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Overview

- N

® Geometric Representation of an Algebraic Number
Field

® Specific Example

® The Analytic Class Number Formula
® What is a Polylogarithm?

® Going Higher
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Geometric Representation of an Algebraic Number Field

- N

® An element o € C is called an algebraic number if it
satisfies f(a) = 0 for some f(x) € Q|x]

® Afield KwithC > K D Qand [K : Q] < oo is called an
algebraic number field.

® Typically an algebraic number field is of the form:

K=00)= 05

Where py(z) Is the minimum polynomial for 6.
® Example: Q(6) where 0° = 2
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Geometric Representation of an Algebraic Number Field

- N

® An element o € C is called an algebraic number if it
satisfies f(a) = 0 for some f(x) € Q|x]

® Afield KwithC > K D Qand [K : Q] < oo is called an
algebraic number field.

® Typically an algebraic number field is of the form:

K=00)= 05

Where py(z) Is the minimum polynomial for 6.
® Example: Q(6) where 0° = 2

® Idea: Can we represent an algebraic number field
L geometrically, say, in R™*? J
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A Specific Example
-

ntroduce the algebraic number field Q(¢) with ¢ a root of:

07 =1
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A Specific Example

Introduce the algebraic number field Q(#) with ¢ a root of:

0+ +0*+0°+0°+0+1=0
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A Specific Example
-

Introduce the algebraic number field Q(#) with ¢ a root of:

-

00 L@ 10t 1021021041 =0

We shall denote the primitive 7' root of unity ¢; € C
Properties:

®r=0,r=31Q0):Q =6
® Six embeddings into C:

01,01,02,02,03,03 : Q(Q) — C

® 0(0) =7, 0200) = C%’ o3(0) = @
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Plot of Seventh Roots of Unity
o N
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The Logarithmic Space

For o € Q(6), define a vector [(a) € R? as:

[(a) = (In](o1(a))]*, In|(02()) [?, In] (o3(c))]*)
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The Logarithmic Space

For o € Q(6), define a vector [(a) € R? as:

[(a) := (In|(a1())*, In|(a2(a)) ?, In|(o3(c)) [*)
Properties:
® [(af) = l(a) +1(B)
® (o) =alla)

r1-+712

r Zz = In|N (o)
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Representation of Units

-

Obvious units in Q(6):

+1, £¢7, (7, (7, £(7. £, £
Other units:
wup=1+60 and wus=1+80+6?

For a generic unit u = £¢%ubu$ with a, b, c € Z:
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Representation of Units

-

Obvious units in Q(6):
+1, +(r, £¢F, 22, G, £, 4G
Other units:
wy=1+60 and wus =1+0+ 6>
For a generic unit u = £¢%ubu$ with a, b, c € Z:
[(u) = b.d(ur) + c.l(u2)

The units are the points of a lattice of dimension 2.
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The Dirichlet Reqgulator

The Dirichlet
Requlator, Rk:

vol(P)

R =
K \/T1—|—7“2

N =
r_u'h
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The Analytic Class Number Formula

B

heorem:
(K (s) ~ hg Rk

lim 5=
s—0 g(ritra—1) WK

where:

® (;(s) = Z N(la)s IS the Dedekind Zeta function for the
a

field K, where a runs over all the ideals in O, the ring
of integers.

® h i IS the class number of K.
® wy Is the number of roots of unity contained in K.
® R is the Dirichlet Regulator previously described.
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What Is a Polylogarithm?

- . -

® The natural logarithm In(x)

® —in(l-—=z2) Z— 2eC, |z] <1
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What Is a Polylogarithm?

- . -

® The natural logarithm In(x)
® —in(l-—=2) Z— 2e€C, |zl <1

® Definition of a Polylogarithm:

Lip(z Z— 2e€C, |z| <1, meN
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Going Higher
f-’ (K (s) ~ Cr(1—s) .

® Zagier Conjecture says that (i (2) can be expressed in
terms of Lio(z)

® Higher Regulators
® Higher Class Numbers
® Higher Dedekind Zeta Values
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