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Introduction and Motivation

Asymptotic Safety

@ Open problem in theoretical high energy physics = finding a
fundamental quantum theory of gravity.

@ Needed to describe Planck scale dynamics.

@ Perturbative quantization of classical gravity (GR) results in
non-renormalizable quantum theory.

@ Approach of asymptotic safety based on the
existence of a UV fixed point for gravity
— physical quantities are safe from
divergences.

— asymptotically safe theory.

@ Non-perturbative approach to quantum E
gravity.
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— Renormalized couplings, independent of A, take A — oo.

@ Wilsonian renormalization.
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The Renormalization Group

The Renormalization Group

@ The beta function (from perturbation theory):
_ Ogr
B(gr) = 1 o

— Renormalized couplings, independent of A, take A — oo.

@ Wilsonian renormalization.

Z[J] = / Dope SN+ where J.p = / dxJ(x)p(x)

lp|<A

N\ is physical e.g. Planck scale, inverse lattice spacing...
Bare action S°f[¢].

Bare couplings are finite g = g(A).
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The Renormalization Group

The Renormalization Group

@ Wilson's picture leads to a deeper understanding of renormalizability.

@ Arbitrarily complicated Lagrangian reduces to one containing only
renormalizable terms as cutoff is lowered.

— explains why QED is perturbatively renormalizable.

@ Framework allows us to define flow equations.
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The Renormalization Group

@ Regulate in UV in smooth way by modifying propagators.
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The Renormalization Group

The Renormalization Group

@ Regulate in UV in smooth way by modifying propagators.
@ Cutoff in UV at scale k (instead of A).

1 forp< k—e
0 forp>k+e

Cuv(p, k) ~ {

Z[J] = / Dpe—19-Bu-6-Skldl+1.6
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The Renormalization Group

The Renormalization Group

@ UV regulated theory
Z[J] = /D¢e_§¢'AD\1/'¢_5k[¢]+J.¢

@ Polchinski's flow equation:

0z _ o _
ok ok 26 "Wse 2

050l _ 195 5 08k _1p[0Buy &S
ok 6930

@ Integral sum over spacetime indices

Tr[A“V 5¢5¢} / Buv(x.) 6¢>(y)¢ / AovlP=P) 55 0)8(m) 62;6( )
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RG Flows in Theory Space

@ Evolution of theory represented by trajectory in theory space.

e Each point — different S[¢].

Sk[o] = Z &i(k)Oi(¢)

=02 =01 0.0 0.1 0.2 0.3 0.4 0.5
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RG Flows in Theory Space

RG Flows in Theory Space

@ Evolution of theory represented by trajectory in theory space.

e Each point — different S[¢].
Sklo] = &i(k)O

@ Complete trajectory from UV fixed

point to IR fixed point _ / T
+> divergence-free QFT o N i 3
<~ {Sk, 0< k< OO} =3 b1 0 o 0z 03 0;5
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The Effective

The Effective Average Action

o The effective average action T x[p]:
o 1
Felel + 50-R(p. k)0, 9 = (@)

@ Smooth IR cutoff function R(p, k)

k?—p? forp<k—e 0

R(p, k) =~
(p. k) {O forp>k+e

e R(p, k) is an additive cutoff function

1 % forp<k—e
p2+RN L forp>k+e
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The Effective Average Action

e Flow equation for I []:

8fk[cp] 1 (52Fk _laRk p
=Tl |R, + —X| =X
ok 2" Kkt dpp ok “

@ No need for UV regulator.
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The Effective

The Effective Average Action

e Flow equation for I []:

8fk[cp] 1 (52Fk _laRk p
=Tl |R, + —X| =X
ok 2" Kkt dpp ok “

@ No need for UV regulator.

@ Complete set of solutions to flow equation <> divergence-free QFT.

{T4,0< k <00} <= complete QFT
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The Effective Average Action

The Effective Average Action

e Why ' and not S?

@ T is the generator of 1P| Green's functions - directly related to
scattering amplitudes.

2 gives better approximation to a QFT.

© Don't have to construct a regulated path integral.
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The Reconstruction Problem

The Reconstruction Problem

@ Conceptually nothing wrong with not having a path integral
representation.

@ But would like one because...

© Can find the classical system whose quantization gave rise to the
complete QFT.

Some properties of QFT analysed more easily e.g. implementation of
symmetries.

(2]

© Approximation schemes (e.g. perturbation theory, large N expansion)
more naturally described.

o

Theory that we put on the lattice is given by Sy.
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The Reconstruction Problem

@ The reconstruction problem: reconstructing the functional integral
which corresponds to the asymptotically safe theory found using I'y.
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The Reconstruction Problem

The Reconstruction Problem

@ The reconstruction problem: reconstructing the functional integral
which corresponds to the asymptotically safe theory found using I'y.

Milel = Z[J] = / Dpe 1 A1+
lp[<A

@ Regulated with sharp cutoff A, take A — oc.
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The Reconstruction Problem

The Reconstruction Problem

@ The reconstruction problem: reconstructing the functional integral
which corresponds to the asymptotically safe theory found using I'y.

Filel = Z[J] = / Dge 51019
lpl<A

@ Regulated with sharp cutoff A, take A — oc.
e E. Manrique and M. Reuter (2008):

. ot 1 5255t
Fialel = 516l + 5 Tn{ Ra+ S0

Tra{...} = Tr{O(A*> — p?)[..]}

@ Derived by saddle point expansion - approximate expression.
Solving the Reconstruction Problem in Asymptotic Safety 18 /29
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Z[J] = / D¢ef%.¢>.A—1.¢fsA+J.¢
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Solving the Reconstruction Problem

Solving the Reconstruction Problem

o There exists a simple, exact relationship between [y and S{°*.
Z[J] = / D¢ef%.¢.A—1.¢fsA+J.¢
[pl<A
@ Split modes ¢ — ¢~ + ¢~ and propagators A = Ajgr + Ayy.
7] = / Do Do e~ 30<-Butb<—305 A 65 =Sold<+95 1+ (6<+65)

lpl<A
Ag = 7(:”?(2’ k), Ayy = 7CUV(ZP’ k)
p
o Cutoff functions obey summation relation: _,\
Cr+Cuy =1 i
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Solving the Reconstruction Problem

Solving the Reconstruction Problem

@ Compute integral over high momentum modes.

Z[J, <] = /D¢>e—%¢>-A,Rl-¢>—5A[¢>+¢<]+J-(¢>+¢<)

— o3l BRIFS <SR I+¢<]
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@ Compute integral over high momentum modes.

Z[J, <] = /D¢>e—§¢>-A,Rl-¢>—5A[¢>+¢<]+J-(¢>+¢<)

— o3l BRIFS <SR I+¢<]
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Solving the Reconstruction Problem

Solving the Reconstruction Problem

@ Compute integral over high momentum modes.

Z[J, <] = /D¢>e—§¢>-A,Rl-¢>—5A[¢>+¢<]+J-(¢>+¢<)

— o3l BRIFS <SR I+¢<]

Z[J)] = /'D¢<e—§¢<-AD\}~¢<+§J~A/RJ+J~¢<—Sk[AIR.J+¢<]+J~(¢>+¢<)

J(p) =0Vp>k = Z[J] = /D¢<e_%¢<'AU\1/'¢<_SI<[O<]+J~¢<

@ Recognise Sy as the interaction part of the bare -"
action S5f°t = 2. A|},.¢< + Sk regulated in p )
the UV at scale k.
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Solving the Reconstruction Problem

Solving the Reconstruction Problem

@ Integral over high momentum modes:
Z[J, 9] = / Do e~ 39> Dig' 6> =Spld> +9<]+J.(6>+0<)
= e%J'AIR'J+J-¢<_Sk[A/R.J+¢<]

@ Interpret as a functional integral for field ¢~ regulated in the IR at
scale k (in presence of background field ¢).

@ Simply related to the generator of connected
Green's functions W (cutoff in the IR):

Z[J, p<] = etlie]
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Solving the Reconstruction Problem

Solving the Reconstruction Problem

@ Integral over high momentum modes:
Z[J, 6] = /D¢>e§¢>>-A,R1~¢>>5/\[¢>>+¢><]+J~(¢>>+¢<)
— e%J-A/R-J+J-¢<—Sk[A/R-J+¢<]

@ Interpret as a functional integral for field ¢~ regulated in the IR at
scale k (in presence of background field ¢).

@ Simply related to the generator of connected
Green's functions W (cutoff in the IR):

Z[J, p<] = etlie]

o Legendre transform of W gives the Legendre effective action I'(°":

1
r/tft[% <] = —WilJ, <] + Jop = 5(90 - ¢<)-Aﬁ?1-(@ — ¢<) + Tkl
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Solving the Reconstruction Problem

Solving the Reconstruction Problem

@ Integral over high momentum modes:
Z[J, 6] = /D¢>e§¢>>-A,R1~¢>>5/\[¢>>+¢><]+J~(¢>>+¢<)

e3J-BIRI+I.P< =S DRI+ <]

@ Interpret as a functional integral for field ¢~ regulated in the IR at
scale k (in presence of background field ¢).
@ Simply related to the generator of connected

Green's functions W (cutoff in the IR): 4
p
Z[J, 6] = e"ilos] k
o Legendre transform of W gives the Legendre effective action I'(°":

! ¢ —0<). AR (0 — <) + T[]

[, d<] = —WilJ, o] + Jop = 2(
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Solving the Reconstruction Problem

Solving the Reconstruction Problem

Z[J, ¢<] — e%J-A/R-J+J-<¢<—Sk[A/R-J+¢<] _ eWk[J-,¢<]

Ml 6] = ~ WAl o< + Jip = 5 (6~ 9Bk — ) + Tele]
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Solving the Reconstruction Problem

Solving the Reconstruction Problem

Z[J, ¢<] = e%J'AIR-J+J-¢<—Sk[A,R.J+q5<] _ eWk[J»©<]

1(90 — ¢<).DR (9 — d<) + Tile]

Moo, 6<] = —Wall, o] + Jp = 5

@ Relationship between 'y and S:

Cele] = Sklo] + (w 0)- AR (¢ — ¢)

o Note that [',[¢] is interaction part of [%*[p, ] and Sk[¢] is the
interaction part of S{°[¢].
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Solving the Reconstruction Problem

Solving the Reconstruction Problem

o Compare our expression

M) = Sile] + (@ )Lk -(p — 9)

to E. Manrique and M. Reuter’s

- 2
Frcnli] = S0+ TfA’”{R“ ' 3@}
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M) = Sile] + (@ )Lk -(p — 9)

to E. Manrique and M. Reuter’s

- 2
Frcnli] = S0+ TfA’”{R“ ' 3@}

o Sk[¢] interation part of Sfot = L1p.A[j},.¢ + Sk regulated in the UV
— Sf°t can play role of St"t in reconstruction problem.
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Solving the Reconstruction Problem

Solving the Reconstruction Problem

o Compare our expression

M) = Sile] + (@ )Lk -(p — 9)

to E. Manrique and M. Reuter’s

- 2
Frcnli] = S0+ TfA’”{R“ ' 3@}

o Sk[¢] interation part of Sfot = L1p.A[j},.¢ + Sk regulated in the UV
— Sf°t can play role of St"t in reconstruction problem.

e How is [, (Legendre effective action) related to [y (effective average
action)?
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Solving the Reconstruction Problem

Solving the Reconstruction Problem

o Legendre effective action (without background field)
rtot =T 1 Afl
el =Tulel + 59D

@ Flow equation for 'y

elel 1 rel™t 1 oAk
ok~ 2T AR Ge | B ok
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Solving the Reconstruction Problem

Solving the Reconstruction Problem

o Legendre effective action (without background field)

rtot

1 _
Kol =Tilel + 9. Dig
@ Flow equation for 'y

ol kle]
ok

52T, ]1 1 8A,R}

1
Indliea
2 r{[ TR 60| Dm Ok

@ Flow equation for effective average action [

ale] 1 52F 11 OR,
= CTrd |Re+ 2K K
ok 2 U™ Soe | ok
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Solving the Reconstruction Problem

Solving the Reconstruction Problem

o Split off kinetic part from T

|
Me=T" + ESD-PZ-QD

o Flow equation becomes

orirt 1 o 0T T OR,
Ok _2T’{[Rk+p +5¢5J (‘)k}
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Solving the Reconstruction Problem

Solving the Reconstruction Problem

o Split off kinetic part from T

|
Me=T" + EQD-PZ-QD

o Flow equation becomes

orirt 1 o 0T T OR,
Ok _2T’{[Rk+p +5¢5¢} (‘)k}

o Identify p? + R, = é’—; = Aﬁ?l

6fft[<p] 1 (Ser’t -1 1 aAIR
_ _inllita
Ok 2 VM PRS00 | A ok

° I'Z’t satisfies same flow equation as ;!

— M=,
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@ Summary and Conclusions
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Summary and Conclusions

Summary and Conclusions

@ Solved the reconstruction problem.
e Found an exact relationship between T[] and S[¢].
@ Making contact with E. Manrique & M. Reuter's formula:

M) = Sklo] + (w 9)-Lig-(p — 9)

Vs

r Spet Traln{ R 25
[plk=n = SA”*[8] + 5 f/\n{ A+ 5¢5¢}

@ Next stage: use metric g,,, as dynamical degree of freedom.
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Thank you
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