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Result

Let V be a countable set, p : V × V → [0, 1] a probability kernel.
Fix k , ` positive integers.

dξt(x) =
[
∆pξt(x)− (ξt(x))k

]
dt +

√
(ξt(x))` dBx

t

ξ0(x) = ρ0(x)

∆pξt(x) =
∑
y∼x

p(y , x)ξt(y)− p(x , y)ξt(x)

Can be solved as the limit of interacting particle systems.
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Construction

marks: M = {(x ,+), (x ,−), (x , y) : x , y ∈ V},

transition operators: transition rates:

Γx ,+(η) := η + δx ,
Γx ,−(η) := η − δx ,

Γ
(x ,y)
x (η) := η − δx + δy

Rx ,+(η) := F+(η(x)),
Rx ,−(η) := F−(η(x)),

R(x ,y)(η) := p(x , y) · η(x),

Reaction functions:

0 ≤ F+ ≤ F−, F−(0) = 0; F+ − F− is decreasing

Dynamics: η jumps to Γa(η) with rate Ra(η), for all a ∈M.

State spaces:

E0 :=
{
η ∈ NV

0 :
∑

x∈V η(x) <∞
}
, Em :=

{
η ∈ NV

0 : η(x) ≤ m, ∀x ∈ V
}

.

9 / 19



Construction

marks: M = {(x ,+), (x ,−), (x , y) : x , y ∈ V},

transition operators:

transition rates:

Γx ,+(η) := η + δx ,
Γx ,−(η) := η − δx ,

Γ
(x ,y)
x (η) := η − δx + δy

Rx ,+(η) := F+(η(x)),
Rx ,−(η) := F−(η(x)),

R(x ,y)(η) := p(x , y) · η(x),

Reaction functions:

0 ≤ F+ ≤ F−, F−(0) = 0; F+ − F− is decreasing

Dynamics: η jumps to Γa(η) with rate Ra(η), for all a ∈M.

State spaces:

E0 :=
{
η ∈ NV

0 :
∑

x∈V η(x) <∞
}
, Em :=

{
η ∈ NV

0 : η(x) ≤ m, ∀x ∈ V
}

.

9 / 19



Construction

marks: M = {(x ,+), (x ,−), (x , y) : x , y ∈ V},

transition operators: transition rates:

Γx ,+(η) := η + δx ,
Γx ,−(η) := η − δx ,

Γ
(x ,y)
x (η) := η − δx + δy

Rx ,+(η) := F+(η(x)),
Rx ,−(η) := F−(η(x)),

R(x ,y)(η) := p(x , y) · η(x),

Reaction functions:

0 ≤ F+ ≤ F−, F−(0) = 0; F+ − F− is decreasing

Dynamics: η jumps to Γa(η) with rate Ra(η), for all a ∈M.

State spaces:

E0 :=
{
η ∈ NV

0 :
∑

x∈V η(x) <∞
}
, Em :=

{
η ∈ NV

0 : η(x) ≤ m, ∀x ∈ V
}

.

9 / 19



Construction

marks: M = {(x ,+), (x ,−), (x , y) : x , y ∈ V},

transition operators: transition rates:

Γx ,+(η) := η + δx ,
Γx ,−(η) := η − δx ,

Γ
(x ,y)
x (η) := η − δx + δy

Rx ,+(η) := F+(η(x)),
Rx ,−(η) := F−(η(x)),

R(x ,y)(η) := p(x , y) · η(x),

Reaction functions:

0 ≤ F+ ≤ F−, F−(0) = 0; F+ − F− is decreasing

Dynamics: η jumps to Γa(η) with rate Ra(η), for all a ∈M.

State spaces:

E0 :=
{
η ∈ NV

0 :
∑

x∈V η(x) <∞
}
, Em :=

{
η ∈ NV

0 : η(x) ≤ m, ∀x ∈ V
}

.

9 / 19



Construction

marks: M = {(x ,+), (x ,−), (x , y) : x , y ∈ V},

transition operators: transition rates:

Γx ,+(η) := η + δx ,
Γx ,−(η) := η − δx ,

Γ
(x ,y)
x (η) := η − δx + δy

Rx ,+(η) := F+(η(x)),
Rx ,−(η) := F−(η(x)),

R(x ,y)(η) := p(x , y) · η(x),

Reaction functions:

0 ≤ F+ ≤ F−, F−(0) = 0; F+ − F− is decreasing

Dynamics: η jumps to Γa(η) with rate Ra(η), for all a ∈M.

State spaces:

E0 :=
{
η ∈ NV

0 :
∑

x∈V η(x) <∞
}
, Em :=

{
η ∈ NV

0 : η(x) ≤ m, ∀x ∈ V
}

.

9 / 19



Construction

marks: M = {(x ,+), (x ,−), (x , y) : x , y ∈ V},

transition operators: transition rates:

Γx ,+(η) := η + δx ,
Γx ,−(η) := η − δx ,

Γ
(x ,y)
x (η) := η − δx + δy

Rx ,+(η) := F+(η(x)),
Rx ,−(η) := F−(η(x)),

R(x ,y)(η) := p(x , y) · η(x),

Reaction functions:

0 ≤ F+ ≤ F−, F−(0) = 0; F+ − F− is decreasing

Dynamics: η jumps to Γa(η) with rate Ra(η), for all a ∈M.

State spaces:
E0 :=

{
η ∈ NV

0 :
∑

x∈V η(x) <∞
}
,

Em :=
{
η ∈ NV

0 : η(x) ≤ m, ∀x ∈ V
}

.

9 / 19



Construction

marks: M = {(x ,+), (x ,−), (x , y) : x , y ∈ V},

transition operators: transition rates:

Γx ,+(η) := η + δx ,
Γx ,−(η) := η − δx ,

Γ
(x ,y)
x (η) := η − δx + δy

Rx ,+(η) := F+(η(x)),
Rx ,−(η) := F−(η(x)),

R(x ,y)(η) := p(x , y) · η(x),

Reaction functions:

0 ≤ F+ ≤ F−, F−(0) = 0; F+ − F− is decreasing

Dynamics: η jumps to Γa(η) with rate Ra(η), for all a ∈M.

State spaces:
E0 :=

{
η ∈ NV

0 :
∑

x∈V η(x) <∞
}
, Em :=

{
η ∈ NV

0 : η(x) ≤ m, ∀x ∈ V
}
.

9 / 19



Construction in E0

a ∈M,

X a PPP on (0,∞)2 (Ω,F ,P)

Random flow: Φs,t(η) = [Φ(ω)]s,t(η) η ∈ E0 t ≥ s ≥ 0.

Φs,s(η) := η s0 = s and η0 = η, for k ∈ N,

sk := inf{s ∈ (sk−1, t] : ∃ a ∈M, u > 0, (s, u) ∈ X a, Ra(ηk−1) > u},

Mk := {a ∈M : ∃ u > 0; (sk , u) ∈ X a, Ra(ηk−1) > u}.∑
a∈M Ra(ηk−1) <∞ sk > sk−1. If sk < t:

ηk = Γak (ηk−1) where ak ∈Mk .

almost surely there exists k? such that sk? < t and sk?+1 =∞;

Φs,t(η) := ηk? .
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Construction in Em

Φm: m-truncated version of Φ

Γ(x,+),m(η) =

{
η + δx if η(x) ≤ m − 1,

η otherwise;
Γ(x,y),m(η) =

{
η − δx + δy if η(y) ≤ m − 1,

η − δx otherwise.

Em is compact: Lmf (η) =
∑

a∈M Ra(η)
[
f (Γa,m(η))− f (η)

]
Lemma For η ∈ E0 ∩ Em

(1) monotonicity-m 7→ Φm
t (η) is increasing.

(2) convergence- For any η ∈ E0, almost surely there
exists m0 = m0(ω, η) such that

[Φm(ω)]t(η) = [Φ(ω)]t(η) for all m ≥ m0, t ≥ 0.
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Liggett-Spitzer extension

Localization function Eα = {η ∈ NV : ‖η‖ <∞}

α : V → (0, 1] s.t.
∑
x

α(x) <∞

Norm: ‖η‖α =
∑
x

α(x)η(x)

Non explosive diffusion: ∃C ,
∑
y

p(x , y)α(y) < Cα(x).

Obstacle: non linear rates

“Supermartingale” estimate

P

(
sup

0≤t≤T
‖ηt − η′t‖ > A

)
≤ e(C+1)T · ‖η0 − η′0‖

A
.

Extension: ηn ↑ η ∈ Eα, Φt(ηn) ↑ Φ∗t (η) ∈ Eα
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A Family of IPS

Lnf (η) =
∑

x,y∈V

η(x)p(x , y) [f (ηx,y )− f (η)] +
∑
x∈V

F+
n (η(x))

[
f (ηx,+)− f (η)

]
+
∑
x∈V

F−n (η(x))
[
f (ηx,−)− f (η)

]

transitions rate
jump η → ηx ,y η(x)p(x , y)
birth η → ηx ,+ F+

n (η(x))
death η → ηx ,− F−n (η(x))

mass-scaled processes

ζn· :=

(
ηn· (x)

n
, x ∈ V

)
.

Macroscopic constraintslimn→∞
1
n

[
F+
n (nζ)− F−n (nζ)

]
= −ζk ,

limn→∞
1
n2

[
F+
n (nζ) + F−n (nζ)

]
= ζ`.

forall A > 0,


sup
ζ≤A

∥∥∥n−1(F+
n (ζ)− F−n (ζ))− (−ζκ)

∥∥∥→ 0.

sup
ζ≤A

∥∥∥n−2(F+
n (ζ) + F−n (ζ))− ζ`

∥∥∥→ 0.
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Tightness

α-ball in V: B(r) := {x ∈ V | α(x) > 1/r}.

IC Truncation: ζn,rt :=
Φn

t (ηn0 1B(r))

n .

Uf approximation: sup
n

P

(
sup

0≤t≤T

∥∥ζnt − ζn,rt

∥∥ ≥ ε) →
r→∞

0.

no escape: sup
n

P

(
sup

0≤t≤T

∥∥ζn,rt 1B(R)c
∥∥ ≥ ε) →

R→∞
0.

oscillation: sup
δ≤δ0

sup
τ∈TT

sup
n∈N

P
(∣∣∣ζn(τ+δ)(x)− ζnτ (x)

∣∣∣ > ε
)
→
δ0→0

0.

Tightness: sup
δ≤δ0

sup
τ∈TT

sup
n∈N

P
(
‖ζn(τ+δ) − ζ

n
τ ‖ > ε

)
→
δ0→0

0

14 / 19



Tightness

α-ball in V: B(r) := {x ∈ V | α(x) > 1/r}.

IC Truncation: ζn,rt :=
Φn

t (ηn0 1B(r))

n .

Uf approximation: sup
n

P

(
sup

0≤t≤T

∥∥ζnt − ζn,rt

∥∥ ≥ ε) →
r→∞

0.

no escape: sup
n

P

(
sup

0≤t≤T

∥∥ζn,rt 1B(R)c
∥∥ ≥ ε) →

R→∞
0.

oscillation: sup
δ≤δ0

sup
τ∈TT

sup
n∈N

P
(∣∣∣ζn(τ+δ)(x)− ζnτ (x)

∣∣∣ > ε
)
→
δ0→0

0.

Tightness: sup
δ≤δ0

sup
τ∈TT

sup
n∈N

P
(
‖ζn(τ+δ) − ζ

n
τ ‖ > ε

)
→
δ0→0

0

14 / 19



Tightness

α-ball in V: B(r) := {x ∈ V | α(x) > 1/r}.

IC Truncation: ζn,rt :=
Φn

t (ηn0 1B(r))

n .

Uf approximation: sup
n

P

(
sup

0≤t≤T

∥∥ζnt − ζn,rt

∥∥ ≥ ε) →
r→∞

0.

no escape: sup
n

P

(
sup

0≤t≤T

∥∥ζn,rt 1B(R)c
∥∥ ≥ ε) →

R→∞
0.

oscillation: sup
δ≤δ0

sup
τ∈TT

sup
n∈N

P
(∣∣∣ζn(τ+δ)(x)− ζnτ (x)

∣∣∣ > ε
)
→
δ0→0

0.

Tightness: sup
δ≤δ0

sup
τ∈TT

sup
n∈N

P
(
‖ζn(τ+δ) − ζ

n
τ ‖ > ε

)
→
δ0→0

0

14 / 19



Tightness

α-ball in V: B(r) := {x ∈ V | α(x) > 1/r}.

IC Truncation: ζn,rt :=
Φn

t (ηn0 1B(r))

n .

Uf approximation: sup
n

P

(
sup

0≤t≤T

∥∥ζnt − ζn,rt

∥∥ ≥ ε) →
r→∞

0.

no escape: sup
n

P

(
sup

0≤t≤T

∥∥ζn,rt 1B(R)c
∥∥ ≥ ε) →

R→∞
0.

oscillation: sup
δ≤δ0

sup
τ∈TT

sup
n∈N

P
(∣∣∣ζn(τ+δ)(x)− ζnτ (x)

∣∣∣ > ε
)
→
δ0→0

0.

Tightness: sup
δ≤δ0

sup
τ∈TT

sup
n∈N

P
(
‖ζn(τ+δ) − ζ

n
τ ‖ > ε

)
→
δ0→0

0

14 / 19



Tightness

α-ball in V: B(r) := {x ∈ V | α(x) > 1/r}.

IC Truncation: ζn,rt :=
Φn

t (ηn0 1B(r))

n .

Uf approximation: sup
n

P

(
sup

0≤t≤T

∥∥ζnt − ζn,rt

∥∥ ≥ ε) →
r→∞

0.

no escape: sup
n

P

(
sup

0≤t≤T

∥∥ζn,rt 1B(R)c
∥∥ ≥ ε) →

R→∞
0.

oscillation: sup
δ≤δ0

sup
τ∈TT

sup
n∈N

P
(∣∣∣ζn(τ+δ)(x)− ζnτ (x)

∣∣∣ > ε
)
→
δ0→0

0.

Tightness: sup
δ≤δ0

sup
τ∈TT

sup
n∈N

P
(
‖ζn(τ+δ) − ζ

n
τ ‖ > ε

)
→
δ0→0

0

14 / 19



Tightness

α-ball in V: B(r) := {x ∈ V | α(x) > 1/r}.

IC Truncation: ζn,rt :=
Φn

t (ηn0 1B(r))

n .

Uf approximation: sup
n

P

(
sup

0≤t≤T

∥∥ζnt − ζn,rt

∥∥ ≥ ε) →
r→∞

0.

no escape: sup
n

P

(
sup

0≤t≤T

∥∥ζn,rt 1B(R)c
∥∥ ≥ ε) →

R→∞
0.

oscillation: sup
δ≤δ0

sup
τ∈TT

sup
n∈N

P
(∣∣∣ζn(τ+δ)(x)− ζnτ (x)

∣∣∣ > ε
)
→
δ0→0

0.

Tightness: sup
δ≤δ0

sup
τ∈TT

sup
n∈N

P
(
‖ζn(τ+δ) − ζ

n
τ ‖ > ε

)
→
δ0→0

0

14 / 19



Tightness

α-ball in V: B(r) := {x ∈ V | α(x) > 1/r}.

IC Truncation: ζn,rt :=
Φn

t (ηn0 1B(r))

n .

Uf approximation: sup
n

P

(
sup

0≤t≤T

∥∥ζnt − ζn,rt

∥∥ ≥ ε) →
r→∞

0.

no escape: sup
n

P

(
sup

0≤t≤T

∥∥ζn,rt 1B(R)c
∥∥ ≥ ε) →

R→∞
0.

oscillation: sup
δ≤δ0

sup
τ∈TT

sup
n∈N

P
(∣∣∣ζn(τ+δ)(x)− ζnτ (x)

∣∣∣ > ε
)
→
δ0→0

0.

Tightness: sup
δ≤δ0

sup
τ∈TT

sup
n∈N

P
(
‖ζn(τ+δ) − ζ

n
τ ‖ > ε

)
→
δ0→0

0

14 / 19



Tightness
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Φn

t (ηn0 1B(r))
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Dynkin Martingales

M f ,Ln
t := f (ζnt )− f (ζn0 )−

∫ t

0
Lnf (ζns ) ds

In particular, for fx(ζ) := ζ(x), fxy (ζ)L = ζ(x)ζ(y):

Mx ,Ln
t = ζnt (x)− ζn0 (x)−

∫ t

0
Ln(ζns (x)) ds

Mx ,y ,Ln
t = ζnt (x)ζnt (y)− ζn0 (x)ζn0 (y)−

∫ t

0
Ln(ζns (x)ζns (y)) ds
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Martingale Problem

Lf (η) :=
∑
x∈V

bx(η)∂x f (η) +
1

2

∑
x ,y∈V

axy∂x∂y f (η)

Definition: A probability measure P on C [0,∞)d , under which

M f = f (ηt)− f (η0)−
∫ t

0
Lf (ηs) ds

is a continuous, local martingale for every f ∈ C 2, is called a
solution to the local martingale problem associated with L.

〈M fx ,M fy 〉t =

∫ t

0
axy (ηs) ds
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Martingale Problem

L∗f (ζ) =
∑

x ∂x f (ζ)(∆pζ(x)− [ζ(x)]k) + 1
2

∑
x ,y ∂x∂y f (ζ)1x=y [ζ(x)]`

Ln → L∗: f ∈ { fx , fx ,y | x , y ∈ V }, A > 0,

lim
n

sup
‖ζ‖<A

‖Lnf (ζ)− L∗f (ζ)‖ = 0.

Mx ,Ln
t = ζnt (x)− ζn0 (x)−

∫ t

0
Ln(ζns (x)) ds

↓

Mx ,L∗
t = ζ∗t (x)− ζ∗0 (x)−

∫ t

0
∆pζ

∗
s (x)− (ζ∗s (x))k ds
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lim
n

sup
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‖Lnf (ζ)− L∗f (ζ)‖ = 0.

〈Mx ,L∗ ,My ,L∗〉t = 1x=y

∫ t
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(ζ∗s (x))` ds
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Constructing a Gaussian family

By the Martingale representation Theorem we can construct a
family of independent Brownian motions {Bx }x∈V such that
almost surely

Mx ,L∗
t =

∫ t

0

√
(ζ∗s (x))` dBx

s .

This means that

ζ∗t (x) = ζ∗0 (x) +

∫ t

0

(
∆ζ∗s (x)− (ζ∗s (x))k

)
ds +

∫ t

0
(ζ∗s (x))`/2 dBx

s .

We have found a solution to the SDE on the infinite Graph.
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Convergence of the full sequence

Uniformly in n: P(‖ζn,r· − ζn,R· ‖ > δ) < ε

ζn,r· → ζ∗,r·

ζn,R· → ζ∗,R·

≤ ε

ζn,R· → ζn·

ζm,R· → ζm·

≤ ε
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Thank you!

P

(
sup

0≤t≤T
‖ηt − η′t‖ > A

)
≤ e(C+1)T ·‖η0−η′0‖

A .
ζn,r· → ζ∗,r·

ζn,R· → ζ∗,R·

≤ ε
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