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McKean-Vlasov Stochastic Differential Equations

Definition
A McKean-Vlasov SDEs (MV-SDE) is an SDE where the coefficients
are dependent on the law £(X(+)) of the solution process (X(-)). We write

dX(t) = b(t,X(t), L(X(t)))dt + a(t,X(t),E(X(t)))dW(t)
X(0) = x

Example (Mean Field Scalar Interaction)

Let us consider a simple example:

X(t) = x+ /0 t [E[X(s)] - X(s)] ds + W(t)
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McKean-Vlasov Stochastic Differential Equations

A McKean-Vlasov SDEs (MV-SDE) is an SDE where the coefficients
are dependent on the law £(X(+)) of the solution process (X(-)). We write

dX(t) = b(t,X(t), L(X(t)))dt + a(t,X(t),E(X(t)))dW(t)
X(0) = x

Example (Mean Field Scalar Interaction)

Let us consider a simple example:

X(t) = x+ /0 t [E[X(s)] - X(s)] ds + W(t)

> Question: Is this an standard SDE after decoupling?
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Distributions and the Wasserstein Metric

Definition

Let (E, d) be a Polish space and o-algebra £. Let P»(E) be the space of
probability distributions on (E, ) with finite second moments. Let
i, v € Po(E). We define the Wasserstein distance to be

W (u,v) = inf {(/152 d(x, y)?m(dx, dy))l/z; m e P(E x E)}

where (A) = [ xa(x)7(dx, dy) and v(B) = [ x8(y)m(dx, dy).

See [Carmona, 2016] form more details.

The Wasserstein distance between the law of a RV X and a constant y is

W (L(X),5,) = E[|IX — y[]*/?
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Existence and Uniqueness

Theorem (Existence and uniqueness)
Let (X(t))e>o satisfy the MV-SDE

dX(t) = b(t, X(t), L(X(t)))dt + o(t, X(t), L(X(t)))dW(t),
X(0) ~ po € (P21 Pa)(RY)

with: 3L >0, IK € RVt € [0, T], Vx,x’ € RY, Yy, i/ € Pa(RY) s.th.
ot %, 1) = o, %, 1)) < L (= x| + WO, 1))

<X - Y, b(t7X7/J) - b(tv.yaM»Rd < K|X _y|2
|b(t, x, 1) — b(t, x, 1) < LW (u, 1)

Then there exists a unique solution X and 3C > 0 such that

E[ sup [X(1)?] < (EIXO)P]+ C) e

te[0,T]
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Properties

Theorem (Properties)

o Integrability

Q Vp > 1 we have E[sup, | X(t)|P] < oo
(with agreeing integrability of X(0), b(-,0, d), o(:,0,d0))

e Continuity

@ paths of t — X(t)(w) are a.s. continuous in C, av < 1/2.
Q t— L(X(t)) is C'/? in the W(P)-metric

o Differentiability

@ for any p > 1 the map t + E[|XP(t)|P] € C*
@ Malliavin differentiability: X € D'»?
(with deterministic coefficients)
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Deterministic Approximation of SDE

Let H be the Cameron Martin space, the space of all absolutely continuous
paths h(t) = [ h(s)ds such that h € L2([0,1]).

4

We approximate the McKean Vlasov SDE

dX(t) = bo(t, X(t), L(X(t)))dt + ea(t, X(t), L(X(t)))dW(t)
X(0) =x

by the ODE

do(h)(t) = b(t, P(h)(1), 5¢(t))dt + o (t, P(h)(1), 5¢(t))h(t)dt
®(0) = x

and we call this the Skeleton.
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Deterministic Appoximation of SDE

The SDE

X(t) = x + /Ot [X(s) —E[|X(s)|3Hds+€W(t)
has a Skeleton Vh € H
O(h)(t) = x + /0 t [@(h)(s) — |@(h)(s)I* | ds + ()

since [ [x[2déc(y) = |y[?.
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Large Deviations Principles

Definition (Large Deviations Principle)

Let (E, d) be a Polish space and let {Py}nen be a sequence of Borel
probability measures on E. Let | : E — [0, 00] be a lower semicontinuous
functional on E. The sequence {Py}nen is said to satisfy a Large
Deviations Principle with rate function | <

—inf I(x) < Iiminfk)g(]ilﬂ <lim supl()g(lilﬂ < —inf /(x)

XxEA N—oco N— oo xEA

for any Borel measurable set A C E.
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LDP for Brownian Motion

Consider the following simple example for Brownian motion with a
supremum norm.

Example (LDP in uniform Norm for BM)

Consider the simple example of (¢Bt);.
We know for R >> 1 fixed that P|[|cB.]| > R| S e %/,
Therefore (apply log + scalling & limits)

Iir:j(l;psz log (]P’[HsB.HOO > RD < EIi_rpos C—> =%

> The rate function for Brownian motion would output %2 for the set
{x(t) € C(]0,1]) : ||x||oc > R} the set of continuous paths starting at 0
such that the supremum of the path is greater than R.
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LDP for MV-SDEs

Our goals:

@ an || - ||-topology LDP for X
(see [Gartner, 1988], [Budhiraja et al, 2012])

@ a conditional || - ||o-topology type LDP for X,

Goncalo dos Reis (U. of Edin. & CMA) LDP for McKean Vlasov SDE's Durham Symp., 17 Jul 2017 13 / 35



LDP for MV-SDEs

Our goals:

@ an || - ||-topology LDP for X
(see [Gartner, 1988], [Budhiraja et al, 2012])

@ a conditional || - ||o-topology type LDP for X,

VR,p >0, 36,v > 0 such that V0 < € < v,

P|[|IXX — &*(0)]la 2 p, |eWlloo < 8| S exp(=R/<?)
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Holder Norms using Ciesielski Isomorphism

Definition
Let Hoo(t) =1 and

\/277 ifte [m—l 2m—1

2p  optl )y
Hom(t) = § —V2P, if t € [223L, 1),
0, otherwise.

where m € {1,...,2P} and p € NU {0}. These are called the Haar functions.

Figure: Haar Function Hpm(t)

2m—1 m

i >
m—1
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Holder Norms using Ciesielski Isomorphism

Ciesielski's Isomorphism
Define the Fourier coefficients 9, = fol Hpm(s)¥(s)ds,

Ypm 2= (Hom, o) := V2P [20 (22 8) (M2 (2],

2p+1 2p 2p

additionally ¥go := <H00, d¢> = ¢(1) = w(O)
Let Gom(t) = [y Hpm(s)ds. Then

co 2P

(1) = Yo0Goo(t) + 3 D GomGom(2)

p=0m=1
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Holder Norms using Ciesielski Isomorphism

The Holder Norm

The Holder Norm is defined to be

f(t) — f(s
Illa = [FO) + sup D=
tsefo1] It — sl

We have that || - ||o is equivalent to (see [Ciesielsky, 1960])

[9]l% = sup 2(=Y/2P|g, ).

p,m

Throughout this talk, we will assume that a < 0.5.
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Auxilliary Lemmas

3C > 0 such that Yu > 0 and for all processes K on [0, 1] we have

|l /O K(s)aW(s)|| = u,lIKllw < 1] < Cexp(~u?/C)

3C’ > 0 such that Vu, v > 0 we have

P[> e <] < ot ()") o0 (F 7).

> These are proved via the equivalence of norms from Ciesielski's isomorphism
+ Chernoff's inequality.
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Main Results

Let h € H be an element of the Cameron Martin Space, o bdd. We
consider the SDE

XX = x+ / (s, X5(s), £X(5)))ds
0
t
+€/ oe(s, XX(s), L(XX(s)))dW(s)
0
with Skeleton (b. — b, 0. — o uniformly as £ \, 0)
t
O*(h)(t) = x + /(; b(s, ¢X(h)(5),5¢x(h)(s))ds

+ / to’(s’ O*(h)(s), dox()(s)) h(5)ds
0
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Main Results

VR,p >0, 36,v > 0 such that V0 < ¢ < v,

P[IIX2 = & (h)lla > p, W — hlloe < 8] S exp(—R/?)

Goncalo dos Reis (U. of Edin. & CMA) LDP for McKean Vlasov SDE's Durham Symp., 17 Jul 2017 19 / 35



Main Results

VR,p >0, 36,v > 0 such that V0 < ¢ < v,

P[IIX2 = & (h)lla > p, W — hlloe < 8] S exp(—R/?)

From the above inequality follows

Let A be a Borel set of the space of R-valued continuous paths over [0, 1] in the
Hélder topology. Let A(A) :=inf {||h||3/4; h € H,®*(h)(-) € A}. Then

2 2
~A(A) < liminf = log P[X> € A] < limsup = log P[X* € A] < —A(A)
e—0 2 es0 2

where A and A are the interior and closure of the set A with respect to the
topology generated by the Hélder norm.

Our proof follows loosely the methods of [Arous, 1994].
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Proof of Main Result

Proof.

We condition on the event that the process XX(t) remains in the ball of radius N
and we see

P[1XZ = @*(R)lla 2 p, W — il < ]
< P[IX = O (h)lla = p, W = hlloe < 81X oo < N] +P[[X2]loc = N

We use that we have the LDP result for XX in a supremum norm and choose N
large enough so that

P[IX20 = N] <00 (- B).

> (We give & prove LDP in || - ||o-topology, we do not state it here.)
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Proof of Main Result

Let X/ be a step function approximation of XX

P[le /0 025, XX(8), LOC())AW(S)la 2 p. [eWlloo < 61X 10 < W]
<[l [ foe(s. X2, £0C(6) = (L X, LOC W > 5
&+ 1 = X oo + EIIXE — X222 < 4]
+ P + 1 = XMoo + B = X212 > 3, X oo < W]
+Ble [ ol xe(s), O W ($) o > 5. 1W< ]

< exp(F)
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Outline

© Applications
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Strassens Law for Brownian Motion

Let W(t) be a Brownian Motion. Then

W\%t) Ya(t) = WE,nt)

Xy is a Brownian motion but Y, converges almost surely to 0 as n — oco.
Strassens Law states that

Xa(t) =

W (nt)

“= e am)

converges to 0 in probability but does not converge almost surely. Therefore
we get the well known result

lim sup & =

n—oo 4/ nlog(log(n))
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Contraction Operators

Let & € R*. A family of continuous bijections 'y, : R — R? is said to be
a System of Contractions centered at x if

@ l,(x) = x for every a € R™.

Q If o > 3 then

Fa(y1)—Taly2)—Ta(z1)+Ta(22)] < Tp(y1)—Tps(y2)—Ts(z1)+Ts(22)]
for every y1,y2,21,20 € RY.

© Ty is the identity and (Iy) ™! =T,-1.

@ For every compact set K C C%([0,1]; R9), V f € K and ¢ > 0,
36 > 0 such that |pg — 1| < ¢ implies

||rporq(f)_f”a <5a p7q€R+'
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Law of Iterated Logarithms for McKean Vlasov SDEs

Let Y be the solution to the SDE
dY(t) = b(Y(t), L(Y(t)))dt + a(Y(2),

Denote ¢(u) = /ulog(log(u)). Consider the coefficients

Buly. 1) = o)V [r¢(u)} (o)) "o (Tog2(0), 0 o)

bu(y. 1) = uL(y, p) |:r¢(u)} (rq&(u)*l(y))

L(Y(t))dW(t), Y(0)=xeR?

0'0'

Fouy-1( ) i(%(u)*l(y)»uorﬂu))

d
T3 Z alu(rd)(u) 1(y),mo ¢>(u)) a)a/;fy (r¢(u) 1(z ))
w 1

where the operator (with &

. [7](2) = i

of
dyi

Durham Symp., 17 Jul 2017 25 /35
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Law of Iterated Logarithms for McKean Vlasov SDEs

Assume that (8, b,) — (&, b) uniformly on R9 x P,(R9) as u — co. Further,
assume that &(y, p) is bounded and Lipschitz and that b(y, ;) has monotone
growth in y and is Lipschitz in p.

<

Let Z,(t) = y(uy[Y(ut)] and note that W, (t) = % is a Brownian motion

6u(Zu(1). L(2,(1))
/log log(u)

dz,(t) =

dW,(t) + by (Zu(t), E(Zu(t))) dt
with Skeleton

do(h)(£) = & (S(h)(E), Sognye ) A(E)E + B(O(A)(2), dary(e) ) dt

A\
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Law of Iterated Logarithms for McKean Vlasov SDEs

a<l/2

With probability 1, the set of paths {Z,; u > 3} is relatively compact in

the Holder topology C%
and .
[IAI13

its set of limit points coincides with K = {®(h) : -5
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Proof of the Law of lterated Logarithms

We prove 2 Propositions:

O Relatively compact. For every € > 0 there exists a.s. a positive real
number ugp(w) such that for every u > ug

do(Zy(w),K) < €
where for x € C*([0,1]) and M C C*([0, 1])
da 7M = inf - a
(x, M) ot e =l

@ Limit point. Let g € K. Then Ve > 0, Jc. > 1 such that Ve > ¢,

P|||Z; — glla < € for j i.o.] =1
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Proof of the Law of lterated Logarithms

Proof of Proposition (1) - Relative compactness
To prove the first Proposition, we argue (¢ > 1, j € Nand j >> 1)
da(ZUa K) Sda(zcj K)
+ Hrzi)(u) © r(;(lcj)(ch) - chHa
+ [1Zu = Ty(u) © Fp(eiy-1(Zei)ll

Then we use the following Lemma

v

Lemma

Ve > 1, Ve > 0 then there exists a.s. jo(w) € N such that Vj > jo

do(Z,K) < &

Goncalo dos Reis (U. of Edin. & CMA) LDP for McKean Vlasov SDE's Durham Symp., 17 Jul 2017 29 / 35



Proof of Auxilliary Lemmas

Proof of Lemma
Let K. = {g; da(g, K) > ¢}.
Then 36 > 0 such that A(K!) > 1+ 2.

P|Zy € K| < exp(— (1+0)loglog(c))) § _/1%

Hence by Borel Cantelli ]P’[ZC,- € K/ for j i.o.] =0.

Goncalo dos Reis (U. of Edin. & CMA) LDP for McKean Vlasov SDE's Durham Symp., 17 Jul 2017 30/ 35



Proof of Law of Iterated Logarithms

Proof of Proposition (2) - The limit Points

Let h € H s.th. % <1 = &(h) € K. Define (recall W,(t) = W(ut)//u)

o=l =} = o={le ool =

By the Holder topology LDP:
1
PIE] ~ PIF] = B[£0 Ff] < o ( —2loglog(c))) <
However, we also have

ZP[EJ}:oo, Z(P{Ej]—mﬁ-])<oo = Zﬂvmzoo.

Hence

P[Hzc,- —®(h)|la < & i.o.} — i, O
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Outline

@ Outlook and Further Extensions
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Outlook and Further Extensions

o Takeway...

o Existence & uniqueness results, regularity, LDPs in path space, Iterated
logarithm law
o Techniques able to directly deal with the MV-SDE law

@ Outlook

o (Topological characterization) Support Theorem for MV-SDEs
e Existence and uniqueness for the fully coupled case
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Thank you
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