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Introduction

•Physicsofelementaryparticlesdescribedbyrelativisticquantumfieldtheories

•Fieldtheorieshaveextended“lump”solutions-topologicaldefects

•Lawofmotion:acceleration∝meancurvature,extremalarea(Nambu-Goto)

•PhasetransitionsinearlyUniverse:phaseorderingkinetics&dynamicscaling

(Rajantie
a
:defectformation)

•String&M-theory:p-dimensionalsurfacesinDdimensions:branes

Fundamental&“solitonic”.

•BranegasUniverse.
b

aA.Rajantie,Int.J.Mod.Phys.A17,1(2002)
bR.H.BrandenbergerandC.Vafa,Nucl.Phys.B316,391(1989);

S.Alexander,R.H.BrandenbergerandD.Easson,Phys.Rev.D62,103509(2000)
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Thistalk

•Modelfieldtheories&numericalsolutions
a

•Dynamicscalingfor(domainwalls&stringsin2&3dimensions)

•Nambu-Gotoapproximation
b

•Levelsetmethod
c

aVincent,Antunes,Hindmarsh,PRL80,227(1998)[arXiv:hep-ph/9708427];Garagounis&Hindmarsh

Phys.Rev.D68103507(2003)[arXiv:hep-ph/0212359]
bSmith&VilenkinPRD36,990(1987);Vincent,Hindmarsh,SakellariadouPRD56,637(1997)
cHindmarsh,PRL77,4495(1996)[arXiv:hep-ph/9695332];Phys.Rev.D68,043510(2003)[arXiv:hep-

ph/0207267/]
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Asimplefieldtheory

Scalar(real)fieldφ(x,t)inDdimensions(“Higgs”field).Lagrangiandensity:
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Aphasetransitioninaction

EarlyUniverse:T∝t
−1/2

:departurefromequilibriumatphasetransition

•Model:T�Tc→T�Tcinstantaneously,

•Dissipation:ηφ̇(modelsexpansionofUniverse:η→0ast→∞)

Results:

•φquicklyreaches±valmosteverywhere

•Domainwallsappear
a

aroundsurfacesφ=0(φ=vtanh(µz/
√

2))

•evolutionofwallsisself-similar:Area∝t
−α

,withα'1.
b

Similartophaseorderingdynamics
c

incondensedmatter.

aRelateddefectformation:Rajantie,Int.J.Mod.Phys.A17,1(2002)[arXiv:hep-ph/0108159].
bPress,Ryden,Spergel,ApJ(1990),GaragounisandHindmarsh,arXiv:hep-ph/0212359(2002)
cBray,Adv.Phys.(1994)
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Simulationsofscalarfieldtheory

∂
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Solve,inR
D
×[ti,tf],withη→0whent�ti.

Numericalapprox:periodiccubiclattice,spacing∆x,sizeL.
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Timeevolution:Leapfrog(Verlet).LetF
n
x=4

2
φx−V

′
(φx)

φ
n
x=φ
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2

x·∆t,
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2
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x+F
n
x·∆t]/(1+η∆t/2),

NBSimulationstopsattf=L/2(periodicboundaryconditions).
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Simulations:initialconditions

•φx(ti),φ̇x(ti)drawnfromGaussianRandomField.

•SimulateshighT,if〈φ
2
x〉=T

2
/24and〈φ̇

2
x〉=π

2
T

4
/180

•Scalinghypothesis:Resultsast→∞insensitivetoinitialconditions(?)
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2Drelativisticdomainwallsimulation

Simulationdetails:
a
∆x=0.7,∆t=0.3,L=400

t=0η=1t=30η=0t=60η=0

t=90η=0t=126η=0

aGaragounisandHindmarsh,arXiv:hep-ph/0212359(2002)

http://www.pact.cpes.susx.ac.uk/arXiv/hep-ph/0212359/
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Domainwallscaling

2Dsimulations.
a

Iflengthdensity
b
L/A∝t

−1
,thenξ=(A/L)∝t

Linearfittoξ(t)=ξ0+At

Averageof4simulations.

Cooling:

η=0.2,ncool=210,

Lattice:

∆x=0.7,∆t=0.3,N=900
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ξ

Characteristic lengthscale of 2D walls

aAlso:Press,Ryden,Spergel(1990);Coulson,Lalak,Ovrut(1996);Larsson,Sarkar,White(1997)
b2DlengthdensityL=〈δ(φ)|∇φ|〉.Numerically:(weighted)sumoflinksx,iwithφxφx+i<0
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DomainwallsintheUniverse

Q:AretheredomainwallsintheUniverse?

A:No-unlessverylight

DynamicscalingpredictsthattherewillbeO(1)domainwallstretchingacross

observableUniverse.ShouldseeinCosmicMicrowaveBackgroundunless

σ<∼(1MeV)
3
.
a

ManyextensionsoftheStandardModelofparticlephysicshavedomainwalls(e.g.

spontaneousCPviolation)–constrainedbycosmology

aZel’dovich,Kobzarev,Okun’Sov.Phys.JETP(1975)
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AbelianHiggsmodelphasetransition

AHMhasvortex“solitons”.

•Rapidquenchmakesvortices
a

-cosmicstringsin3D

•Evolutionofstringsisalsoself-similar

•Lengthdensity(L/V)∝t
−β

,withβ'2

Q:AretherecosmicstringsintheUniverse?

A:Maybe...
•stringmassdensityρs=µ(L/V)constantsmallfractionoftotalρ∝1/Gt

2

•GUTstrings(Gµ∼10
−6

)produceperturbationsδρ/ρ,δT/T'10
−5

.

But...CMBfluctuationsmostlynotfromstrings
b

But...particleproduction–toomanycosmicrays(Gµ<10
−9

)?
aM.H.andA.Rajantie,Phys.Rev.Lett.85(2000)4660–63.
bCOSMOSConsortium:Magueijo,Albrecht,Ferreira,Coulson1996;Albrecht,Battye,Robinson1997;

Avelino,Shellard,Wu,Allen1998;Contaldi,Magueijo,Hindmarsh1999;BattyeandWeller1999.
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SimulationsofAbelianHiggsmodel

Numericalsimulations:replaceA(x,t)withθi,x=

−eaAi,x(t)definedonthelinksofacubiclattice.Elec-

tricfieldEi,x(t)=θ̇i,x
x+i

x+j
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x
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Numericalapproximations:

Diφ(x)→(Dφ)i,x=(e
−iθi,x

φx+i−φx)/a

1

2
B

2
→

1

2a4e2

∑

i,j

[1−cos(θi,x+θj,x+i−θi,x+j−θj,x)]

Timeevolution:Leapfrogalgorithm.AccuratetoO(h
2
).Preservesdiscrete

versionofGauss’sLaw∇·E=ρ.

Initialconditions:

•Gaussianrandomfieldonφ,butθi,x=0.

•Twodissipationperiods:(1)e=0(2)eincreasingtofinalvalue.
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Cosmicstringscaling

Iflength
a

densityL/V∝t
−2

,thenξ=√(V/L)∝t

Averageof5(10)simulations

Field:e=1,λ=2,

Lattice:∆x=0.5,∆t=0.15,

N=432(360)

Fitsto:

ξ(t)=ξ0+At,

ξ(t)=ξ0+At/
√

log(Bt)
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3
)

Time

ξ

Log corrected fit
Linear fit       
Data             

LogcorrectionpredictedbyLevelSetmethod
b

(seelater)

aLetnsbenumberofplaquettespiercedbystring(assignedbygeodesicrule).ThenL=ns∆x.
bHindmarsh(2003)
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Idealstrings-Nambu-Gotoapproximation

Limitw/R→0?(w–widthofdefect,R–anycurvatureradius).Ifso,

Seff∝Area+O(w
2
/R

2
)

Minkowskispace-time:coordinatesx
µ

,withµ=0,...,D.

Metrictensorηµν=diag(−1,+1,...,+1).

Twowaysofspecifyinglocationofwall:

•SurfacecoordinatesX
µ
(σ

α
),

•Equationu(x)=0.

u(x) < 0

σ

σ
0

1

X(  ) σ

u(x) = 0

u(x) > 0

Newcoordinatesξ
µ
(x)={σ

α
(x),u(x)},withα=0,1,...,D−1.
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Motionofthindefects

Embeddingmetricγαβ=∂αX·∂βX.HenceSeff'−σ
∫

d
D

σ
√
−detγ

RelativisticwallsinR
2

Canchoosecoordinatess.t.γαβ∝diag(−1,1)andσ
0

=X
0
≡η.

Seff'−σ
∫

dηdσ
√

(1−Ẋ2)(X′)2whereẊ=∂X/∂η,X
′
=∂X/∂σ

Constraints:Ẋ
2

+X
′2

=1,Ẋ·X
′
=0.

Equationsofmotion:Ẍ−X
′′

=0

Acceleration=Curvature

Worldsheetis2dextermalsurfaceembeddedin3DMinkowskispace.

Non-linearityatself-intersections(fromfieldtheory)
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Numericalsolutionsforthinlinedefects(strings)

Generalsolution:X(σ,η)=
1
2(a(σ−η)+b(σ+η)),witha

′2
=1=b

′2
.

NoteX(σ,η+δ)=X(σ+δ,η)+X(σ−δ,η)−X(σ,η−δ)

σ

(a)

σ,η+δ

(b)

η

σ−δ,ησ+δ,η

σ,η−δ

σ,η−δ

σ,η+δ

v

X(mδ,0)isonevenelementsofsquarelattice

X(mδ,δ)isonoddelementsofsquarelattice







X(mδ,nδ)alwaysonsquarelattice.
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Numericalsolutions:allowedconfigurations

Diagonal

Stationary

on 2-d lattice

  

1/sqrt(2)1/sqrt(2)

Cusp

Link type

0

example

(-1,0,0)

(1,0,0)

picture of example

(1,1,0)(1,-1,0)

example 

1 0

1

tangent velocity  vu

v=0

v=0.707

v=1

y

xx

y



DynamicalScalinginTopologicalDefectNetworksMarkHindmarsh(Sussex)19

3Dsimulationsofthinstringsonthelattice

Approximatescaling(ξ=√(V/Lstring)),whereLstringexcludesshortestloops.
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η

ξ

Atendofsimulationmostofstringintheformofshortestloops(entropy).

Fieldtheory:energyofdefectsgoestowavemodesoffield.

ConsistencyofNambu-Gotoapproximation?
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Levelsetmethod

Considerp-dimensionalsurfaceinD+1-dimensionalspacetime(Brane).

Metricgµν=a
2
(τ)diag(−1,+1,...,+1)(cosmology:a(τ)=τ+τ

2
).

Twowaysofspecifyinglocationofbrane:

•SurfacecoordinatesX
µ
(σ

α
),

•N=D−pequationsu
A
(x)=0.

u (x) = 0 1

u (x) = 0 2

Newcoordinatesξ
µ
(x)={σ

α
(x),u

A
(x)},withα=0,1,...,p,

A=1,...,N(codimensionofsurface).

Newmetricatu
A

=0:

Gµν=





γαβ0

0(h
−1

)AB





with
γαβ=∂αx·∂βx

h
AB

=∂u
A
·∂u

B
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Extremalbranes

Invariantp+1-dimarea(γ=detγαβ,g=detgµν,h=deth
AB

):

A[X]=

∫

d
p+1

σ
√

−γ(X),A[u
A
]=

∫

d
d
x√−g

√
hδ

N
(u)

Equationofextremalareabrane:

δA[X]

δXµ(σ)
=

(p+1)
�X

µ
(σ)+Γ

µ
νργ

αβ
∂αX

ν
∂βX

ρ
=0

EquationforNfieldsu
A
(x)whosezerosareextremalbranes:

[

g
µν

−hAB∂
µ
u

A
∂

ν
u

B
]

(∂µ∂νu
C
−Γ

ρ
µν∂ρu

C
)δ

N
(u)=0.

NB1Projector:P
µν
‖=γ

αβ
∂αX

ν
∂βX

ρ
=

[

g
µν

−hAB∂
µ
u

A
∂

ν
u

B
]

NB2ExtrinsiccurvaturesK
A

=P
µν
‖∇µ∂νu

A
=0.
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Randombranenetworks:Meanfieldequationforu
A
(x)

Letu
A
(x)beaGaussianrandomfield(GRF)

Averagethefieldequationforu
A

withrespecttoprobabilitydistribution

dP[u
A
]=

∏

C

Du
C

exp

(

−
1

2

∫

(dx)(dy)u
A
(x)C

−1
AB(x,y)u

B
(y)

)

.

2-pointcorrelatorC
AB

(x,y)=
〈

u
A
(x)u

B
(y)

〉

=C(τx,τy,|x−y|)δ
AB

.

WriteC(τ,τ,0)=C(τ)

Obtainlinearisedequationoftheformü
C

+
µ(τ)

τu̇
C
−v

2
∇

2
u

C
=0.

µ,v
2

dependonT(τ)=
〈

u̇
2
〉∣

∣

x=y,S(τ)=
〈

(∇u)
2
〉∣

∣

x=yandα=τȧ/a.

Self-consistentsolutionforµ,v
2

(withν=±(1−µ)/2)

u
C
k(τ)=A

C
k(τ/τi)

(1−µ)/2+ν
Jν(kvτ)/(kvτ)

ν
,
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Areadensities

Properareadensityofp-braneindspace-timedimensions:

A
p
D(x)=

∫

d
p+1

σ
′√−γδ

d
(x−X(σ

′
))/√−g.

Intermsoffieldsu
A
(x):A

p
D=δ

N
(u

A
)
√

h.

Recallh=deth
AB

,h
AB

=∂µu
A
∂νu

B
g

µν
.

Projectedareadensityofp-braneinDspacedimensions:

A
p
D=

∫

d
p
σ
′√γDδ

D
(x−X(σ

′
))/√gD,

gDijisspatialpartofmetric,γDab=∂aX
i
∂bX

j
gDij,(a,b=1,...,p).

Intermsoffieldsu
A
(x):A

p
D=δ

N
(u

A
)
√

hD,whereh
AB

=∂iu
A
∂ju

B
g

ij
D.
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Averageprojectedareadensity

N=1Domainwalls
a

〈

A
D−1
D

〉

=

√

S

πC

Γ[(D+1)/2]

Γ(D/2)
,

HigherN:

Scherrer&Vilenkin(stringsinD=3):

stringlocatedattheintersectionoftwo

surfacesu
1

=0andu
2

=0.Hence

A
2
3=A

1
2A

2
3,

u (x) = 0 1

u (x) = 0 2

Generalformula:

A
p
D=

D−p ∏

n=1

A
D−n
D−n+1=

(

S

πC

)

N/2
Γ[(D+1)/2]

Γ[(D−N+1)/2]
.

aagreeswithOhta,Jasnow,KawasakiPRL49,1223(1982)
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Areadensity:quantitativeresultsforN=1

D=3A
2
3=

2
π

√

S
CD=2A

1
2=

1
2

√

S
C

αTheorySimulationTheorySimulation

01.91τ
−1

0.88(0.14).τ
−1.00(0.03)

1.11τ
−1

0.77(0.23).τ
−0.99(0.03)

12.02τ
−1

0.93(0.13).τ
−0.99(0.01)

1.18τ
−1

0.93(0.17).τ
−1.00(0.02)

22.16τ
−1

0.96(0.12).τ
−1.00(0.01)

1.24τ
−1

1.15(0.23).t
−0.99(0.01)

NBSimulations:Garagounis&Hindmarsh(2003)
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Areadensity:quantitativeresultsforN=2

D=3A
1
3=

S
πC

αTheorySimulation

03.6τ
−2

log(τΛ)(11±1)τ
−2

16.8τ
−2

(24±8)τ
−2

27.1τ
−2

(18±5)τ
−2

NB1Simulations:G.Vincent,N.D.AntunesandM.Hindmarsh,Phys.Rev.Lett.80,

2277(1998)[arXiv:hep-ph/9708427];J.N.Moore,E.P.ShellardandC.J.Martins,

Phys.Rev.D65,023503(2002)[arXiv:hep-ph/0107171].

NB2LogfitsnotattemptedtolengthdensityinMinkowskispace.



DynamicalScalinginTopologicalDefectNetworksMarkHindmarsh(Sussex)27

Areadensities:quantitativeresults(Minkowskispace)

NDTheoryFieldsimulation

121.91τ
−1

0.88(0.14).τ
−1.00(0.03)

131.11τ
−1

0.77(0.23).τ
−0.99(0.03)

233.6τ
−2

log(τΛ)(11±1)τ
−2

N=1:SimulationsfromGaragounis&Hindmarsh(2003)

N=2:SimulationsfromG.Vincent,N.D.AntunesandM.Hindmarsh,Phys.Rev.

Lett.80,2277(1998)[arXiv:hep-ph/9708427];J.N.Moore,E.P.Shellardand

C.J.Martins,Phys.Rev.D65,023503(2002)[arXiv:hep-ph/0107171].
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Summary

Simulationsofrandomnetworksofp-branesevolve(incosmologicalspacetimes).

•Dynamicscalinghypothesis:networkhasasinglelengthscaleξ,withξ∝τ
z

•Fieldtheories(N=1,2inD=2,3)consistentwithξ∝τ(corrections?)

•Nambu-GotoinD=3:consistentwithξ∝τ(logcorrectioninMinkowski)

•Levelsets:ξ∝τ.ScalingamplitudesforwallsandstringsinD=2,3

Futuredirections:

•Levelsets:simulationswithhigherD,simulations&calculationswithhigherN.

•Nambu-Gotoapproxforextendeddefects?Asymptoticbehaviour.

•Physics:observationalconsequences(CMB,matterdensity,cosmicrays).


