line con-
taining them. Lines ly,...,l, C RP? are concurrent, if they contain a common
Point, i.e., Iy N---Nl, # 0. Three non-collinear Points A, B,C € RP? define
a triangle AABC and AB, BC,CA its sides. Note that the sides of a triangle
are not only line segments but the whole projective lines.
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Theorem 3.9 (Desargues’ Theorem). Let APy Py Py and AQoQ1Q2 be two tri-
angles in RP? such that all three different Lines PoQo, P1Q1 and PyQo meet in
a common Point Z. Then the three intersection Points

So1 = PoPLNQoQ1, So2 = FPoPoNQoQ2, Si2 =P PoNEQ1Q2
are collinear.

We present two proofs of this theorem: the first proof is algebraic and the
second proof is geometric.

Algebraic Proof. We have P; # @Q;, for otherwise they would not define a unique
Line P;Q;. Let

P =[v], Qi=wi
Then vg, v1,vs and wg,w,ws are two sets of linear independent vectors. Let
Z = [’U,] = POQO ﬂPlQl ﬂPgQQ. Then

0 # u = oo + Bowo = a1v1 + Brwr = agva + Bowe
with (a;, 8;) # 0. This implies
agvg — arv; = Brwy — Bowo # 0,

since (o, 3;) # 0 and vp,v; and wp,w; are linear independent. Since [agvg —
aqv1] € PyPy and [f1wy — Bowp] € QoQ1, we have

So1 = [aovg — aqv1].

Similarly, we derive
So2 = [aovo — 2], S12 = [1v1 — agva).
Note that
det (Oéovo — (1V1 QgUp — V2 (11U — OéQ’UQ) = 0,

since the first column of this matrix is equal to the second column minus the
third column. But this implies that the three points Sp1, Sp2, S12 are collinear.
O

Geometric Proof. We first think of the two triangles APy P P> and AQoQ1Q2
lying in two different Planes Fp and F of RP3. We assume that the Lines
QoPy, Q1P and Q,P, intersect in a Point Z € RP3. At the end of this proof,
we will explain how to bring all seven Points into one projective plane. Let
E c RP? be the Plane containing the two concurrent Lines QoPy and Q1 P;.
By our above assumption P and ()2 don’t lie in E, but in the planes Fp and
Fg. Let I = Fp N Fg be the intersection Line.

For i # j, the five Points Z, P;, Q;, P;, @; lie in a common Plane, hence P; P;
and @;Q); intersect in a Point S;;. Since F;P; lies in Fp and Q;Q); lies in Fg,
the intersection Point S;; lies on the Line [ = Fp N F(p. Hence, all three points
So1, 502 and Si2 lie on the same line [ and are thus collinear.

Now, assume that the Points P», Q2 ¢ E are converging to limit Points inside
E, which finally yields the 2-dimensional statement by this limiting argument.

O
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3.4 Group of projective transformations

Now, we introduce the transformation group associated with Projective Geom-
etry. A linear map f: R*T1 — R*+! with

fw) = Av, AeGL(n+ 1,R),
has the property that f(Av) = Af(v), for all A € R. This implies that f induces
a map on RP™, namely
f(o]) = [f ()]

Such a map is called a projective transformation.

Proposition 3.10. A map f: RP™ — RP"™, given by

f(v]) = [Ad],

with A € GL(n + 1,R) is called a projective transformation. The set of all
projective transformations forms a group under composition, the so-called group
of projective transformations P(RP™).

Proof. Let f,g: RP™ — RP™ be given by
f() = [Av], g(]) =[Bv], A,BeGL(n+1,R).
Then we have
fog(l]) = f([Bv]) =[(AB)v],  AB € GL(n+1,R),
and the inverse of f is given by f~1([v] = [A~14], since
FTHA(D) = (A7 A)] = [o].
O

Remark 4. Let A€ GL(n+ 1,R) and X\ # 0. Then f([v]) = [Av] and g([v] =
[(AA)v] define the same projective transformation. Therefore, we can identify
the group P(RP™) canonically with

GL(n+ 1,R)/ ~,
where A ~ B if there is a X # 0 such that A = AB. We also write
PGL(n+1,R)
for GL(n 4+ 1,R)/ ~ and call this group the projective general linear group.

In order to state our next result on projective transformations, we first have
to introduce the notion of points in general position:

Definition 3.11. n+2 Points in RP™ are called in general position if no n+1
Points of them lie in a projective hyperplane.
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Example. The Points
Po = [170a0]a pP1 = [Oa 170]7 b2 = [anv ]-]7 p3 = [17 ]-a 1] € RPQ
are in general position, whereas the Points

Po, P1, P2, 43 = [O, 1, ].] S RPQ
are not, since p1,p2,qs liec on a common Line.

Theorem 3.12 (Fundamental Theorem of Projective Geometry). Let po, . .., pnt1
and qo, ..., qn+1 be two sets of Points in general position in RP™. Then there
exists a unique projective transformation f: RP™ — RP™ such that

fpi)=q;i fori=0,1,...,n+1.

1 December 2008
Proof. Let p; = [v;] and ¢; = [w;]. vg,...,v, and wy,...,w, are both bases of
R"*1, since both sets of points are in general position. This implies that we can
express vp41 and wy11 as linear combinations

n n
Upt1 = E Q;v;, Wpy1 = E Biw;.
e i=0

Note that general position implies that all «; # 0 and also all §; # 0. (If
there were ¢ with a; = 0, then vo, ..., v, vit1, ..., 0,41 were linear dependent,
contradicting to the assumption of general position.)

Define v; = oyv; for i = 0,...,n and v),;; = vyy1 and wj = Fw; for
i=0,...,n and w),;; = wpy1. This implies that vj,...,v;, and wy,..., w,Q@
are both bases of R"*! and

n n
/ _ / / _ /
Up4+1 = E Vi, Wpyp = E W
i=0 i=0

Now, choose a matrix A € GL(n + 1,R) such that Av, = w} for i = 0,...,n.
This implies that we also have

Avyy = Avg + -+ vp) = wh + - Fwp, = Wy,
and therefore the projective transformation f([v]) = [Av] satisfies
fpi)=¢q; fori=0,1,...,n+1.

Let us, finally, prove uniqueness: Let g[v] = [Bv] satisfy g(p;) = ¢; for
1=0,...,n+1. Then
We have to show that A\g = -+ = A\,11 = A, since then B = AA and g = f.
Now,
BU;,-H = )\n“w;“ = An1Wp + -+ Ay,

= Blog+---+ )

= Bv,+ -+ Bv),

= Xowy + -+ A,
! is a basis of R"*! we conclude from this that \g = ...,=
An = Ang1- O

Since wy, ..., w,
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3.5 Duality

For simplicity, we only discuss duality for RP2.

Duality is a principle which translates every true statement about relations
between Points and Lines in RP? into a dual statement, which is automatically
also true.

We use the map “linear subspace of R? + linear subspace of R3”, given by

U U*.
This map has the following properties:
(a) dimU+ =3 — dimU,
(b) UH)* =1,
(c) U+t =UtnV+,
(d) UNV):=U++V*

Note that every linear subspace U C R? with dimU = 1 defines a unique Point
in RP? and with dimU = 2 defines a unique Line in RP2. The duality principle
is not the following (which we don’t prove):

Theorem 3.13 (Principle of Duality). A statement about finitely many Lines
and Points, inclusions, intersections and joinings remains true if we perform
the following replacements:

projective line <«  projective point
inclusion <«  containment

intersection <« joining

Example. Three non-collinear Points po,p1,p2 determine a triangle in RP2.
Their dual objects are three non-concurrent lines ly,l1,lo. They intersect again
in three Points Qo =11 Nz, Q1 = lo Ny and Q2 = lg N1y which forms a dual
triangle. The dual statement to Desargues’ Theorem reads as follows:

Desargues: Given 2 triangles APy Py Py and AQoQ1Q2. Assume that PyQo,
P1Q1 and P>Q2 are concurrent.
Then the intersection Points P;Q; N P;Q; are collinear.

Dual statement: Given two pairs of non-concurrent lines ly, 11, la and 1), 1}, 15.
Assume that lo N1, Iy N1} and lo N1 are collinear.
Then the lines joining l; N 1; and l; N1} are concurrent.

One realizes that the dual statement to Desargues is an exchange of the
assumption and the conclusion of Desargues.

3.6 Cross Ratios

Now we investigate which properties are preserved under projective transforma-
tions. According to Klein’s viewpoint, these properties are called properties of
projective geometry. Recall that properties of affine geometry are

(a) being a straight line
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(b) parallelity of two lines
(c) ratios of lengths along a straight line

Property (a), is of course, also a property of projective geometry, whereas prop-
erties (b) and (¢) are not. Other obvious properties of projective geometry are
collinearity and concurrency. We will show that the cross ratio of four Points
on a Line is also preserved under projective transformations and is therefore
another property of projective geometry.

Definition 3.14. Let pg, p1, p2, p3 € RP? be four different collinear Points with
homogeneous coordinates p; = [vi], v; € R3\{0}. Assume that

va = avg + Pv1  and vy = Yvg + vy

The cross-ratio [po, p1; p2, p3] is then defined as

[po, p1; P2, 3] = é/é- (3)

@/

5 December
Remarks 2. (a) One easily sees from the definition that the cross-ratio of four
different collinear Points can never be equals 0 and 1.
(b) For the cross-ratio to be well-defined, we have to show that the expres-
sion (3) is independent of the choice of homogeneous coordinates. If p; = [w;]
are different homogeneous coordinates, then we have w; = \jv; with \; # 0 and

A A

Wy = AU = Agg + Ao v = —2aw0 + —Qﬁwl,
Ao A1
A A

w3 = Asvs = AgYvo 4 A36v1 = g + w,.
Ao A1

With these coefficients, the cross-ratio is given as

i—iﬁ/i—ié_m m_é/é
2q %7 Ma/l My af v

2
0

which proves that cross-ratios are well-defined.

The following theorem is almost trivial, but it shows that the cross-ratio is
an invariant of projective geometry.

Theorem 3.15. Let f : RP?2 — RP? be a projective transformation. Then we
have for any four different collinear Points pg,p1,p2,Ps:

[f (o), f(p1); f(p2), f(p3)] = [po; 1; P2, Pal;

i.e., cross-ratios are preserved under projective transformations.

Proof. Let p; = [v;] and f([v]) = Av with A € GL(3,R). Then f(p;) = [Av;]
and if
ve = avg + vy and vy = yvg + dvy,

then
Avg = aAvg + fAvy  and Avs = yAvg + 6 Avy.

32



Therefore, we have

£(po). F02)s ). £ p)] = 5 / % — [Po, p1; D2, Pal-

O

Proposition 3.16. Let [po,p1;p2,ps]) =« € R—{0,1}. Then, exchanging two
of the four entries, we have

1
[P1,p0; P2, 3] = [Po, P1; 3, P2] = - (4)

and
[P0, P2 p1,p3] = [P3,P1:p2, 0] =1 — 2. (5)

Proof. The equation (4) is straightforward. We only show that
[po, p2;p1,p3] =1 — .
The second formula in (5) is similar. Let p; = [v;] and
ve = avg + fv;  and vz = Yyvg + vy

This implies that

« 1
v = —5004—3027
v Yo + dv v—|—5< av+lv>
3 = 0 =0 — =V + S U2
Y R
—ad )
= wTvo+sz-
Thus, the cross-ratio [pg, p2; p1, ps] is
1 é
ki ] 1 ) _ad—fBy B /6
-5 50‘ al 68 —ad ad al v

O

Next, we state some important results concerning cross-ratios:
The first result states that the cross-ratios of two sets of four Points in
perspective coincide:

Theorem 3.17. Let Py, Py, P>, P3 be four different Points on a Line lp and
Qo, Q1,Q2, Q3 be four different Points on a different Line lg. Assume that the
four Lines P;Q; for i =0,1,2,3 all meet in a common Point Z. Then we have

[Po, P1; P, P3] = [Qo, Q1; Q2, Q3.

Proof. Note that the Points Py, P, Qo, Q1 are in general position. Therefore
there is a unique projective transformation f : RP? — RP? with f(Py) = Qo,
f(Qo) = Py, f(P1) = Q1 and f(Q1) = P1. Since f2 fixes the four Points
Py, P1,Qo, Q1, we must have f? = idgpz. Moreover, since f maps [p to lg and
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vice versa, f must fix the intersection point I =Ip Nlg. Since f fixes the Lines
PyQo and P1Q; (as sets), f must also fix the Point Z.

We show that f(P;) = @, for i« = 2,3: Assume that f(P) = X with
X # Q2. Note that X € lg, since P» € Ip and f maps Ip to lg. Moreover,
X # 1. Note also that X # Q2 implies that P, X does not contain Z. Therefore,
P, X intersects the two lines PyQp and P;@1 in two different Points R, S # Z.
Since f2 = id, f fixes the Lines P,X, PyQo and P;Q; (as sets), and therefore,
fixes their intersection Points R,S. Note that Z ¢ RS, since P, X # P2Qs.
Thus f fixes the four Points R, S, Z, I, which are in general position. Therefore,
we must have f = id, which is a contradiction to f(Fy) = Qo and the fact that
Py # Qo. Therefore, we conclude that f(P2) = Qo.

Similarly, we prove f(P3) = @3 and conclude with Theorem 3.15 that

[Qo, Q1; Q2, Q3] = [f(FPo), f(Pr); f(P2), f(Ps)] = [Po, P1; Qo, Q1]
O
Theorem 3.18. Let Py, Py, P>, P3s and Py, Q1,Q2, Qs be two sets of different

collinear Points (on different Lines lp and lg through Py) such that [Py, Py; Py, P3] =

[Py, Q1;Q2,Qs]. Then the Lines P1Q1, PoQ2 and P3Q3 are concurrent.

Proof. Let Z be the intersection Point of PiQ; and Q2. Let X =lg N PZ.
We have to show that X = Q3. Since Py, P, P>, P3 and Py, Q1,Q2, X are in
perspective, we conclude from Theorem 3.17 and the assumption of the theorem
that

[Po, Q15 Q2,Q3] = [P, Pr; P2, P3| = [Py, Q1; Q2, X].

Let Py = [vo], Q1 = [v1], Q2 = [v2], Q3 = [v3] and X = [v}]. Assume that

ve = awg + [y,

vy = o + vy,
! ! !

vy = vy + v

Since the cross-ratios agree, we conclude that

Bjo_BJY
al v al y"’
which implies that there is A # 0 such that v/ = Ay and §' = Ad. Thus vj = Avs

and X = [v}] = [v3] = Qa. O

Finally, we use Theorems 3.17 and 3.18 to prove the following theorem:

Theorem 3.19 (Pappus’ Theorem). Let Py, P1, P> be three Points on a Line
lp and Qo, Q1,Q2 be three Points on a different Line lg. For 0 <1i < j <2, let
Sij = PiQ; N Q;P;j. Then the three Points So1,S02 and Si2 are collinear.

Proof. Let I = lp Nlg. We also introduce the Points U = QP N PyQ2 and
V =QoP> N PiQs. Let Iy denote the Line QoU and [y denote the Line Q2V.
Then the Points I, Qo, Q1, Q2 on lg are in perspective from P with the Points
P, Qo, So1,U on the Line [;. Thus, by Theorem 3.17,

I, Qo; Q1, Q2] = [P1, Qo; So1, U].
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The Points I,Qo,Q1,Q2 on lg are in perspective from P, with the Points
Py, V, S12,Q2 on the Line ly. Again, by Theorem 3.17, we have

[1,Qo; @1, Q2] = [P1,V; S12,Qa].

Both equations imply
[P1,Qo; So1, U] = [P1,V; S12, Q2]

where the four Points in the left cross-ratio lie on the Line Iy and the four Points
on the right cross-ratio lie on the Line lyy. By Theorem 3.18, we conclude
that the Lines QgV, So1512 and UQ> are concurrent. This implies that the
intersection Point Qo VNUQ2 = Qo PN PyQ2 = Spo lies on the Line Sy1.512. O

Remark 5. Assume that four different collinear Points A, B,C,D lie on a
screen ™ C R3. Thus, they lie also on a straight line in this screen. We state
without proof that the cross-ratio can also be calculated as

AC [/ AD
4.:0.01= 5 /5

where % denotes the ratio of the segments XY and UV introduced in Section
2.4 (and can be negative!).

3.7 Conics

Recall that a Line in RP? is given by a homogeneous equation of degree one,
ie.,
I = {[z1, 29, 23] € RP? | az; + bxy + cx3 = 0}

with (a, b, c¢) € R3\{0}. Homogeneous equations of degree two define conics:

Definition 3.20. A conic C C RP? is given by
C = {[z1, 22, 23] € RP? | q(z1, 20, 23) = 0},
where q is a nontrivial homogeneous polynomial of degree two, i.e., of the form
q(x1, 0, 3) = ax% + bxg + cx% + 2dx129 + 202123 + 2f 1223,

with (a,b,c¢,d, e, f) # 0. Introducing the symmetric matriz

a d e
A=1d b [,
e [ ¢

we can write
C ={[z] e RP? | 2" Az = 0}.

We call C' a non-singular conic if det A # 0.

Example. The name conic stems from the fact that the intersection of

{z e R3\{0} | 2" Az = 0}
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with a screen © C R3 (an affine Euclidean plane not passing through the origin)
is a conic section. FE.g., if we intersect

Cy = {z e RO\{0} | 22 + 2% — 2 = 0}
with the affine plane m = {x € R3 | x3 = 1}, we obtain a circle
Cinm={(x1,22,1) e R | 2? + 22 = 1}.
If we intersect B
Cy = {x ¢ R¥3\{0} | 2% — 129 = 0}
with 7, we obtain the hyperbola
~ 1
ConNm = {(]}1,322,1) S RB | To = IE_}
1

If we intersect _ ‘
Oy := {z € R*\{0} | 2] — 2223 = 0}

with 7, we obtain the parabola
6’3 Nt ={(z1,22,1) € R | 2o = a:%}

Let C := {[z] € RP? | 2T Az = 0} be a conic and f : RP? — RP?,
f([z]) = [Bz] with B € GL(3,R) a projective transformation. The preimage
f~YC) c RP? is then given by

f(€©) = {[B7'2] eRP*| 2" Az =0}
= {ly eRP? |y (BT AB)y = 0}.

Now, we know from Linear Algebra that we can find a suitable B € GL(3,R)
such that A := BT AB is one of the following normal forms:

R 100

A = |0 0 0], y? =0 (C a Line),
0 0 O

R 100

A = (0 1 0], yi+y3=0(C aPoint),
0 0 O

B 1 0 0

A = (0 -1 0f, (y1 —y2)(y1 + y2) = 0 (C union of two Lines),
0 0 O

B 100

A =101 0], w+B+ys=0(C=0),
0 0 1

B 10 0

A = [0 1 0], v+ y2 —y2 =0 (C # 0, C non-singular).
0 0 -1

The first three normal forms are singular, the fourth is empty, so there is only
one type of non-empty non-singular conic modulo projective transformations.
Henceforth, we only consider non-empty non-singular conics.
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Next, we want to introduce tangent lines, polar lines and poles of non-empty
non-singular conics.
Let

C = {(x1,22,73) € RO\{0} | g1, w2, 23) = 0} = ¢~ (0)\{0}.
At a poin:cv(arl, Z9,x3) € C,n= grad q(z1, z2, x3) is normal to C. So the tangent
plane of C' at this point is given by
i 3 3, d
n— ={veR’| (gradgq(z),v) =0} = {v e R’ | E|S:0q(x + tv) = 0}.

Since g(x) = 2T Az, this translates into

d

0= d—|S:0(x +tv) Az +tv) = v Az + 2T At = 22" Av,
s

since A is a symmetric matrix. This motivates the following definition:

Definition 3.21. Let C C RP? be a non-empty non-singular conic and [z] € C.
The tangent Line to C at [x] is given by

{[v] € RP? | 2" Av = 0}.

More generally, if [x] € RP? is an arbitrary Point, the polar Line of [z] with
respect to C' is given by

{[v] € RP? | 2" Av = 0}.
Conwersely, if | C RP? is an arbitrary Line, then the pole of | with respect to
C is the Point [x] € RP? determined by 7 Av = 0 for all [v] € 1.

_—
12 December 2008

3.8 The Theorem of Pascal

This subsection is devoted to a beautiful result for non-singular conics, Pascal’s
Theorem. We start with the following lemma:

Lemma 3.22. A non-singular conic C C RP? cannot contain a whole projective
line [.

Proof. Applying a projective transformation we can assume that
I ={[x1, 22, 23] : 235 = 0}.

Let C = {[z] : 2T Az = 0} with

a d e
A=1[d b f
e [ ¢
Then [ C C' would imply that
Ty
0= (r1220)A | 22 | = ax? + bxl + 2dx 120 for all (z1,x2) € R*\{0}.
0

But this would mean that a« = b = d = 0 in contradiction to the assumption
that C' is non-singular. O
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Remark 6. Here we implicitely used the fact that the image of a non-singular
conic under a projective transformation is, again, a non-singular conic.

Recall the following definitions: Let C' C RP? be a non-empty non-singular

conic, defined by
C={[z] eRP? | 2" Az =0}

with A € GL(3,R). Let [z] € RP? and | C RP? a Point and a Line satisfying
2T Av =0 for all [v] € 1.

Then [z] is called the (unique) pole of I and [ is called the (unique) polar Line
of [z] with respect to C. In particular, if [z] € C, then [ is called the (unique)
tangent Line to C at [z].

We have the following facts:

Lemma 3.23. Let | C RP? be a Line and C C RP? a non-singular conic.
Then

(a) LN C consists of at most two Points.
(b) INC is a single Point if and only if | is tangent to C.

(c) Assume that INC ={P,Q} and lp and lg are the tangents to C at P, Q.
Then R =1p Nlg 1is the pole of I.

Proof. ad (a): Choose four Points Py, P, P2, P3 € RP? in general position such
that Py, Py €  and P; ¢ C (this is possible because of Lemma 3.22). Apply
the projective transformation Py — [1,0,0], P, — [0,1,0], P, — [0,0,1] and
P; — [1,1,1]. By this we can assume that | = {[x1,22,23] | 3 = 0} and
[0,1,0] € C. Any P = [z1,22,23] € I N C satisfies then P = [x1, 22,0], and
therefore

aa:% + bx% + 2dx1x9 =0, w1 # 0,

ie.,

which (as a quadratic equation in z3/x; has at most two solutions for x; /1,
since the left side cannot be identically zero because C' is non-singular.

ad (b): Assume first that I N C is a single Point, i.e., [N C = {[z]}. Choose
[y] €1, [y] # [x]. Then we have, for each X € R,

A +ylel
and [Az + y] & C, since [Az + y] # [z], which means

0# Mz +y) AQz+y) = NalAz+2\(z"Ay) +y Ay
=0
22z Ay) +y " Ay for all A € R.

This implies that we must have

' Ay =0,
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ie., [y] lies on the tangent Line of C' at [x]. This shows that ! coincides with
this tangent Line.

Conversely, let | be the tangent Line of C' at [z]. Assume that [y] € INC is
a Point different to [z]. Our goal is derive a contradiction. Every Point of [ can
now be written as [A\x + py|, and we have

Az + uy) T A + py) = N2 T Az + 22 pa " Ay + pPy " Ay,

Now, 2" Az = 0 since [] € C, 2T Ay = 0, since [y] lies in the tangent Line of C
at [z], and y " Ay = 0, since [y] € C. This would mean that

Az + py) " Az + py) = 0,

i.e., the whole Line [ would be contained in C'. This, however, contradicts to
Lemma 3.22.

ad (c¢): We set P = [z] and Q = [y]. Since the Line [ contains P, @), we have
P=A{z+pyl | (A p) # 0}
Note that P, @Q € C implies
x Ar =y Ay =0.
The tangent Lines [p and g are given by

ip = {lz]|eTAz =0},
lo = {2y 4= =0}.

Therefore, the intersection Point R = [z] = Ip Nl satisfies
z Az =y Az = 0.
But this implies that
Mz +py)TAz =0 for all (A, pu) # 0.
Taking transposition, we obtain
2T Az + py) =0 for all (A, pu) # 0,

ie.,
2T Av =0 for all [v] € 1.

This means precisely that R = [z] is the pole of . O

Lemma 3.24. Let C C RP? be a non-singular conic and Py, Py, P; € C be
three distinct Points. Let Py be the intersection Point of the tangents at Py
and Py. Then Py, Py, P3, Py are in general position and applying the projective
transformation

Py +—[1,0,0], Py~ [0,1,0], P> — [0,0,1], Py [1,1,1],
the equation for C' transforms into

Z‘% — X1T3.
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Proof. We first check that Py, P», P3, Py are in general position:
e Py, Py, P3 cannot be collinear because of Lemma 3.23(a).

e P, Py, P, cannot be collinear because otherwise P; P» would be a tangent
at P; with more than one intersection Point with C, contradicting to
Lemma 3.23(b).

e Py, P3, P, cannot be collinear because otherwise P; Py would be a tangent
at P; with more than one intersection Point with C, contradicting to
Lemma 3.23(b).

e P, P P, cannot be collinear because otherwise P» Py would be a tangent
at P, with more than one intersection Point with C, contradicting to
Lemma 3.23(b).

This implies that there is a projective transformation with

Py [1,0,0], Py — [0,1,0], P, — [0,0,1], P3— [1,1,1].

Applying this transformation to C, we conclude for the corresponding matrix

a d e
C=1|d b f
e [ ¢
that
1
(a) [1,0,0)e C < (100)A 0] =0<a=0,
0

(b) [0,0,1] € C < ¢ =0,
(c) 10,1,0] in tangent of C at [1,0,0]:

(100)A )—0<:>d=0,
(d) [0,1,0] in tangent of C at [0,0, 1]:

0
(100)A 1) =0& f=0,
0

0 0 e
(e) [1,1,1]eC < (111) (0 b 0| =0&2e+b=0.
e 0 O
This implis that we have
0 0 —1/2
AeR- 0 1 0 ,
-1/2 0 0
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which means that

C = {[z1, 22, 23] € RP? | 23 — z123 = 0}.

Finally, we can state the Theorem of Pascal:

Theorem 3.25 (Pascal’s Theorem). Let C C RP? be a non-singular conic and
Py, Py, Ps and Q1,Q2, Qs sixz distinct Points on C. Let

Ry = Q3N Q2 Ry=PiQ3NP3Q1, R3=PiQ2NQ1P.
Then R1, Ro and Rs lie on a common Line.

Remark 7. Note that Pappus’ Theorem and Pascal’s Theorem are closely re-
lated. While Pascal’s Theorem is concerned with a non-singular conic, Pappus’
Theorem is an analogous statement in the singular case, i.e., when the conic
consists of two different Lines.

In the proof below we use the following two facts:

(a) If P = [z1,22,73] and Q = [y1,y2,y3] are two different Points in RP?
then the Line PQ is given by

PQ = {[21, 22, 23] € RP? | az; + bzy + cz3 = 0},

where

(Cl, ba C) = (xlvaa Z‘g) X (yla y2793)
= (det (xQ x3> —det <x1 x3) det (xl xg)
Y2 Ys)’ Y1 ys)’ v y2)
(b) If I3 = {a121 + asxs + azzs = 0} and Iy = {byx1 + boxs + bzz3} are

two different Lines in RP2?, then the intersection Point P = I; Nl has the
homogeneous coordinates P = [z1, 22, 23] given by

(21,22, 23) = (a1,az,a3) x (b1, bz, b3).
Proof. By Lemma 3.24 we can assume that
Plz[laovo]v le[oaovl]v Q2:[17151]

and S =[0,1,0], where S is the intersection Point of the tangents at P; and @
and that C' is given by
x% —x123 = 0.

Since the tangent 1.5 has the form {[x1, 2, 23] | 1 = 0}, by Lemma 3.23(b)
none of the Points P», P53, Q3 has vanishing first homogeneous coordinate. There-
fore, there exist r, s,¢t € R\{0} such that

P, = [1,7”,7”2], Ps = [175752]7 Q3 = [LtatQ]y

and r, s,t are pairwise different and none of them equals 1. We have P;Qs =
{za =23} and Q1 P> = {—rz1 + 22 = 0} since

(0,0,1) x (1,7,7%) = (—=r,1,0).
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This implies that
PiQ:NQ1P, = (1,7,1) = Rs.

Similarly, we obtain

PiQs = {—txy+x3=0}, since (1,0,0)x (—1,t,t%) = (0, —t*1),
Q1Ps = {—sx;+x3 =0}, since (0,0,1)x (1,s,5?) = (—s,1,0),
PQs = {-rtwy + (r+t)v2 — 23 = 0},

since (1,7,72) x (1,t,t%) = (r — t)(=rt,r +t, 1),
Q2P = {—sx1+ (s+ 1)a2 — z3 =0},
since (1,1,1) x (1,s,8%) = (1 — 8)(—s,s +1,—1).
This implies that Ry = PiQ3s N Q1P = (1,s,st) and Rs = P1Qa N Q1P =

[21, 22, 23] with

(21, 22,23) = (—rt,r+t, —1)x(—s,s+1,—1) = (14+s—r—t, s—rt, sr+st—rt—rst).

Now,
1+s—r—t (1—r)+(s—1) 1 1
s—rt = s—rt ={1=-r)s|+(s=0)|r],
sr+ st —rt —rst (I —r)st+r(s—t) st r
i.e., the three Points Ry, Ry and R3 are collinear. O

Corollary 3.26. Given five distinct Points P; = [21],... Ps = [25] € RP?, no

four of them collinear, then there exists a unique conic C' passing through them.
Proof. Existence: The five conditions

d

i b

2.

j ZjZO

o QR

o~ O

f

yield five homogeneous linear equations for a, b, ¢, d, e, f. This implies that there
exists a non-trivial solution.

Uniqueness: If three Points, e.g., Pi, Py, P3 are collinear, then C is singular
by Lemma 3.23(a) and consists of two Lines be the classification result for conics
(see bottom page 36). The second Line is uniquely determined by the remaining
two Points Py, Ps.

Assume no three of the Points P, ..., Ps are collinear. Then any conic C'
through Pi,..., Ps is non-singular. For everty Line [ through P; not tangent
to C, the second intersection Point Ps of [ N C' can be uniquely determined by
Pascal’s Theorem: Let Q1 = Py, Q2 = Ps.

(a) Let Rg = P1Q2N Q1 Ps.
(b) Let Ry = 1N P3Qs.

(¢) Let lg = RaRs.

(d) Let Ry = I N P3Qo.

Finally, we obtain P as the intersection Point (NP> R;. In this way, we construct
the unique conic C' through the Points Py, ..., Ps. O
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