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P. Clifford, A. Sudbury A model for spatial conflict 1973
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Goal: to design efficient fault-tolerant and distributed algorithms for
computations in networks.
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Results: hydrodynamic limit

N :

αN := 1√
N

ηNt := (ηNt (1), . . . , ηNt (N))

πNt := 1
N

∑
x δηNt (x) dV(πN , π) (Vague distance)

Theorem
dV(πN0 , π

∗)→ 0 then for each T > 0

sup
t∈[0,T ]

dV(πN√
Nt
, Tt(π∗))→ 0, with

Ttπ∗(A) =

∫
1A(Tt(x)) dπ∗(x), and

Tt(x) := r + (x − r)e−t , r =

∫
x dπ∗(x).

t

0 r

Tt

0 1

Intuition: Contraction

η± − ζ± = (1− αN)(η − ζ)
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Results: long term behavior

RN
t :=

∑
x
ηNt (x)
N

Theorem

P(lim
t
RN
t → 1) = 1− P(lim

t
RN
t → 0) = RN

0

Intuition: Martingale
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Results: motion of the mean

Theorem
If RN

0 → r then (RN
N2t , t ∈ [0,T ]) converges in law to the unique

solution of {
dRt =

√
Rt(1− Rt)dBt

R0 = r ,

where t 7→ Bt is a Brownian motion

(Wright-Fisher diffusion).
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Results: dispersion around the mean

DN
t (x) := N1/4(ηNt (x)− RN

t )

νNt :=
1

N

∑
x

δDN
t (x)

OUr ,eq ∼ N (0, r(1−r)2 )

Theorem dW(νNN2t ,OURN
N2t

,eq)
P−−−−→

N→∞
0.

1/4 1/2 3/4
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Dispersion around the mean

Typical concentration:
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(ηNt (x)− RN
t )2 ∼ 1√

N

Zoom-in: DN
t (x) := N1/4(ηNt (x)− RN

t )

Integral expressions: for νNt := 1
N

∑
x δDN

t (x) scale t ;
√
Nt

〈
νN√

Nt
,G
〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
νN√

Ns
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds +MN,G√

Nt
,

〈
OU

νN0
RN
0 ,t
,G

〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
OU

νN0
RN
0 ,s
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds.

µNt := OU
νN0
RN
0 ,t
− νN√

Nt
supt∈[0,T ]M

N,G√
Nt
→ 0 µNt → µ∗t

〈µ∗t ,G 〉 =

∫ t

0
−〈µ∗s , xG ′〉+

R∗0 (1− R∗0 )

2
〈µ∗s ,G ′′〉 ds

Unique solution: 〈µ∗t ,G 〉 = 0.

13 / 16



Dispersion around the mean

Typical concentration:
1

N

∑
x

(ηNt (x)− RN
t )2 ∼ 1√

N

Zoom-in: DN
t (x) := N1/4(ηNt (x)− RN

t )

Integral expressions: for νNt := 1
N

∑
x δDN

t (x) scale t ;
√
Nt

〈
νN√

Nt
,G
〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
νN√

Ns
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds +MN,G√

Nt
,

〈
OU

νN0
RN
0 ,t
,G

〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
OU

νN0
RN
0 ,s
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds.

µNt := OU
νN0
RN
0 ,t
− νN√

Nt
supt∈[0,T ]M

N,G√
Nt
→ 0 µNt → µ∗t

〈µ∗t ,G 〉 =

∫ t

0
−〈µ∗s , xG ′〉+

R∗0 (1− R∗0 )

2
〈µ∗s ,G ′′〉 ds

Unique solution: 〈µ∗t ,G 〉 = 0.

13 / 16



Dispersion around the mean

Typical concentration:
1

N

∑
x

(ηNt (x)− RN
t )2 ∼ 1√

N

Zoom-in: DN
t (x) := N1/4(ηNt (x)− RN

t )

Integral expressions:

for νNt := 1
N

∑
x δDN

t (x) scale t ;
√
Nt

〈
νN√

Nt
,G
〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
νN√

Ns
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds +MN,G√

Nt
,

〈
OU

νN0
RN
0 ,t
,G

〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
OU

νN0
RN
0 ,s
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds.

µNt := OU
νN0
RN
0 ,t
− νN√

Nt
supt∈[0,T ]M

N,G√
Nt
→ 0 µNt → µ∗t

〈µ∗t ,G 〉 =

∫ t

0
−〈µ∗s , xG ′〉+

R∗0 (1− R∗0 )

2
〈µ∗s ,G ′′〉 ds

Unique solution: 〈µ∗t ,G 〉 = 0.

13 / 16



Dispersion around the mean

Typical concentration:
1

N

∑
x

(ηNt (x)− RN
t )2 ∼ 1√

N

Zoom-in: DN
t (x) := N1/4(ηNt (x)− RN

t )

Integral expressions: for νNt := 1
N

∑
x δDN

t (x)

scale t ;
√
Nt

〈
νN√

Nt
,G
〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
νN√

Ns
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds +MN,G√

Nt
,

〈
OU

νN0
RN
0 ,t
,G

〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
OU

νN0
RN
0 ,s
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds.

µNt := OU
νN0
RN
0 ,t
− νN√

Nt
supt∈[0,T ]M

N,G√
Nt
→ 0 µNt → µ∗t

〈µ∗t ,G 〉 =

∫ t

0
−〈µ∗s , xG ′〉+

R∗0 (1− R∗0 )

2
〈µ∗s ,G ′′〉 ds

Unique solution: 〈µ∗t ,G 〉 = 0.

13 / 16



Dispersion around the mean

Typical concentration:
1

N

∑
x

(ηNt (x)− RN
t )2 ∼ 1√

N

Zoom-in: DN
t (x) := N1/4(ηNt (x)− RN

t )

Integral expressions: for νNt := 1
N

∑
x δDN

t (x) scale t ;
√
Nt

〈
νN√

Nt
,G
〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
νN√

Ns
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds +MN,G√

Nt
,

〈
OU

νN0
RN
0 ,t
,G

〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
OU

νN0
RN
0 ,s
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds.

µNt := OU
νN0
RN
0 ,t
− νN√

Nt
supt∈[0,T ]M

N,G√
Nt
→ 0 µNt → µ∗t

〈µ∗t ,G 〉 =

∫ t

0
−〈µ∗s , xG ′〉+

R∗0 (1− R∗0 )

2
〈µ∗s ,G ′′〉 ds

Unique solution: 〈µ∗t ,G 〉 = 0.

13 / 16



Dispersion around the mean

Typical concentration:
1

N

∑
x

(ηNt (x)− RN
t )2 ∼ 1√

N

Zoom-in: DN
t (x) := N1/4(ηNt (x)− RN

t )

Integral expressions: for νNt := 1
N

∑
x δDN

t (x) scale t ;
√
Nt

〈
νN√

Nt
,G
〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
νN√

Ns
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds +MN,G√

Nt
,

〈
OU

νN0
RN
0 ,t
,G

〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
OU

νN0
RN
0 ,s
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds.

µNt := OU
νN0
RN
0 ,t
− νN√

Nt
supt∈[0,T ]M

N,G√
Nt
→ 0 µNt → µ∗t

〈µ∗t ,G 〉 =

∫ t

0
−〈µ∗s , xG ′〉+

R∗0 (1− R∗0 )

2
〈µ∗s ,G ′′〉 ds

Unique solution: 〈µ∗t ,G 〉 = 0.

13 / 16



Dispersion around the mean

Typical concentration:
1

N

∑
x

(ηNt (x)− RN
t )2 ∼ 1√

N

Zoom-in: DN
t (x) := N1/4(ηNt (x)− RN

t )

Integral expressions: for νNt := 1
N

∑
x δDN

t (x) scale t ;
√
Nt

〈
νN√

Nt
,G
〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
νN√

Ns
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds +MN,G√

Nt
,〈

OU
νN0
RN
0 ,t
,G

〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
OU

νN0
RN
0 ,s
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds.

µNt := OU
νN0
RN
0 ,t
− νN√

Nt
supt∈[0,T ]M

N,G√
Nt
→ 0 µNt → µ∗t

〈µ∗t ,G 〉 =

∫ t

0
−〈µ∗s , xG ′〉+

R∗0 (1− R∗0 )

2
〈µ∗s ,G ′′〉 ds

Unique solution: 〈µ∗t ,G 〉 = 0.

13 / 16



Dispersion around the mean

Typical concentration:
1

N

∑
x

(ηNt (x)− RN
t )2 ∼ 1√

N

Zoom-in: DN
t (x) := N1/4(ηNt (x)− RN

t )

Integral expressions: for νNt := 1
N

∑
x δDN

t (x) scale t ;
√
Nt

〈
νN√

Nt
,G
〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
νN√

Ns
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds +MN,G√

Nt
,〈

OU
νN0
RN
0 ,t
,G

〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
OU

νN0
RN
0 ,s
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds.

µNt := OU
νN0
RN
0 ,t
− νN√

Nt
supt∈[0,T ]M

N,G√
Nt
→ 0 µNt → µ∗t

〈µ∗t ,G 〉 =

∫ t

0
−〈µ∗s , xG ′〉+

R∗0 (1− R∗0 )

2
〈µ∗s ,G ′′〉 ds

Unique solution: 〈µ∗t ,G 〉 = 0.

13 / 16



Dispersion around the mean

Typical concentration:
1

N

∑
x

(ηNt (x)− RN
t )2 ∼ 1√

N

Zoom-in: DN
t (x) := N1/4(ηNt (x)− RN

t )

Integral expressions: for νNt := 1
N

∑
x δDN

t (x) scale t ;
√
Nt

〈
νN√

Nt
,G
〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
νN√

Ns
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds +MN,G√

Nt
,〈

OU
νN0
RN
0 ,t
,G

〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
OU

νN0
RN
0 ,s
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds.

µNt := OU
νN0
RN
0 ,t
− νN√

Nt

supt∈[0,T ]M
N,G√

Nt
→ 0 µNt → µ∗t

〈µ∗t ,G 〉 =

∫ t

0
−〈µ∗s , xG ′〉+

R∗0 (1− R∗0 )

2
〈µ∗s ,G ′′〉 ds

Unique solution: 〈µ∗t ,G 〉 = 0.

13 / 16



Dispersion around the mean

Typical concentration:
1

N

∑
x

(ηNt (x)− RN
t )2 ∼ 1√

N

Zoom-in: DN
t (x) := N1/4(ηNt (x)− RN

t )

Integral expressions: for νNt := 1
N

∑
x δDN

t (x) scale t ;
√
Nt

〈
νN√

Nt
,G
〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
νN√

Ns
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds +MN,G√

Nt
,〈

OU
νN0
RN
0 ,t
,G

〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
OU

νN0
RN
0 ,s
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds.

µNt := OU
νN0
RN
0 ,t
− νN√

Nt
supt∈[0,T ]M

N,G√
Nt
→ 0

µNt → µ∗t

〈µ∗t ,G 〉 =

∫ t

0
−〈µ∗s , xG ′〉+

R∗0 (1− R∗0 )

2
〈µ∗s ,G ′′〉 ds

Unique solution: 〈µ∗t ,G 〉 = 0.

13 / 16



Dispersion around the mean

Typical concentration:
1

N

∑
x

(ηNt (x)− RN
t )2 ∼ 1√

N

Zoom-in: DN
t (x) := N1/4(ηNt (x)− RN

t )

Integral expressions: for νNt := 1
N

∑
x δDN

t (x) scale t ;
√
Nt

〈
νN√

Nt
,G
〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
νN√

Ns
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds +MN,G√

Nt
,〈

OU
νN0
RN
0 ,t
,G

〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
OU

νN0
RN
0 ,s
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds.

µNt := OU
νN0
RN
0 ,t
− νN√

Nt
supt∈[0,T ]M

N,G√
Nt
→ 0 µNt → µ∗t

〈µ∗t ,G 〉 =

∫ t

0
−〈µ∗s , xG ′〉+

R∗0 (1− R∗0 )

2
〈µ∗s ,G ′′〉 ds

Unique solution: 〈µ∗t ,G 〉 = 0.

13 / 16



Dispersion around the mean

Typical concentration:
1

N

∑
x

(ηNt (x)− RN
t )2 ∼ 1√

N

Zoom-in: DN
t (x) := N1/4(ηNt (x)− RN

t )

Integral expressions: for νNt := 1
N

∑
x δDN

t (x) scale t ;
√
Nt

〈
νN√

Nt
,G
〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
νN√

Ns
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds +MN,G√

Nt
,〈

OU
νN0
RN
0 ,t
,G

〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
OU

νN0
RN
0 ,s
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds.

µNt := OU
νN0
RN
0 ,t
− νN√

Nt
supt∈[0,T ]M

N,G√
Nt
→ 0 µNt → µ∗t

〈µ∗t ,G 〉 =

∫ t

0
−〈µ∗s , xG ′〉+

R∗0 (1− R∗0 )

2
〈µ∗s ,G ′′〉 ds

Unique solution: 〈µ∗t ,G 〉 = 0.

13 / 16



Dispersion around the mean

Typical concentration:
1

N

∑
x

(ηNt (x)− RN
t )2 ∼ 1√

N

Zoom-in: DN
t (x) := N1/4(ηNt (x)− RN

t )

Integral expressions: for νNt := 1
N

∑
x δDN

t (x) scale t ;
√
Nt

〈
νN√

Nt
,G
〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
νN√

Ns
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds +MN,G√

Nt
,〈

OU
νN0
RN
0 ,t
,G

〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
OU

νN0
RN
0 ,s
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds.

µNt := OU
νN0
RN
0 ,t
− νN√

Nt
supt∈[0,T ]M

N,G√
Nt
→ 0 µNt → µ∗t

〈µ∗t ,G 〉 =

∫ t

0
−〈µ∗s , xG ′〉+

R∗0 (1− R∗0 )

2
〈µ∗s ,G ′′〉 ds

Unique solution:

〈µ∗t ,G 〉 = 0.

13 / 16



Dispersion around the mean

Typical concentration:
1

N

∑
x

(ηNt (x)− RN
t )2 ∼ 1√

N

Zoom-in: DN
t (x) := N1/4(ηNt (x)− RN

t )

Integral expressions: for νNt := 1
N

∑
x δDN

t (x) scale t ;
√
Nt

〈
νN√

Nt
,G
〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
νN√

Ns
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds +MN,G√

Nt
,〈

OU
νN0
RN
0 ,t
,G

〉
=
〈
νN0 ,G

〉
+

∫ t

0

〈
OU

νN0
RN
0 ,s
,−xG ′ +

RN
0

(
1− RN

0

)
2

G ′′
〉
ds.

µNt := OU
νN0
RN
0 ,t
− νN√

Nt
supt∈[0,T ]M

N,G√
Nt
→ 0 µNt → µ∗t

〈µ∗t ,G 〉 =

∫ t

0
−〈µ∗s , xG ′〉+

R∗0 (1− R∗0 )

2
〈µ∗s ,G ′′〉 ds

Unique solution: 〈µ∗t ,G 〉 = 0.

13 / 16



Zoom-in on top of a fluctuation

t 7→ RN
N2t

Two scales

(RN
N2t , ν

N
N2t)

d−−−−→
N→∞

(WFt ,OUWFt ,eq),

t 7→ νN√
Nt
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Resumo da obra

Atypical example of metaestability.
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Thank you!

Questions?
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