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Integrability: variety of approaches

Classical (Hamiltonian) mechanics

• Separation of variables in the Hamilton-Jacobi equation
• Hidden symmetries (Kepler problem etc.)
• Lax matrix method (inverse scattering etc.)

Quantum mechanics

• Separation of variables
• Hidden symmetries (quantum groups etc.)
• Bethe Ansatz (coordinate, algebraic, analytic etc.)
• Baxter’s Q-operator

There are good reasons to believe that a generalized Separation of
Variables can be a base for unification of all the above approaches.



1. Separation of variables in QM

1.1 Example: Cartesian coordinates

∆ = H1 + H2 =
∂2

∂x2
1

+
∂2

∂x2
2

[H1, H2] = 0, Hi ≡
∂2

∂x2
i

∆Φ = hΦ

Φ(x1, x2) = ϕ1(x1)ϕ2(x2)

H1ϕ1 = h1ϕ1, H2ϕ2 = h2ϕ2,

h = h1 + h2



1.2 SoV example: parabolic coordinates

{

x1 =
z2
1 − z2

2
2

x2 = z1z2

H1 ≡ ∆ = ∂2

∂x2
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∂x2
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∂z2
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∂z2
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H2 ≡ −2x1
∂2

∂x2

2

+ 2x2
∂2

∂x1∂x2

+ ∂
∂x1

= 1
z2

1
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(

z2
2

∂2

∂z2

1

− z2
1

∂2

∂z2
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[H1, H2] = 0 H1Φ = h1Φ, H2Φ = h2Φ

Φ(z1, z2) = ϕ1(z1)ϕ2(z2)

{

∂2

∂z2

1

− z2
1H1 − H2 = 0

∂2

∂z2

2

− z2
2H1 + H2 = 0

{

ϕ′′
1 − (h1z

2
1 + h2)ϕ1 = 0

ϕ′′
2 − (h1z

2
2 − h2)ϕ2 = 0



1.3 SoV: general setting

Ψ = Ψ(x) ≡ Ψ(x1, x2, . . . , xn).

Commuting Hamiltonians Hj, j = 1, . . . , n

[Hj, Hk] = 0

HiΨλ = h
(i)
λ Ψλ, λ = (λ1, . . . , λn) ∈ Z

n

Separating transformation S

S : Ψλ(x) 7→ Φλ(z) = ϕ
(1)
λ (z1) . . . ϕ

(n)
λ (zn)

S : Ψ(x) 7→ Φ(z) =

∫

dxS(z|x)Ψ(x)

Wj

(

zj ,
∂

∂zj
, H1, . . . , Hn

)

= 0

Wj

(

zj,
d

dzj
, h

(1)
λ , . . . , h

(n)
λ

)

ϕ
(j)
λ (zj) = 0



1.4 SoV in Hamiltonian mechanics

{p
(z)
j , zk} = δjk {Hj, Hk} = 0

Φ(z1, . . . , zn) ∼ exp

(

i

~
F (z1, . . . , zn)

)

, ~ → 0

ϕ(j)(zj) ∼ exp

(

i

~
f (j)(zj)

)

, ~ → 0

Φ(z) =
n

∏

j=1

ϕ(j)(zj) ⇒ F (z) =
n

∑

j=1

f (j)(zj)

Wj(zj, pj, H1, . . . , Hn) = 0

Wj

(

zj,
df (j)

dzj
, H1, . . . , Hn

)

= 0

Canonical transformation

S(z|x) ∼ exp

(

−
i

~
s(z|x)

)

, ~ → 0

p
(x)
j =

∂s

∂xj
, p

(z)
j = −

∂s

∂zj



1.5 Algebro-geometric approach
Lax matrix: L(u, x, p(x)).
Characteristic polynomial:

w(v, u) ≡ det
(

v − L(u)
)

⊃ {Hj}

Recipe: choose zj as the poles of the eigenvector b(u) of L(u)

L(u)b(u) = v(u)b(u)

(in an appropriate normalization). Then choose p
(z)
j as the

corresponding eigenvalues

p
(z)
j = v(zj)

Spectral curve w(v, u) = 0:

w(p
(z)
j , zj) = det

(

p
(z)
j − L(zj)

)

= 0



2. Q-operator
Idea: factorize one variable z after another.

2.1 Definition of Q

[Qz1
, Qz2

] = 0 ∀z1, z2 ∈ C,

[Qz, Hi] = 0 ∀z ∈ C, ∀i = 1, . . . , n,

[QzΨλ](x) = qλ(z)Ψλ(x).

HjΨλ = h
(j)
λ Ψλ

W

(

z,
d

dz
; H1, . . . , Hn

)

Qz = 0,

W

(

z,
d

dz
; h

(1)
λ , . . . , h

(n)
λ

)

qλ(z) = 0,



2.2 Separation of variables from Q

Qz = Qz1
· · ·Qzn

Qz(y|x) =

∫

dt1 . . .

∫

dtn−1 Qz1
(y|t1)Qz2

(t1|t2) . . .Qzn
(tn−1|x),

QzΨλ = qλ(z1) . . . qλ(zn)Ψλ

ρ : Ψ(y) 7→

∫

ρ(y)Ψ(y) dy S(ρ)
n (z|x) =

∫

dy ρ(y)Qz(y|x),

S(ρ)
n : Ψλ(x1, . . . , xn) 7→ cλ

n
∏

i=1

ϕ
(i)
λ (zi)

ϕ
(i)
λ (zi) = qλ(zi) and cλ =

∫

dy ρ(y)Ψλ(y).

S(ρ)
n Ψλ = ρQz1

. . .Qzn
Ψλ = (ρΨλ)qλ(z1) . . . qλ(zn)



2.3 Example: symmetric monomials
Let xa ≡ xa1

1 . . . xan
n for any a = (a1, . . . , an).

Let λ = (λ1, . . . , λn) ∈ Z
n: λ1 ≥ λ2 ≥ . . . ≥ λn.

The monomial symmetric functions mλ(x):

mλ(x) = xλ1

1 xλ2

2 . . . xλn

n + permuted terms

form a basis in C[x]Sn

Let 1 = (1, . . . , 1). Normalization: m̄λ(x) ≡ mλ(x)/mλ(1)

m̄λ(x) =
1

n!

∑

σ∈Sn

xσ(λ), m̄λ(1) = 1,

Commuting Hamiltonians:

Dj = xj
∂

∂xj
, Djx

a = ajx
a, j = 1, . . . , n.

Hj = ej(D1, . . . , Dn), Hjm̄λ = ej(λ)m̄λ,
n

∑

j=0

ej(x)tj =
n

∏

i=1

(1 + txj)



Define Qz as

Qzm̄λ = qλ(z)m̄λ, qλ(z) = m̄λ(z, 1, . . . , 1) =
1

n

n
∑

j=1

zλj .

or, equivalently,

Qz =
1

n

n
∑

j=1

zDj ,

(Qzf)(x) =
1

n

n
∑

j=1

f(x1, . . . , xj−1, zxj, xj+1, . . . , xn).

ρ : f(x) 7→ f(1, . . . , 1) ≡ f(1)

S(ρ)
n = ρQz1

. . . Qzn

S(ρ)
n : m̄λ 7→

n
∏

j=1

qλ(zj)



2.4 Bäcklund transformation

Qz : Ψ(x) 7→

∫

dxQ(y|x)Ψ(x)

Qz(y|x) ∼ exp

(

−
i

~
Fz(y|x)

)

Canonical transformation Bz:

p
(x)
j =

∂Fz

∂xj
, p

(y)
j = −

∂Fz

∂yj
.

Commutativity: Bz1
◦ Bz2

= Bz2
◦ Bz2

Preserving Hamiltonians: Bz : H(x) 7→ H(y).
Spectrality: let p(z) = −∂Fz/∂z. Then

W (p(z), z; H1, . . . , Hn) = 0.



2.5 Example: Calogero-Moser system
Classical case:

L(u) =









p1 igf12 . . . igf1n

igf21 p2 . . . igf2n

. . . . . . . . . . . .
igfn1 igfn2 . . . pn









fjk ≡ cotu + cot(xj − xk)

Hamiltonians:
det

(

v − L(u)
)

⊃ {Hj}

H1 = p1 + . . . + pn

H2 =
n

∑

j=1

p2
j

2
+

∑

j<k

g2

sin2(xj − xk)



Quantum case:

H1 = −i
∂

∂x1
− . . . − i

∂

∂xn

H2 =

n
∑

j=1

−
∂2

∂x2
j

+
∑

j<k

g(g−1)

sin2(xj − xk)

Eigenfunctions are parametrized by partitions λ = (λ1, . . . , λn):

Ψλ(x1, . . . , xn) = Ω(x)P
(1/g)
λ (e2ix1, . . . , e2ixn)

Ω(x) =

∣

∣

∣

∣

∣

∣

∏

j<k

sin(xj − xk)

∣

∣

∣

∣

∣

∣

g

and expressed in terms of Jack polynomials P
(1/g)
λ (symmetric polyno-

mials of n variables).
Case g = 0 corresponds to monomial symmetric functions mλ.



Bäcklund transformation

Fz(y|x) = z

n
∑

j=1

(xj − yj) +
∑

j,k

ig ln sin |xj − yk|

−
∑

j<k

ig ln sin |xj − xk| −
∑

j<k

ig ln sin |yj − yk|

Quantization:

Qz(y|x) ∼ exp

(

−
i

~
Fz(y|x)

)

Qz(y|x) =

n
∏

j=1

e−iz(xj−yj)
∏

j,k

sing−1 |xj − yk|

×





∏

j<k

sin |xj − xk| sin |yj − yk|





−g+1

qλ(z) =
Pλ(z, 1, . . . , 1)

Pλ(1, . . . , 1)
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