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Integrability: variety of approaches

Classical (Hamiltonian) mechanics

e Separation of variables in the Hamilton-Jacobi equation
e Hidden symmetries (Kepler problem etc.)
e Lax matrix method (inverse scattering etc.)
Quantum mechanics
e Separation of variables
e Hidden symmetries (quantum groups etc.)
e Bethe Ansatz (coordinate, algebraic, analytic etc.)
e Baxter’s (Q-operator

There are good reasons to believe that a generalized Separation of
Variables can be a base for unification of all the above approaches.



1. Separation of variables in QM

1.1 Example: Cartesian coordinates
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Ad = hd

(21, 22) = p1(21)p2(22)
Hyp1 = hior, Hypy = hopo,

h = hy + h



1.2 SoV example: parabolic coordinates
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1.3 SoV: general setting

U =U(x)=V(xr,x9,...,2T,).
Commuting Hamiltonians H;, j =1,...,n
[Hj,Hk] =0
HU, =0, A=(\,...,\) €Z"

Separating transformation S

S: Wy (x) — Dy(z) = o\ (21) ... 0\ (2)
S:VU(x)— O(z) = /de(z\X)\D(X)

0
Wj (Zj7£7H17"'7Hn> =0
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1.4 SoV in Hamiltonian mechanics
(B 2} =dp  {H; H} =0

q)(zl,...,zn)Nexp(%F(zl,...,zn)), h—0

PP (25) ~ exp (ﬁm(%)) . h—0

n

o) = [[VC) = F@)=Y 1)

j=1
Wj(zjapijla .. ,Hn) =0
dft) )
W' <Z',—,H1,.-.,Hn -
J J dZJ

Canonical transformation
S(z|x) ~ exp (—%s(z|x)> : h—0

@) Os (2) Os
Pl =a— P =
8l‘j (9zj



1.5 Algebro-geometric approach
Lax matrix: L(u,z, p®).
Characteristic polynomial:
w(v,u) = det(v — L(u)) D {H;}
Recipe: choose z; as the poles of the eigenvector b(u) of L(u)
L(u)b(u) = v(u)b(u)

(in an appropriate normalization). Then choose pg-z) as the
corresponding eigenvalues

P = w(z))

Spectral curve w(v, u) = 0:

w(p, z;) = det(p}” — L(z)) = 0



2. ()-operator
Idea: factorize one variable z after another.
2.1 Definition of @)

[QZUQZQ] =0 \V/Zl,ZQ c C,

Q..H] = 0 VzeC, Vi=1,...,n,

[Q:11](x) = ar(2) ¥a(x).



2.2 Separation of variables from ()

Qz = Q- Q,

Quly|x) = / dty ... / Bt 1 Qo (1610 (ta]t2) - .- Q. (b1 ]x),
QA= q\(21) ...\ (20) V)

P U(y) / o) Uy dy SV (ax) = / dy p(3)Qu(y ),
SV Wy(21, ..., x) > Cr H oW ()

W) =a(z)  and ey = / dy p(y)¥a(y)-

S\ = pQ., ... Q= Vs = (pUr)aa(21) - - qa(2n)



2.3 Example: symmetric monomials

Let x* = af" ... 2% for any a = (a1,...,a,).
Let A = ()\17---7>\n) €L N> X > . > A\,
The monomial symmetric functions my(x):

ma(x) = 21'x)? ... ) + permuted terms

form a basis in C[x]*"
Let 1 = (1,...,1). Normalization: m)(x) = my(x)/my(1)

1
() = 5 %W (1) =1,
Coes,

Commuting Hamiltonians:

D; D;x* = a;x*, j=1,...,n.

= r;:—
](?:cj’

szej(Dl,...,Dn), Hij:ej(A)mA,

n n

Zej(x)tj = H(l + tx;)

j=0 i=1



Define (), as
1 ,
Qzmy = ax(2)ma, an(e) =ma(z L. ) =) 2

or, equivalently,
1 n
QZ = E Z ZDj’
7j=1
1 n
(sz)(X> - ﬁ Zf(xh vy L1, BLgy Tjt 1y - - - 7xn)'
j=1

p:fx)—f(1,....1)=f(1)

SY = pQs .. Qs

Sy - Hq,\(zj)
j=1



2.4 Backlund transformation

Q. : U(x) /dx Oy %)W (x)

1

Q.(v1) ~ exp (17051

Canonical transformation B.:
o OF, OF.
P} = e P = —==.
zj Iy,

Commutativity: B, oB,, =B., o B,,
Preserving Hamiltonians: B, : H®) — H®).

Spectrality: let p*) = —9F,/0z. Then
W,z Hy,... H,) =0.




2.5 Example: Calogero-Moser system
Classical case:

P tg9fiz ... i9fin
L(u) = igfa P2 - igfm [k = cotu + cot(x; — xy)
i9fn1 19fn2 - DPn
Hamiltonians:

det(v — L(u)) D {H;}

Hi=p+...+p,

Hy = Z Ej + Z sinQ(xg

2
j=1 j<k Jj xk)




Quantum case:

9 )

: Zafl Z@xn

~_ 0 g(g—1)
H, = 4 _
; 8:%2 Z SIHZ(QTJ- - xk;)
Eigenfunctions are parametrized by partitions A = (A1,..., Ay):
Uy(z1,...,7,) = Q(X)P)El/g)(eﬁacl’ e
g
Q(X) = Hsin(:cj — xk)
j<k

and expressed in terms of Jack polynomials Pﬁl/ 9) (symmetric polyno-
mials of n variables).
Case g = 0 corresponds to monomial symmetric functions m.



Backlund transformation

n
F.(ylx) = zZ(xj —y;) + Zig Insin |x; — yyl
J=1 gk
— Zz’glnsin |z, — zp] — Ziglnsin 1y — vl
i<k i<k

Quantization:

Q.(y1x) ~ exp (—17(vbo))

Q-(ylx) = JJe ™ [[sin? " |2; — wal

Jj=1 Jik
—g+1

X HSiH’xj_xHSin’yj_yk’
j<k
Pz 1,...,1)

n(z) = P(l,..., 1)
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