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Introduction

1. As a first result we show that from Schauder or Sobolev-space estimates
for the one-dimensional heat equation one gets their multidimensional
analogs for equations with time-dependent coefficients with the same
constants as in the case of the one-dimensional heat equation.

2. In particular constants in the parabolic estimates do not depend on the
dimension.

3. The method is quite general and is based on using the Poisson stochastic
process.

4. We can also treat equations involving non-local operators and other class
of equations and systems.

5. It seems to be a challenging problem to find a purely analytic approach
to proving such results.

6. I'will only mention some general results of paper. Rather I will try to
show how the method works and the basic idea.
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Some function spaces

C*(R%), « € (0, 1), is the space of all f : R* — R for which the following norm
Ifllco (rey = sup If (%) + [flca (re)
xeRY

fx)—=fy)
[x—y[*

is finite, where [f]c« ge) = sup,,

By C2+%(IRY) we mean the space of real-valued twice continuously
differentiable functions f on IR* having finite norm

”f||c2+oc(]Rd) = sup(\f(x]\ + \Df(x]\ + \sz(x)l] + [Dzﬂca(]Rd],
x€R?

where Df is the gradient of f and D?f is its Hessian.
For a real-valued function f(t,x),t € (0,T), x € RY, write
f €B((0,T),C5(RY)

if f is a Borel bounded function, such that f ) € C°°(]R"’) foranyt e (0,T);
forany n =0, 1, ..., the C"(R?)-norms of f(t, -) are bounded on (0, T), and the
supports of f(t, belong to the same ball.



Parabolic estimates for the one dimensional heat equation

|t x) = Dult, x) +(t,x),  u(0,) =0 (1)
fort € (0,T), x € R. We treat the problem in the integral form:

u(t,x) = JO(DZu(s,x] +f(s,x))ds, t€[0,T], x € R.

Fix oc € (0,1) and p € (1, 00). One knows (see for instance
Ladyzhenskaya-Solonnikov-Uraltseva 1968):

if f € B.((0,T),Cy¥(R)), then there is a unique solution u(t, x) such that
u is continuous in [0, T) x R; u(t,-) € C>***(R), for any ¢ € [0, T], and

sup [u(t,-)[|c+a ®) < No(T, &) sup [[f(t,-)lcem)

tel0,T] te(0,T)
furthermore:
sup |u(t,x)|<T sup |[f(tx)l, (2)
(tx)€[0,TIxR (tx)€(0,T) xR
sup [D?u(t, )lcxr) < No(at) sup [f(t,-)]cx(r), (3)
tel0,T] te(0,T)
HDZ”HL,, (0,T)xR) = <N HfHLp 0,T)xR)” @)

where L,-spaces are defined with respect to Lebesgue measure and Ny (o), N, are
some constants. The previous (2), (3) and (4) are parabolic estimates.
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I Theorem in [Krylov, P.]

Leta(t) = (a(t)) be a d x d symmetric matrix-valued locally bounded Borel
measurable function on (0, T) such that

dl(HANN > AR, te(0,T), A € R%

For any f € B.((0,T),C(IRY)) there exists a unique continuous in [0, T] x R*
solution u(t, x) of the equation

ou(t,x) = aij(t)D;ju(t,x) +f(t,x), u(0,:)=0

in (0, T) x R? such that, for any ¢ € [0, T], u(t,-) € C***(RR?) and, for any
i,j =1,...,d and unit vector | € R?, we have:

sup lu(t,x)| < T sup [f(t,x)| (Max. Principle),

(t,x)€[0,T] x R4 (£,x)€(0,T) x R4
sup [Dju(t, )l ca ri) < N’ (x)No(x) sup [f(t )]ce (R (5)
te[0,T) te(0,T)
sup  [Dfu(t,x+1)camw) < Nola) sup  [flt,x+1)caw), (6)
(tx)€[0,T] x R4 (tx)€(0,T) xRY
2
HD qu (0,T) ><]Rd) N HfHLp 0,T) ><]Rd)’ (7)

where Ny(a), N, are the previous one-dimensional constants.
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Idea of proof when a¥l(t) = 8jj
We are considering in (0, T) x R%:
0;0(t,x) = Av(t,x) +f(t,x), u(0,-)=0 (8)

and show that parabolic estimates hold true with the same one-dimensional
constants.

No analytic methods are available up to now.
We use the Poisson process and random PDEs

Take a sequence 71 = T4 (w), T, = To(w), ... of independent random variables
defined on a probability space (Q, &, P) with common exponential
distribution with parameter A > 0, so that P(t, > t) = ¢ ™ for t > 0 and
n=1,2..... Define

o0

n
Op = 0/ 0y = ZTi/ n= 1/2/"-/ T = T[f(w) = ZIU,,@
i=1 n=1
(where I, <; denotes the indicator function of the event {0, < t}). We see that
7; is the number of consecutive sums of t; which lie on [0, £].

The counting process 7, is known as a Poisson process with parameter A.
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The Poisson process
ForO<s<t<ooand k =0,1,... it holds that
A(t— 5)}ke,7\(t,5)
k! !
A > 0 and moreover, for any ¢ > s > 0, 7; — 71, is independent of the o-algebra
generated by all 7r,, when r € [0, s].

Pl —my =k) =

Let 7t;,_ = limyys 7, s > 0.

Leth € R. We do first some elementary computations related to the generator
of hm; (below in the picture h = 1):

Af(x) =A(f(x+h) —f(x), xeR.
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Generator of hm; with parameter A > 0
Let ug € Cy(R) be a bounded continuous function. Let w € Q such that
n =m(w). We have, for x € R, t > 0, omitting w,
ug(x + hry) — up(x)
= uy(x + hrig,— + h) — up(x + hmg,—) + up(x + hmg, ,— +h) —up(x + hng, )
o+ ug(x + hrig,— +h) —up(x + hmg, )

=Y (uolx+hro,— +h) — ug(x + hrg, )
k=1

= ZJ uo(x + hre— + h) — ug(x + h7t,_)) 8, (ds)

o<t

¢
= J (uo(x +hre +h) —up(x+ hﬂs,))dns (Lebesgue-Stieltjes integral).
0

Applying expectation:
t t

E[J (uo(x + hrs— +h) — o (x + hr, ) )dr| = AJ E[uo(x + hrts + h) — o (x + hr) | ds
0 0

Set v;(x) = v(t,x) = Elu;(x + hm)]. Then
t

v (%) — g (x) = AL [0s(x + h) — vs(x)] ds,

ie., 0;0:(x) = A(ve(x + h) — vs(x)) O



The proof for 9;v(t,x) = Av(t,x) +f(t,x) in (0,T) x R?

We consider d = 2. The general case comes from induction. Thus we need to
pass from parabolic estimates with d = 1 to estimates with d = 2.

I step. Take a function f(t,x,y) in B.((0, T), C¥(IR?)) and for each w € Q and
y € Rsolve:

atu(t/x/y/ (,U) = Diu(tlx/yrw) +f(t;x,]/ _hﬂt(w)) (9)

with zero initial data, where & € R is a parameter. We often do not indicate
the dependence on w. Moreover, we also drop the dependence on /.

There exists a unique solution u(t, x,y), depending on y, h and w as
parameters, such that main estimates (2), (3), and (4) hold for each w, i and
y € R with the same constants if we replace u(t, x) and f(t, x) with u(t, x,y) and
f(t,x,y — hm,), respectively.

Furthermore, since f € B.((0, T), C¥(IR?)), one can prove that u(t, x, y) is
uniformly continuous with respect to y uniformly with respect to w, t, h, and x

Let us see what equation is verified by

u(t,x,y + hm)



By considering u(t, x, y 4+ hm) on each interval [0y, 0,.41) on which hm, is
constant, one easily derives that

t
u(t,x,y+hm) = J [Dfu(s,x,y + hry) + f(s,x,y)] ds + J g(s,x,y)dms  (10)
0 (0,¢]

t
= J [Du(s,x,y +hm) +£(s,%,y)ds + Y glon,x,y),
0

o<t

where
(s, x,y) =uls,x,y+h+hm,_) —u(s,x,y+ hms_) (11)

is the jump of u(t, x, y + hm) as a function of t at moment s if 7r; has a jump at s.

Recall 7, = limys 71, 5 > 0.
For instance, if t € [0, 02) we have

t
u(t,x,y+hm)=u(t,x,y+h) = J [D2u(s,x,y + ) + (s, x,y)] ds

o1

o7
+u(oy,x,y+h) —u(oy,x,y) + J [D3u(s,x,y) + f(s,x,y)] ds.
0
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Let
v(tl x/y) = E[T/l(t, x/y + h'r[f)}

We get, forany t € (0,T), x,y € R,
t
o(t,x,y) = J (D2u(s, x,y) + Alv(s, x,y + h) — v(s,x,y)] +f(s,x,y))ds.
0
I step. Letf € B.((0,T),C?(IR?)), h € Rand A > 0. Then there exists a unique
bounded continuous function v(t, x,y), t € [0,T], x,y € R, satisfying
atv(tl x/]/) = Div(t/ x/]/) + )\[U(tl x/y + h) - U(tl x/}/)] +f(t/x/]/) (12)

fort € (0,T), x,y € R, with zero initial condition and such that v(t,-,y) € C***(R)
foranyt € (0,T),y € Rand

sup  |lolt,, Y)llczrar) < No(T, &) sup It y)llcem)
(ty)el0,TIxR (ty)€(0,T) xR

Furthermore with No(o) and N, as in (3) and (4):
sup fo(t,z)I<T sup  [f(t2),

(t,2)€[0,T]xR? (t,2)€(0,T) xR?

sup  [D¥(t,, y)lexw) < Nola)  sup [t y)lcam), (13)
(ty)€[0,TIxR (ty)€(0,T) xR

||D§v||i (0,T) xR2) N Hf” ((0,T) xRR2)
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Recall that by uniqueness v(t,x,y) := E[u(t,x,y + hm)].
Let us only check

Y
HvaHL (0,T) ><]R2) N ”fHLp 0,T) ><]R2)

We compute, using also Jensen inequality and the Fubini theorem,
ID3oll} J (E[DZ ult,x y+h7t,)]|”dtdxdy
v [0,T] X R2
J dtJ [ID2 (t, %,y + hm)v’} dxdy
0

J J \Dzu(t x, z|P ]d*cdz

L{d J J [|D2 (t, x,zv’]dx
N, JR dz Jo dt JIR [f (£, x, zPdx.

We have also used invariance by translation of the Lebesgue measure.
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III step. By repeating the above argument, we see that
w(t,x,y) = Ev(t,x,y — hm)
satisfies
dsw(t, x,y) = D2w(t,x,y)
+ Alw(t,x,y +h) —2w(t,x,y) +w(t,x,y —h)] + f(t,x,y) (14)
and admits the same parabolic estimates as before (with the same constants)

Then we take A = h~2 in (13) and let & | 0.

By using Ascoli-Arzela, one can show that the solutions w = wy, of (13) with

A = h™2 converge to a function v(t, x,y), that is infinitely differentiable with respect
to (x,y) for any t with any derivative continuous and bounded on [0, T) x R?,
(equals zero for t = 0); it satisfies

0:0(t, x,y) = Ayolt, x,y) + f(t,x,y) (15)

in (0, T) x R? and for which all the parabolic estimates hold true with the
same constants.

Bounded continuous in [0, T] x R? solutions of (14) having continuous second-order
derivatives with respect to (x,y) and vanishing at t = 0 are unique, and we get that, for
any such solution the previous parabolic estimates hold true with the same constants.
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IV step. Take a unit vector /; € IR? and a unit vector I, € R? orthogonal to [;.
Let S be an orthogonal transformation of IR? such that Se; = I;, i = 1,2, where

ey, e, is the standard basis in R?, and set f (£, xe; + ye2) = f (£, x,y),
o(t, xey +yea) = v(t, x,y),

S(x,y) =xl +yb, glt,xy) =f(tS(xy), wltxy) =o(tSxy).

Since the Laplacian is rotation invariant, we have
oiw(t,x,y) = Aw(t,x,y) + g(t, x,y)
and, since g is as regular as f, we conclude by defining

|g(t/ X1, y) *g(tl X2, y)l

K= sup sup
(L) €(O,TIXR %2 ERx %3 [x; — xp|
that X 2
D w t/x ’ - D w t,x ,
Sup Sup ‘ X ( 1 ]/) ~; ( 2 ]/)\ < No(o()K
(ty)E0,TIXR x1#x; |1 — x|
Observe that

Diw(t,x,y) = (D} v)(t,S(x,y)) = (D} v)(t, xhh + yh),
where Dlz = liljD,‘j and Di = a/axi, Dz‘j = Dl‘Dj.

14
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Therefore, the left-hand side of (15) equals

IDlzlv(t, ph 4+ xh +yl) — Dlzlv(t, vl + xly + yb)|

sup sup

(ty)EO,TIXR x,v,nER,u#v |H - V|(x
|Dlzlv(t, wh +z) — Dlzlv(t, v + z)|
= sup sup = .
(tz)E0,TIXR? 1u#Y =l

Similarly the right-hand side of (15) is transformed and we get that for the
bounded continuous in [0, T] x IR? solution v of (14) having continuous
second-order derivatives with respect to (x,y) and vanishing at ¢t = 0 and any
unit vector I € R?:

ID?o(t, Wl + z) — D?v(t, vl + z)|
sup  sup

(t2)€0,TIxR2 H#V [ — v
<No(a) sup  sup [f(t, pl+2z) —f(t, vl +z2)|
A .
(tz)€(0,T)xR2 H#V |lw—v]x

Since the Jacobian of the above S(x,y) equals one, for any unit vector I € IR?

T T
J J IDv(t, z)P dzdt < NPJ J [f(t,z)F dzdt. O
R2 0 Jr?

0
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A remark on the previous proof
We have considered w = wy,

dw(t,x,y) = Diw(t,x,y)

+ o loltny+h) ~ 200, v y) ol oy —h) +fbry)  (7)

One can apply the finite-difference operators with respect to (x,y) of any
order to (16); these operators are obtained by compositions of the first order
difference operators like

50(z) =r o(z+re) —v(z)], i=12,
where ¢; is the ith basis vector and r > 0.

By the Maximum Principle and the fact that any derivative of any order of f is
in B.((0,T), C3(IR?)), we conclude that any finite-difference of any order of wy,
is bounded on R? uniformly with respect to t and h.

It follows that wy, is infinitely differentiable with respect to (x,y) and any
derivative of any order is bounded on [0, T] x R?.

Then equation (16) itself shows that these derivatives are Lipschitz
continuous in ¢.
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Thus, the family w, is equi-Lipschitz in each compact set of [0, T] x R? and
the same holds for any derivative with respect to (x, y) of wy,.

We can apply the Arzela-Ascoli theorem on [0, T] x {|(x,y)| < R}, R € (0, 00),
along with any derivative with respect to (x, y) of wy, and 0,wy, .

Writing (16) in the integral form and passing to the limit as # — oo, we
conclude that there exists a continuous function v(¢, x,y) in [0, T] x R?, which
is infinitely differentiable with respect to (x, y) with any derivative bounded
on [0, T] x R?.

Hence, the equation

atu(t/x/y) = Ax,yu(t/ x/y] +f(t/x/y)

holds in integral form on (0, T) x R2. O
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On the proof for 3;0(t, x) = Tr(a(t)D3v(t, x)) + f(t, x)

We have to solve

d,0(t,x) = Tr(a(t)D*v(t,x)) + f(t,x), ©v(0,-)=0 or

9:0(t,x) = Av(t, x) + Tr(c(t)D2o(t, x)) + f(t,x), withc(t) =a(t) -1

We start from
00(t, x) = Av(t,x) +f(t,x) (18)

Let & € R and consider the unit vector e; € RY. We define
t
bt = J VvV C eldm Z \C Gk
0 o<t
If we replace f (t, x) with f(t, x — hb;), for each w, in eq. (17), one derives that

u(t, x + hb;) satisfies

t
u(t,x + hb;) = J [Au(s, x + hbs) + f(s, x)] ds + J gls, x)dm,,
0 (0,t]

where

g(s,x) :==u(s,x +h+/c(s) ey + hbs_) —u(s, x + hb,_).
18



Let
v(t,x) = Eu(t, x + hby).

Then we arrive at
0;0(t,x) = Av(t,x) + Ao(t, x + h/c(t) er) —v(t, x)] + f(¢, x).
After that we solve

orw(t, x) = Aw(t,x) + Aw(t, x +h~/c(t)er) —w(t, x)] + f(t, x + hby)
and repeating the previous arguments we conclude that for each & > 0 there
exists a unique solution uy,(t, x) on [0, T] x R? to

Osup (t, x) = Auy(t,x) + (8, x)

+h 2wy (8, x 4+ hJe(t) er) — 2up(t, %) + up(t,x —h/c(t) e1)]

in (0, T) x R* with zero initial condition and for which all estimates claimed
in the theorem hold true. Passing to the limit as before we get

0,w(t, x) = Aw(t, x) + (D*w(t,x) \/c(t) ey, \/c(t) er)
By adding other terms we arrive at

d
dw(t,x) = Awl(t,x) + Y (D*wl(t,x) \/c(t e, \/e(t)er) O
k=1 49



An example from [Krylov-P.]

Letd =2, x € (0,1), and L; = A. We know that for any

f € B.((0,T),C(R?))

the equation (we write f (£, x) = f;(x))

t
u(x) = JAMS )+ filx t<T,xeR?

has a unique continuous solution such that

sup [uy(x)| + sup J . 1 (x)] dx
R

(tx)€[0,T] xR2 te(0,T]
T
<N0|:J J [fi (x)| dxdt + sup |ft(x]\:|,
0 JR? (Lx)€10,TI xR

sup [Dfu]ca g2y < N sup [flca ey, VIl =1,
t€(0,T] te[0,T]

where Ny and N, are some constants.

20
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We can prove that the equation

i (x) = J [ty (x) + Mty (x) + fu ()] ds,
0
where
Mo(x) = (x*)*D11d(x) — 2x'x*D1od(x) + (x!)*Danp(x) (21)
—x'D1p(x) — ¥*Dard(x)

has a continuous solution, which satisfies estimates (18) and (19) (with the
same Ny and N).

It seems that this is an unexpected new result. m]
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The general results

Let W be a set consisting of real-valued (Borel) measurable functions
u=u =u(x) =u(t,x)on[0,T] x R%.

Let § be a commutative group of affine volume-preserving transformations
of R%. If g,h € G by ¢h we mean the composition of the two transformations.

If f(x) is a function on R? and g € G, we define (gf)(x) = f(gx), where gx is the
image of x under mapping g.

By B((0,T),SG) we denote the set of bounded measurable G-valued functions
on (0, T), B(RY) is the set of Borel bounded functions on IR¢, B([0, T] x R? is
the Borel o-field in [0, T] x R?.

Fix a constant K € [0, o).

Hypothesis (1)
(i) For any u € W we have sup , ., (o g 14 (x)] < K.

(ii) (Convexity of W.) If (Q, F, P) is a probability space and u(w) = u;(w, x) is
an F x B([0, T] x R%)-measurable function such that u(w) € W for any w,
then the function E[u;(x)] belongs to W.

(iii) (“Shift” invariance of W.) For u € W and any bounded measurable
G-valued function g; given on [0, T], the function u;(gx) is in W.
23



Example

Fix a constant K € (0, 00) and let W be the set of Borel functions on [0, T] x R
satisfying, for each t € [0, T],

0 < uy(x)

N

1, J u?(x) dx < K.
R
Then Hypothesis 1 is satisfied if G is the group of translations of IR.

Next, let L := {L;,t € (0, T)}, be a family of linear operators

L : CP(RY) — B(RY)

and take and fix

f€B(0,T),CF(RY), up e B(RY).
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Hypothesis (2)
The couple (L,f) is W-regular in the following sense.

(i) (§ and L commute.) Forany ¢t € (0,T) and g € G, we have gL; = L;g.
(ii) For ¢ € C*(R?), Li¢(x) := (L;C)(x) is measurable with respect to (t,x) and

J |L;C(x)|dtdx < oo.
[0,T] x RY
(iii) There is a mapping B((0,T),3) — W sending h € B((0,T), §) into
ulh] € W such that u = u[h] has initial condition 1, and satisfies
duur(x) = Lju(x) + (hfy)(x), t€(0,T], xeR? (22)
(iv) For any h',h" € B((0,T), 9) and (t,x) € [0, T] x R?, we have

t

[ [1'](x) — u ("] (x)] < K J sup |f,(hyy) — fr(h"y)| dr. (23)

0 yG]Rd

u € W satisfies (21) with initial condition u if, for any ( € CS“(IR“), te[0,TI,

(1, ) 1= f

el

s (1) (0 = (10, ) + L(uq,LcdH J hfer Q)
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Theorem
Assume Hypotheses (1) and (2). For any gV, ...,¢™ € B((0,T), §) and
A1, A = 0, the couple, consisting of the family of operators L, such that

n
Li=L;+) Mg —1),
i=1

where 1 stands for the operation of multiplying by one, and f, is W-regular.
Now we add another assumption:
Hypothesis (3)

For any sequence u* € W and a bounded function u = u(#, x) = u(x),
(t,x) € [0, T) x R?, such that

J u’;(x)ax)dHJ e
R4

R4

(24)

forany t € [0,T] and C € Cgo(]Rd), there exists w € W such that w; = u; (a.e.)

on R for any t € [0, T].
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Let % be a subset of the space of affine transformations of RY and suppose that
G={e":teRveN, (25)

where by ¢'¥ we mean a transformation g(t) defined as a unique solution of
the equation

t

gt)y=1 +J vg(s)ds. (26)

0

We keep the assumption that G is a commutative group of volume-preserving
transformations.

With any v € 9t we associate an operator M, acting on smooth functions
¢ : R" — R by the formula

dz

M\/d)(x) = (d&)z

b(ex)|,_y = (vx) (vxV Dy (x) + (v*x — v0) Dicp(x).

e=0
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Example (1)

Let I be a unit vector in R? and define a transformation v = v; by vix =1Ilon
R?. Then (25) becomes

t t

vg(s)xds:x+J lds = x + tl.
0

g)x =x+ J

0
Observe that in this example, for smooth ¢, we have M, ¢(x) = D?¢(x).
Thus, if % = {v,: ] € R%, |I| = 1}, then § is the set of shifts of R? and G is a
commutative group.

Example (2)

Let vx = Qx, where Q is a skew-symmetric d x d-matrix as in the previous
example (see (20))

Then gix = eV x = (exp[tQ])x, where exp[tQ] is an orthogonal matrix. In this
example, for smooth ¢,

M, ¢(x) = (Qx)'(Qx) Dy (%) + (Q*x)'Didp (x).
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A further result
Let W, G, L, up, and f satisfy Hypotheses (1), (2) and (3). with G from (24).

Then, for any pV), ..., u™ € B((0, T), %) equation (21) with

n
L; + Z MM(I')
i=1
in place of L; and initial condition u, has a solution in W.

To apply this result to Example (2) we fix the datum f and denote by Ay and
Ag the right-hand sides of (18) and (19), respectively. Then introduce

W ={ueB([0,T] x R?) :u; € C2**(R%), t € [0, T}, sup  Juy(x)|
(tx)€[0,TI xR2

+ sup J luy(x)] dx < Ap, sup D?uy] -« )2 S Ag VI € 51},
te[0,T] JR? te(0,T]

and let ® = {tQ: t € R}, where Q = (Q;) is a 2 x 2-matrix, Q" =0,Q"” =1,
Q' =—1,i=1,2. Q is skew-symmetric and G = {¢’%;t € R} is a group of
rotations of R?.

One can check the hypotheses for W and N, 1y = 0 and A in place of L;. m]
20
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A useful lemma

Lemma
Let u € C***(IR%) be such that, for any unit vector | € R?, we have

sup [D,Zu(x +1)]exr) < 1.
xeRY

Then there exists a constant N'(«) such that for any i,j = 1, ...,d we have

M= [Diju]ca(w) < N,(OC).
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A hyperbolic system taken from the Evans book on PDEs [Evans]

0suf (x) + B Djuf (x) = g} (x) (27)
r=1,..,m,in (0,T) x R? with zero initial condition, where the m x m
constant matrices B; := (B;"),j =1,...,d, are such that for any & € R?, the

matrix &/B; has m real eigenvalues. Assume that g;(x) = (g/(x)) is an
R™-valued measurable functions such that

T
L 1¢ 120 (e df = A < 00,

where s > m +d/2 and H*(R%; R™) = W5(IR%; IR™) are the usual fractional
Sobolev spaces of IR”-valued functions.

By following the proof of Theorem 5 in §7.3.3 of [Evans] one arrives at the
conclusion that (26) with zero initial condition has a unique solution in class
W, which consists of measurable functions 1 = u;(x) on [0, T] x RY, such that
u; € COHIRY; R™) (here CO!(RY; IR™) is the usual space of R"-valued Lipschitz
functions on R?) for any t € [0,T] and

Hu”Lz([O,T]X]Rd’.]Rm) + sup HutHcO,l(]Rd’.]Rm] < N,A, (28)
te[0,7]

where N’ is a constant independent of g.
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Now take a bounded measurable d x d-matrix valued function a = a; which is
symmetric and nonnegative for any t € [0, T].

Define o; = a} /2 One knows that 0 is also measurable and if (r,m is the ith
column of o(t),i =1,..,d, then for smooth ¢ = ¢(x)

d
a/Djb =) Di[(,»)d)
i=1
Therefore, by our last theorem, system (26) with the additional terms on the

right-hand side aif Djjuj(x) has a solution of class W.

In particular, estimate (27) holds for the solution of the new system with the
same right-hand side. The system seems to be of unknown type.

It is worth mentioning that the fact that estimate (27) holds for the new
system with a constant N’ independent of a can also be obtained by closely
following the proof of Theorem 5 in §7.3.3 of [Evans].

Still, what is important, we do not need to know how the initial result about (26) was
obtained
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A stochastic Poisson type process with values in G

Take g € B((0,T), G), extend it to [0, 00) by setting go =1l and g =1fort > T,
where 1 is the operator of multiplying by 1.

Define by = Iy(w) € Gfort > 0and w € QO by

by = g(rnhm,f for t ¢ [oy, O<n+1)/ (29)
n=0,1,.., where 0p— = 0— := 0 and hpx := x, x € R%.
In other terms,

ht = Hgon = chy,Af-

n<my n<my

Observe that the random variables o, /\ t are F;-measurable.

Since g; is measurable, g, A; is F;-measurable. It follows that /; is
Ji-measurable for each ¢, or, in other words, the process h; is F;-adapted.
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On the case L} =L; +A(g—1)
Let ¢ be a test function and fi € B((0,T), §).

We prove that for each w and t € [0, T] we have (h; = h;(w) as before)

t

(W], L)) = (10, ) + J (uslhfi], Lo (h, ) ds
0

+J (hohefe, () ds
0

+ J [(us [hfl], C(gshsf)) - E‘s—] dT[s
(0,t]

where

& = (u [hfl], C(hy-)).

Then introduce X
w(x) = Eluy[h(w)h] (7 ' (w)x)]

We find

t
w(x) = uolx) + L[”“”(") LA — Dw(x) + hf, (0] dr.

35



