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(M,g) - Compact Riemannian manifold.

Define the operator

A =+v-DA+ v

where —A s the Laplace-Beltrami operator,
defined on the space of 1/2-densities, and
given in local coordinates by

— Au(r) = |
y(:g % 3,4 (9(3:}9” ()8 (f":’"ﬁl (@ule) )) ’

g{x) = Jdetg, and v is a symmetric first-
order {pseudo} differential operator.

We construct an approximate spectral pro-
jection operator x(A, A,) as a pseudodiffer-
ential operator, and give an asymptotic ex-
pansion of its symbol.




The Approximate Spectral Projection

Let M{A, s) be the indicator function

1 if & << X;
A 5) = { 0 ifs> A,
so that N{Ax, A.) is the speciral projection
operaior. Thnis s useful for analvsing spec-
tral data concerning A4,. (For example the
counting function N(A) = #{x; < A} can
be given as N{A) = dimgm (N(A, A)).) To
gain smoothness in the A-variable, we shall
consider the following smoothed version of
M. Let p < (0,1] and define x(A, s) € C<(R2)
by

=1 ifs<A
x(hs){ €[0,1] if s € (A X+ 27,
= () if s > A,

wWe aim to study the asymptotics of the ap-
proximate spectral projecticn operator y{A, A,
as A — oo, This leads to estimates on the
spectral projection opearator N{A, A,).



&

The operator yv(A, 4,) can be defined in an
abstract manner using the spectral thecrem,
Alternatively, we may write it more axplicitly
in terms of the wave operator:

YA Ay) = / SO, £)ettAvgy

where ~ denotes Fourier transform with re-
spect to the second variable, The wave oper-
ator et*dv is not a pseudodifferential operator
and so to avold Its use we write

x4 = [mOnea (1)

for some p € (0,1), where xu(X, 5) = x(X, 178},
The Technical Bit

Ve analyse (1) in two parts. First, it is shown
that for ¢t away from the origin, this operator
has a smooth Schwartz kernel that is rapidly
decreasing with respect to A, The only inter-
esting spectral data is therefore to he found
when i, is small.



The symbol of v(A, 4,) is thus written as

oAt &) = [ Gulh, Deielear
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The first two terms give an expansion

N
X €LY + 3 ¢ G, x PN, lele)
j=1
and these terms become '‘better behaved’ in
the sense that

X 1El)] < (L 4 2+ Jgla) P,

whilst the functions ¢, ,, are bounded.




It is shown that the operator [,(t) = A,
can be written as a pseudodifferential oper-
ator

Up(tulzx) =
1 —1 :
fg(:r:)‘?g{y)Tﬁhﬂr"E’y)JUHU)(t; w0, €3y ydodE
where ¢(x, & y) is the phase function on ™M
defined by
Q(iagry) — —{”fyT(D)~£}~

where ~y.(7) is the unique geodesic join-
iNng & = 7,.{(Q) to (nearby) y = ~,.(1) and
T, (f) (t; =, &) 15 the symbof of 7,(£). For any
N € N this function can be expanded as

JL"IH(]'_')(-&; £ E) —
N _ ,
HEE 11 ST ()b, (, €) 4 Y Tlity (2, £)

j=1
where [b; (2. £)| < ¢;(1+ {€]x)74=#) and

Rtz &) € O (14 €|y~ =),

where Cy 44 is independent of ¢ € [—«,¢].




Estimates on i, {A, ¢t} show that decay in A is
related to the order of zero at ¢t = 0. There-
fore the remainder term can be estimated by
a multiple of (14 A+ (&))" VHLA 2} | et-
ting N — oc therefore gives us the following

Theorem The approximate spectral projec-
tion operator (A, A.) can be written as

x{A, A ulx) =
1 - S
| / g{w)2g(y) ?lﬁg"“’(:""ﬁ'y}rm,,(i: iz, & yuly) dydt

where o,y 4.3(A x,£) has the expansion

x(A &Y+ 7 ez X (6 )

=1
for some bounded functions «; ,,.

Applications

[t is straightforward 1o see that

y(h A < NMOF A, A4,) < x4 27, A). (2)




For a bounded pseudodifferential operator 22,
define the generalised counting function by

Ng(A) = trace(B*N{x, A, }3)

and

.LGTH(}L:} — tr’EEE(H*},{(A? A{;)B:]

when such functions are finite. From (2) it
follows that

Np(M) < Np(h+ M) < Ng(h+ A7),

The function N;,(X) can be written in terms
of the symbol:

Ng(d) = fﬂﬂ*x{l,ﬁly)ﬁ{}‘;Esé}d”—ﬂf

and so our estimates on the symbol of the
approximate spectral projection can vield es-
timates on Ng(XA).

Taking B = I, then Ny(A) is the counting
function, and this approach vields the esti-
mate

vOl{ M)

_ PN —1-4p )
(4ﬂ_)ﬂ.jﬁ2r(% + 1) + O(A )

N{AYy =




Although this result is not as strong as the
optimal remainder of O()3"~1) gained by analysing
the wave kernel (Levitan, Hormander, ...}, it

iIs to be hoped that this approach could lead

to interesting results concerning, for exam-
ple, quantum limits of elgenfunctions.

Another interesting question to ask is toc what
extent the metric g and the perturbation v
affect the span of {g; © Ay < A} where g
are the eigenfunctions of A.. An analysis of
N{A AT —TI(A, Ay)), approximated in terms
of v may vield estimates.
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