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Introduction

> System of interest: d (spatial) dimensional charged non-relativistic
fluid to leading order.

> The respective relativistic system is well known.

> One can take a ‘non-relativistic’ limit (v < ¢) to get the
non-relativistic counterpart. [kaminski et a1.’14]

> In (Rangamani et al.’08] an alternative approach to get (neutral)
non-relativistic fluids was suggested — Light Cone Reduction (LCR),
and later was extended to charged fluids by (Brattan >101.

> A goal of this work was to test this idea in presence of background
electromagnetic fields.

» We were able to construct a NR entropy current, whose positive
semi-definite nature constrains the fluid transport coefficients.
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tic Fluid Dynamics

» Fluids are near equilibrium limit of physical systems.

» State of a fluid is completely determined by a set of parameters like u*

(four-velocity), T (temperature), M (chemical potential) etc. which
are functions of space-time.
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tic Fluid Dynamics

» Fluids are near equilibrium limit of physical systems.

» State of a fluid is completely determined by a set of parameters like u*
(four-velocity), T (temperature), M (chemical potential) etc. which
are functions of space-time.

» Dynamics of a fluid is governed by equations of energy-momentum and
charge conservation:

VT = F* Jg,,  VuJ4=0. (1)

> T ] 5 are in general determined in terms of fluid variables, external
fields and their derivatives. These expressions are known as
‘constitutive relations’ of a fluid.

» Constitutive relations specify a fluid system completely.
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tic Fluid Dynamics

» We use the ‘near equilibrium’ assumption of fluid, i.e. (space-time)
derivatives of fluid parameters are fairly small and can be treated

perturbatively.

» Constitutive relations can hence be expressed as a perturbative
expansion in derivatives.

T}W — T#V + HMV

B e H
() m T Jo=Jdo0)+ Ty +---- (2)
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Relativistic Fluid Dynamics

» We use the ‘near equilibrium’ assumption of fluid, i.e. (space-time)
derivatives of fluid parameters are fairly small and can be treated
perturbatively.

» Constitutive relations can hence be expressed as a perturbative
expansion in derivatives.

wv v v W gh 3
T 7T(O)—|—H(1)—|—..., JQfJQ(O)—&-T(l)—i—.... (2)

» At every order we put in all possible terms allowed by the symmetry.
Every term comes with an arbitrary coefficient — a function of fluid
thermodynamic variables T, M, known as ‘transport coefficients’.

» For ideal fluids we have:

T = B(T, M)u"u” + P(T, M) (u"u” + g"*), (3)
Jg(o) = Q(TaM)uH' (4)
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Dissipative Fluids

» Landau Gauge Condition:
u 1" = u, T = 0. (5)

Use the projection operator: P"" = g"" + u"u".
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Dissipative Fluids

» Landau Gauge Condition:
u 1" = u, T = 0. (5)
Use the projection operator: P"" = g"" + u"u".
» Most generic symmetric tensors: V*#u").
» Contribution to T"":

I = 200" — COPM™. (6)
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Dissipative Fluids

» Landau Gauge Condition:
u 1" = u, T = 0. (5)
Use the projection operator: P"" = g"" + u"u".

» Most generic symmetric tensors: V*#u").

v

Contribution to T*":

I = 200" — COPM™. (6)

» Most generic vectors: VT, V¥(M/T), E* = F'u,.

v

Contribution to J, 5 :

M
T, = —P"V,T — 0PV, <?> + \EH. (7)
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Entropy Current

» Second law of thermodynamics says that Entropy of a system must
always increase.
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Entropy Current

» Second law of thermodynamics says that Entropy of a system must
always increase.

» Since fluids are in local thermodynamic equilibrium, it asks for entropy
to be created at every space-time point, or divergence of an entropy
current should be positive semi-definite:

V. JE > 0. (8)
» The canonical form of entropy current is given by:
M
JE = Su* — TT#' 9)

E+P=ST+QM, dP=SdT + QdM. (10)
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Entropy Current

» Second law of thermodynamics says that Entropy of a system must
always increase.

» Since fluids are in local thermodynamic equilibrium, it asks for entropy
to be created at every space-time point, or divergence of an entropy
current should be positive semi-definite:

V. JE > 0. (8)
» The canonical form of entropy current is given by:
M
JE = Sut — —1". 9)
T
E+P=ST+ QM, dP = SdT + QdM. (10)

» Entropy positivity gives some constraints on the transport coefficients
coupling to derivative terms.
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Entropy Current

» We get the constraints:

H?lu) = —2no"” — COP",
n 20, ¢=0, (11)
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Entropy Current

» We get the constraints:

H?lu) = —2no"” — COP",
n 20, ¢=0, (11)

Y}y = -y PV, T — 0PV, (%) + \E*,

1
= A= —=p>0. 12
v =0, TQ_O (12)
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Light Cone Reduction
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Light Cone Reduction

An overview

» Light-cone reduction is a prescription to reduce a relativistic algebra to
a non-relativistic algebra in one lower dimension.
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Light Cone Reduction
An overview

» Light-cone reduction is a prescription to reduce a relativistic algebra to
a non-relativistic algebra in one lower dimension.

> We start with a (d + 1, 1)-dim relativistic theory, and undergo
following coordinate transformation:

+ i
{fu}uzo,1,.“,d+1 - {x T }i:1,2,...,d’ (13)
n 1 ( 0 d+1)
T =— |z £z , 14
7 (14)
XC
X <
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Light Cone Reduction

An overview

» Light-cone reduction is a prescription to reduce a relativistic algebra to
a non-relativistic algebra in one lower dimension.

> We start with a (d + 1, 1)-dim relativistic theory, and undergo
following coordinate transformation:

+ i
{fu}uzo,1,.“,d+1 - {x T }i:1,2,...,d’ (13)
n 1 ( 0 d+1)
T =— |z Ltz , 14
7 (14)

» Now we declare z~ to be a
X symmetry direction, ¢t = z* to be
our new ‘time’ direction.

» The new theory is known to have
non-relativistic symmetry, with

a1 coordinates {t =z, x’}iil T
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Light Cone Reduction

An overview

> Generators of relativistic symmetry group under LCR reduces to
non-relativistic symmetry group.

translations translations
rotations Poincaré —  Galilean rotations
boosts Gal. boosts

» Similarly ‘Conformal Symmetry’ in relativistic theories reduce to
‘Schrodinger Symmetry’ group.

» For more details consult: [Rangamani ’09 - ‘Holography for non-relativistic CFTs’]
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LCR of Relativistic Fluid
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LCR of Relativistic Fluid

> We start with reducing the conservation equations:

VT v, T = F s

ViTT™ + VT =F Mg

VT V. T7 = 7 Jga
ViJg +Vily =0
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LCR of Relativistic Fluid

> We start with reducing the conservation equations:

VT v, T = F s

ViTT™ + VT =F Mg

VT V. T7 = 7 Jga
ViJg +Vily =0

dip + di(pv') =0
Oile+1/2 pv*) +0ij" = joe.
Ou(pv’) + 0it" = qc’ — jou 3"
Oeq+ 0:j65 =0

R
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LCR of Relativistic Fluid

> We start with reducing the conservation equations:

VT T 4+, T = g = dip + di(pv') =0

ViT T +V, T =F "o = Bi(e+1/2 pv?) + 0ij" = jbe

VT V. T7 = 7 Jga = O:(pv?) + 0t = g’ — jor 3"
Vidg+ViJh=0 = Oiq + 0ijl =0

> The two sets will agree provided we identify:

%

i u
v = u++...
p=wWH(E+P)+...
e:%(E—P)—&-...
g=Qu +...
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LCR of Relativistic Fluid

> We start with reducing the conservation equations:

VT T 4+, T = g = dip + di(pv') =0
ViT T +V, T =F "o = Bi(e+1/2 pv?) + 0ij" = jbe
VT V. T7 = 7 Jga = O:(pv?) + 0t = g’ — jor 3"
Vidg+ViJh=0 = Oiq + 0ijl =0

> The two sets will agree provided we identify:

%

; A+
vi= Lo AT =0
ut e
p=(u")(E+P)+... o=
1 a/:AZ
€:§(E—P)+ flzfai(i)fatai
g=Qu'+... B =0"al —&a’
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LCR of Relativistic Fluid

> We start with reducing the conservation equations:

VT v, T = F s

ViTT™ + VT =F Mg
VT V. T7 = 7 Jga
ViJg +Vily =0

dip + di(pv') =0
Oile+1/2 pv*) +0ij" = joe.
Ou(pv’) + 0it" = qc’ — jou 3"
Oeq+ 0:j65 =0

R

> The two sets will agree provided we identify:

%

vi=u++... AT =0 p=P+...
u —
= A T
p=w(E+P)+... cee T=oF Tt
1 o= A M
= (E—P)+... , . , _M
€ 2( )+ EL:*aZ(ﬁ*atal © u++
g=Qut +... g7 =0'a’ — & a
P
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LCR of Relativistic Fluid

» We have the form of the currents:

t7 = po'v? + pg? —no? — 269 90", (15)

, 1 : :
jh= <e +p+ 5pv2) v'—no v — zop0" v’
— kO — V! (B) + H(ei — 'Ujﬁji)a (16)
T

T

jo = qu'—=(V'r =V (H) —mV'p+o(e —wp),  (17)

T
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LCR of Relativistic Fluid

» We have the form of the currents:
19 = pvivj +pgijfnaij — zdijakvk, (15)
) 1 ) )
jh= <e +p+ 5pv2) v'—no v — zop0" v’

oo i (M Koi_  aji
KO'T — KV (T) + T(E v; "), (16)
jo = qu'—=(V'r =V (H) —mV'p+o(e —wp),  (17)

T

» We do not get the ‘most generic’ constitutive relations for NR fluid. It
is related to the choice of frame in relativistic theory.
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LCR of Relativistic Fluid

» We have the form of the currents:

t7 = po'v? + pg? —no? — 269 90", (15)

, 1 : :
jh= <e +p+ 5pv2) v'—no v — zop0" v’
— kO — V! (B) + H(ei — 'Ujﬁji)a (16)
T

T

jo = qu'—=(V'r =V (H) —mV'p+o(e —wp),  (17)

T

» We do not get the ‘most generic’ constitutive relations for NR fluid. It
is related to the choice of frame in relativistic theory.

» The fluid obeys Wiedemann-Franz Law for metals: x/o = L7.

Loy =245 x 10 WQK ™2, Ly =6.68 x 10 WQK ™2 (18)
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LCR of Entropy Current

» Reduction of Entropy Current:
Vidd +V,J5>0 = dys + Bijs >0
> We get the identifications:

s=5u", ji = st — %gi (19)
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LCR of Entropy Current

» Reduction of Entropy Current:
ViJi+ViJé =0 = 0is+0ijs >0
> We get the identifications:
s=5u", ji = st — %gi (19)
» The constraints on non-relativistic transport coefficients exactly follow:
t9 = pv'v? 4 pg? —no? — 269 90", (20)
jh= <e +p+ %pvQ) vi—naijvj — 200"’

—kd'T — KV’ (g) + g(eZ — 8", (21)

n >0, z >0, k>0 (22)
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LCR of Entropy Current

» Reduction of Entropy Current:
ViJi+ViJé =0 = 0is+0ijs >0
> We get the identifications:
s=5u", ji = st — %gi (19)
» The constraints on non-relativistic transport coefficients exactly follow:
t9 = pv'v? 4 pg? —no? — 269 90", (20)
jh= <e +p+ %pvQ) vi—naijvj — 200"’

—kd'T — KV’ (g) + g(eZ — 8", (21)

n >0, z >0, k>0 (22)

jé = qvi—ﬁvir AV (%) - mVip + a(ei - vkﬁki), (23)

am m =0, £>0, a:lrzo. (24)
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Summary of Parity-even Fluids

> We started with a relativistic charged fluid in electromagnetic
background.

» Using Light Cone Reduction, we reached a consistent theory of charged
non-relativistic fluids.

» We have constrained various transport coefficients of the
non-relativistic theory using the demand of local entropy current
positivity.

» LCR does not give the most generic non-relativistic fluid.
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Parity Violating Fluids and Anomaly
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Parity Odd Fluids

» Parity is not a symmetry of nature. So constitutive relations can be
given parity-odd terms:

TH = Tio) + "7 + 1177, Jo=Joe + T+ 1" (25)
» Only charge current gets parity odd terms at leading order:
= {Ul“ n 83“}, (26)

M= euupauuvpum BF = %E‘Wp”ul,Fpa.
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Parity Odd Fluids

» Parity is not a symmetry of nature. So constitutive relations can be
given parity-odd terms:

T = Tloy + T + 11", Jh = Jho + T+ (25)
» Only charge current gets parity odd terms at leading order:
T = {Ul“ + 83“}, (26)
" =e"""u,Vous, B = %e“”p"uDFN.

> In (3 4 1)-dim one can introduce an anomaly to the charge current of
fluid such that:
Vuly ={CE"B,}. (27)
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Entropy Current of Parity Odd Fluids

> It was shown by [son-surswka 091 that canonical entropy current definition
must be modified to include anomaly:

JE = SuM — % (T + 1) + {D1* + DB} (28)

AR
Y Durham

University 20 /24



Entropy Current of Parity Odd Fluids

> It was shown by [son-surswka 091 that canonical entropy current definition
must be modified to include anomaly:

JE = SuM — % (T + 1) + {D1* + DB} (28)

» Demanding entropy positivity, all the coefficients: U, Z~3, D, D can be
related to the anomaly coefficient C.
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LCR of Parity Odd Fluids

» Reduction of charge current will be modified:

ViJd +Vidy ={CE"B,} = drq + ijo =0
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LCR of Parity Odd Fluids

» Reduction of charge current will be modified:
ViJd +Vidy ={CE"B,} = drq + ijo =0
» LCR gives the parity-odd current:
&= {Re’jVﬂ' +&€7v; (g) — ne'V,p + g€ (6]’ — vkﬁkj) }, (29)

The coefficients are determined in terms of w = U(ut)?, & = Gu™.
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LCR of Parity Odd Fluids

» Reduction of charge current will be modified:
ViJd +Vidy ={CE"B,} = drq + ijo =0
» LCR gives the parity-odd current:
&= {I_ﬁeijV]’T +&€7v; (g) — ne'V,p + g€ (6]’ — vkﬁkj) }, (29)
+

The coefficients are determined in terms of w = U(ut)?, & = Gu™.

» Similarly we can reduce the entropy current. We need to add more
terms to the entropy current for consistency of the theory.

j& = sv *H(c +<') + {be”V ( )ere” (Ejka,@kj)}. (30)

» We find that, w and @ are left unconstrained by entropy current
positivity iff fluid is ‘incompressible’ and is kept in ‘constant magnetic
field’. Otherwise they both are zero.

» The constraints are not consistent with the relativistic theory.
"Durham
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Outline

Conclusions
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Conclusions

» We were able to get a consistent theory describing non-relativistic
(parity-violating) charged fluid, using the formalism of light cone
reduction.

» Various transport coefficients appearing in the theory were constrained
using the demand of local entropy positivity.

» Parity-odd transport coefficients (in 2 + 1 dimensions) can only sustain
if fluid is incompressible, and is subjected to constant magnetic field.

» In presence of anomalies, the constraints of relativistic and
non-relativistic theories do not match.

> The theory gained by LCR is not most generic.
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Further Work

» Checking LCR for higher derivative fluids.

» Extending LCR of parity-odd sector to generic dimensions.
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Further Work

» Checking LCR for higher derivative fluids.
» Extending LCR of parity-odd sector to generic dimensions.

» Extension is trivial for even to odd dimensional reduction. For odd to
even, the entire first order of non-relativistic fluid is lost.

2n dimensions — first parity odd correction at n — 1 order

2n — 1 dimensions — first parity odd correction at n — 1 order
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Further Work

» Checking LCR for higher derivative fluids.
» Extending LCR of parity-odd sector to generic dimensions.

» Extension is trivial for even to odd dimensional reduction. For odd to
even, the entire first order of non-relativistic fluid is lost.

2n dimensions — first parity odd correction at n — 1 order

2n — 1 dimensions — first parity odd correction at n — 1 order

» Perform LCR in generic fluid frames, and check if we get the most
generic non-relativistic fluid.
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