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SMILANSKY®s MODEL

'Interaction between a quantum graph {7 Al and a system

of K > I harmonic oscillators {deseribing “environment®)

CLASS OF METRIC GRAPHS: I' = & if
I' is connected; T Is a compact graph, phis may be
a linile number of infinite leads

(each isometric to the halt-line).

M = M{T'} notation for the number of leads; A7 > [,

MODEL CASE: T =T, — star wraph, with d > 1 infinite edges.

M{T,) — d.

M(")=3
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OPERATOR A,
The space: H = L2(T x Bf). Notation: z£T,
g=(g,...,qx) € B} — generic point;
o, - .. .05 1" - pts chosen (*k-th oscillalur is attached at on)

The aperator: on each edge
3N L.-E
ALl (a0) = 0 83 (- i, 4RO
=1

Kirchhoff conditions [0 (&) = () at the vertices ¢ 7 043
Dirichlet, or Neumann condition al 4175

Conditions at ¢ = ¢; (thew describe the inleraction}:
Uilor,4) = argell(@i0), g€ RN

o — (o1, ..., ek} - the coupling paramcters, ap = (L
The value of ¢ expresses the strength of interaction

hetween the graph and the &-th oscillalor.

a iz involved only in thre conditions at o
the action of A, is the samea for all .
ikl )

[Fl{oy = >, frlo)
i=1
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PROBLENM:
TO DESCRIBE THE SPECTRUM OF A, FOR ALL o
The leading vase: K = 1,

L

I )
A'C‘-’W'U{‘T?q;l o _U:I.L T -?{_Llﬂg + QE{’T};

[T )0, q) = agl{o,q), g =R

Scaling reduces the general casze to o — 1.

Maln parameters: o — deg{o) = 1; & — AT = 0.
BELOW THEY RESULTS ARE FORMULATEID FOR. THE
GENERAL CASE, BUT CALCULATIONS (IF ANY)

ARE GIVEN ¥YOR v —= 1.

THE OPERATOR A,: scparation of variables,
Everything can be described in the explicit terms.
For o 2 0 it is natural to tvy perturbation theory.

HOWEVELR, THE PERTUREBATION IS TOO STRONGI!!!

In terms of gquadratic lorms it is only form-bounded

but not form-compact,

The standard approaches do ot worlk,
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REDUCTION TO AN INFINITE SYSTEM OF ODE
¥nlg) — llermite functions, normalized in LE(R).
Dieg) = D wnl@mhwale) (L~ fun}).
HEHU

Then AU~ {{—ufl + (1/2 - ), } on each edge,
with the prescribed boundary cond. al verlices v # o

Matching condition at o turns iolo

we ¥ qm s ' ‘
[t4,,. (6} = '_{F’-—i(*‘v”ﬂ. ~ Luppa (o) + v/nun_1{0}). (!
g

For ¢ = (] this i3 Kirchheif cond., and for GENERAL v

—. . i
Aq—= L (—Ar u‘l(]fﬁ—l—rlj}

=M,
where Ar g the Laplacian on T
HENCE: I M = 0 {compast T), then o(As) is DISCRETE
I A = 0 (non-compact I'), Lheo Fae lAn) = 1772, 00);

W A A Ag) = A for |A—rni”| < 0?2, ne i

l} L ] L ]
Also, (A = [¢7/2. x); embedded eizenvalues are possible.
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SELF-ADJOINT REALIZATION OF A,
THEOREM 1. THE OPERATOLR A, 1S SELF-ADJOINT
ON THE DOMAIN P, DEFINED A8 FOLLOWS:
U~ {un} & Dy IFF

1. u, € H%e) ON BEACH EDGE OF T;

204, 15 CONTINUOUS ONT'; BDRY COND. ON 317 AND
THE CONDITIONS (1) ARR SATISFIED FOR ALL n;

3. 2, H"H‘f -|- ug{n + 1/ 2}, Euf:{: <l ¥,

g T
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iDEA OF PROOT: v.Neumann proceduore
{caleulation of the deficiency indices)

We have to show that {7 = 0 is the oaly L2-solulion
of the equation AU = AU, A £ E. This reduces to

—, = (n+ 1/2— A, =0

on cach edge,

IfT =Ty (STAR GRAPH WITH ALIL ITS d EDGES
OFF INFINITE LENGTH), then on each edse

- . -l II —
'H-ﬂ{?:::' — D-,»—_;E R L T "IL.

Duc to the condition at & = », this leads to

Vot LCugr +do 13/ + - 200, + Gy = L

'This is & recurrence ayvstem, with 2 Jacobl matrix,

I'or any I € G, we cowie to a similar systein,

with o replaced by A/ (') and an

EXPONENTIALLY SMALL correction in the coeflicient

The system I analyzed wilh the help of

Birkhoil — Adams thecorern which gives the desired result
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SPECTRUM OF A, for o =10

For 2 < dy {small «) and for /2 = du (large o)
THE RYESULTS ARE DIFFERENT
(in the talk T skip the borderline case a2 = dv)

I. SMALL o: VARIATIONAL APPROACH (for » =1)

Quadratic form of A,: o, [0 = ay[l] — ab[U

o
tig, |~ Vi,

0] = [ (W + e 1172
S0

L[ = Z V21 Refog (0)wa—1(0)).

|

ag[lt] is positive definite and closcd on its

natural domain 2. The corresponding s.n. operator is Ag.




LENMDMNA.
dth[E—"T“ = VIJTEHD[UE + C'r”[’lrf'ri;ﬂ'- v ile 0,
WITH € DEPLNIMNG ON THE STRUCTURL OF [
ANLY ON THE BOEY COND. ON 8T

IN PARTYCULAR, O =0 FORT =T,.
THE CONSTANT /2 IS SHARF,

THEREFORE, FOR. o SMALL THE Q. FORM
a1

15 BOUNDED BELOW AND CLOSED ON .
THE CORIRESE 5.A. OPERATOR IS AL

for o large, the operator A, 13 unbhounded helow
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THEOREM 2. LET a+/2 < dv. THEN
Lo oae(da) = 0uclBo)  Mae(hiAg) = mon (A Ag).
MOREOQVER, FOR THE PAIR (Au, Ag) THERE EXIST
THE COMPLETR ISOMETRIC WAVE OPERATORS,
AND THE SAME IS TRUK FOR THE PAIR (Ap. Ag).

2. SPECTRUM of A, BELOW v?/2 IS FINITE AN/
N_{2f2; AL) ~ Oldy — /237 Y5, S

WITH AN EXPLICITLY GIVEN CONSTANT (.

IDEA OF PROOF OF {2):

reduction to the eigonvaluce asymptotics for a certain

zera-diagonal Jacobi malrix J with the non-diagonal entries
.,:III-'-'i.-lT-!-.—]. — .:-;l-'.ll.-+1.?'.'1 — J-I'lllfz + hr‘_;,, b]'.-. —t II-:Il-l

b = b {d)+oxp. ainall error depending on L.

1The spectrum of J consists of -1, 1] (a.c. part)

and of eipenvalues = A, An Ty L

It turns out chat N_(p?j2: A0 = Ny roid S IREN I}

[ "-,."'JE !
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Il. LARGE o (for I’ = # in cooperation with 8.N. Nabnka)
THEOREM 3. LET av?2 > dv. THEN o, (A )N {—cc, v?/2) =
0
FaolA, =R, Moo A AL) =1mg. (A Ap) 41

PHASE TRANSITION: ¢, below +~/2 disappears.

An additional branch of o, . appears insicad.

This elfeet was lnlerprebed by Similansky as
IRREVERSIBILITY OF TIILE SYSTEW,

INDEA OF PROOT: analysis of {A, — A7 for A ¢ R

We use the connection between the a.c. spoctruim
of a g.a. operator and the jumyp of its (bordered) resolvent

when & crosses the real line,
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KEY FORMIULA

ll-.. LY .\.\ —
(An— Al —ian A= T(A] |k,:¢.1|:.-‘l._:n"_|_l — (EPLAT T A

A

Hlere *1'(AY: £% = LA = B) — a nice operalor-valued function,

analyiic in the upper aml in the lowes hali-planes.

Jid;ed - n Jacobi aualylic inatrix-valued funcrion

P(A) — an analytic dingonal matriz-valued function,

Kev torpmls reduces standy of the jump ol (A, - Ay

to the analysis of the jump of J7a; ) 1.

THE ENUITES OF Ji4: «} aNT) OF PiA) IMOR AN
ARBITTLARY 1 € & DTFPFRER FROM THOSEFOR L' — T
LY EXTONENTTATLTY SRIALL LEAS

For - small the juanp of Tiaed Vis 7 ae,

For < lacge it iz s rank ana operator a.e. —

Lhi- leads to the resilt of Theorem 5.
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Analysis of the boundary behavionr of J{A; @) is the most
difficult part of the work. Subtle resulis
of the theory of operator-valued analytic functions

are used, including some older Nabaolko®s results.

CONCLUSIONS (for X = 1)

1. For A, the point specirum is unstable. The stencturc
nf o, . [Ag) 1s delermnined ONTY by the numbers
woand M = AT,

2. The point o of the phase transittion is determined

ONLY by the numbers ¢ and d = degi{o):

2 = du.

3. The hehaviour of N_(v%/2: A ) as o " «* is determined

ONLY by v, d and does not depend on the edge lengths.

LOCALITY PRINCIFLE:
only the numbers v, M{T'] and d = dega)

are responsible for the stable characteristics of oA .
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