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Finite simple groups as expanders

Theorem (Kassabov-Lubotzky-Nikolov)
There exist k and ε > 0 so that any finite simple group G (which is not a
Suzuki group) admits a generating set S of size k so that the Cayley
graph with respect to this is an ε-expander.
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Remarks:
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not explicit.

In the case of Suzuki groups, Breuillard, Green and Tao use
“Helfgott-type” probabilistic results, again the result is not explicit.
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Presentations of simple groups

Theorem (Guralnick-Kantor-Kassabov-Lubotzky)
All finite (quasi)simple groups of Lie type, with the possible exception of
the Ree groups 2G2(32e+1) have presentations with 2 generators and 51
relations. All symmetric and alternating groups have presentations with 2
generators and 8 relations.

Remarks:
The approach is quite similar to the above mentioned result of Kassabov,
Nikolov and Lubotzky, one generates mall rank subgroups and then the
Weyl groups. The presentation is not very uniform even for a given series
of groups.
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Diameters of Cayley graphs

Theorem (Babai-Kantor-Lubotzky)
Every nonabelian finite simple group G has a set S of at most 7 generators
such that the corresponding Cayley graph has diameter O(log IGl).

Remarks:
This is a theorem that predates the previous ones and, in some sense
provided the motivation for them.Of course expander Cayley graphs have
logarithmic diameter (for example by the arguments in the talk of A
Valette on Tuesday) but the graphs in the theorem are not proved to be
expanders.Moreover the authors conjecture that a similar estimate for the
diameter should hold for ANY generating set.
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Here is a rather naive question:

What data do you need to describe a group?
An obvious answer comes to mind:The Cayley (multiplication) table.
Surely this is more than enough (although it is not an absolutely trivial
question to decide if two groups are isomorphic based on the Cayley
table).
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Here is a Cayley table.

∗ a b c d e f g h i j k l m n o p q r s t u v w x

a a b c d e f g h i j k l m n o p q r s t u v w x
b b a d c f e h g j i l k n m p o r q t s v u x w
c c e a f b d i k g l h j o q m r n p u w s x t v
d d f b e a c j l h k g i p r n q m o v x t w s u
e e c f a d b k i l g j h q o r m p n w u x s v t
f f d e b c a l j k h i g r p q n o m x v w t u s
g g h m n s t a b o p u v c d i j w x e f k l q r
h h g n m t s b a p o v u d c j i x w f e l k r q
i i k o q u w c e m r s x a f g l t v b d h j n p
j j l p r v x d f n q t w b e h k s u a c g i m o
k k i q o w u e c r m x s f a l g v t d b j h p n
l l j r p x v f d q n w t e b k h u s c a i g o m

m m s g t h n o u a v b p i w c x d j k q e r f l
n n t h s g m p v b u a o j x d w c i l r f q e k
o o u i w k q m s c x e r g t a v f l h n b p d j
p p v j x l r n t d w f q h s b u e k g m a o c i
q q w k u i o r x e s c m l v f t a g j p d n b h
r r x l v j p q w f t d n k u e s b h i o c m a g
s s m t g n h u o v a p b w i x c j d q k r e l f
t t n s h m g v p u b o a x j w d i c r l q f k e
u u o w i q k s m x c r e t g v a l f n h p b j d
v v p x j r l t n w d q f s h u b k e m g o a i c
w w q u k o i x r s e m c v l t f g a p j n d h b
x x r v l p j w q t f n d u k s e h b o i m c g a

Not so pleasant ... you need 576 entries.If we do know this is a group,
can we cut this down?
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More precisely, can we devise a ”Sudoku puzzle” for this group?

How
much of the table do we need?One solution is the following

∗ a b c d e f g h i m o

a a b c d e f g h i m o
b b a d c f e h g
c c e a f b d i g o m
d d f b e a c
e e c f a d b
f f d e b c a
g g h m a b o c i
h h g b a
i i o c m a g

m m g o a i c

o o i m c g a

Although we only give about 13% of the entries, the only group
containing such a structure inside its Cayley table is S4. Moreover the
solution does not even require the condition that the ”sudoku table” is
24× 24.
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We are now ready to give a (somewhat imprecise) definition of an
amalgam.

Definition
An amalgam of groups is a set A = ∪i∈IGi endowed with a partial
multiplication ∗ so that

I for any x , y ∈ A, x ∗ y is defined if and only if there exists i ∈ I so
that x , y ∈ Gi

I (Gi , ∗) is a group for any i ∈ I .

I Gi ∩ Gj is a subgroup of both Gi and Gj .

A group G is a completion of the amalgam A if there is a map
φ : A → G that perserves the multiplication and so that G is generated
by the image of φ.

It is not very hard to show that any amalgam admits a universal
completion (direct limit), that is, a completion Ĝ so that any other
completion G is a canonical quotient of Ĝ .
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We are now ready to give a (somewhat imprecise) definition of an
amalgam.

Definition
An amalgam of groups is a set A = ∪i∈IGi endowed with a partial
multiplication ∗ so that

I for any x , y ∈ A, x ∗ y is defined if and only if there exists i ∈ I so
that x , y ∈ Gi

I (Gi , ∗) is a group for any i ∈ I .

I Gi ∩ Gj is a subgroup of both Gi and Gj .

A group G is a completion of the amalgam A if there is a map
φ : A → G that perserves the multiplication and so that G is generated
by the image of φ.

It is not very hard to show that any amalgam admits a universal
completion (direct limit), that is, a completion Ĝ so that any other
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We are now ready to give a (somewhat imprecise) definition of an
amalgam.

Definition
An amalgam of groups is a set A = ∪i∈IGi endowed with a partial
multiplication ∗ so that

I for any x , y ∈ A, x ∗ y is defined if and only if there exists i ∈ I so
that x , y ∈ Gi

I (Gi , ∗) is a group for any i ∈ I .

I Gi ∩ Gj is a subgroup of both Gi and Gj .

A group G is a completion of the amalgam A if there is a map
φ : A → G that perserves the multiplication and so that G is generated
by the image of φ.

It is not very hard to show that any amalgam admits a universal
completion (direct limit), that is, a completion Ĝ so that any other
completion G is a canonical quotient of Ĝ .
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Natural questions:

1. Given a group G and a union of its subgroups, when does it
determine the group? More precisely when is G the universal
completion of A?(Given a Cayley table, what kind of Sudokku
puzzles can you devise on it?)

2. Given an amalgam A when does it inject in its universal completion
(Which “abstract” puzzles have a solution)

3. Can you classify amalgams of a ”given type”?

I will discuss problems 1 and 3. Problem 2 is very hard and we know very
few things in that direction. In some sense is related to the ”word
problem” in finitely presented groups.
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Theorem
(Curtis-Tits) Let G be the universal version of a finite Chevalley group of
twisted rank at least 3 with root system Σ, fundamental system Π and
root groups Xα. For any set J ⊆ Π take GJ =< Xα| ± α ∈ J >. Then G
is the universal completion of the amalgam

A =
⋃
|J|≤2

GJ



Here is what this theorem says in the case of linear groups.

Suppose we have G1,G2, · · ·Gn groups isomorphic to SL2(q)
and

Gi,j =

{
SL3(q) if |i − j | = 1

SL2(q) ◦ SL2(q) otherwise

Suppose also that the Gi embed naturally in Gi,j (as block diagonal
matrices).Then the universal completion of this amalgam is SLn+1(q).
A similar theorem in which each the groups SL2(q) and SL3(q) are
replaced by SU2(q) and SU3(q) has been proved by Phan.Despite the
remarkable similarity the proofs were very different.
In each of these cases, the groups Gi and Gi,j determine the amalgam
uniquely. This will not be the case in general.
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These theorems have generalisations (due to Abramenko Caprace and
Mühlherr for the linear groups and to Bennet, Devillers, H, Köhl
Mühlherr and Shpectorov for the unitary case) to a much more general
class of groups, the so called Kac-Moody groups.

Let us describe the ”simply laced” linear case. Consider a graph
Γ = (V ,E ) and for each vertex i ∈ V pick a group Gi

∼= SL2(q). Fix also
the groups

Gi,j =

{
SL3(q) if {i , j} ∈ E

SL2(q) ◦ SL2(q) otherwise

Here the embeddings φi,{i,j} : Gi → Gi,j are the natural ones. It follows
that the universal completion of this amalgam is a central extension of
the universal (split) Kac-Moody group with diagram Γ.
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Suppose one is only interested in giving a definition of the Kac-Moody
groups using just generators and relations.

The theorem above does that
for a subset of these.
We are left with our question (3).
Suppose we have an amalgam of SL2’s and SL3’s that follows a certain
Dynkin diagram (a CT-structure).
Are all such amalgams isomorphic?
What can we say about the universal completions?
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Given a CT structure, the automorphism groups of the groups in the
amalgam provide a graph of groups in the sense of Bass-Serre.

In fact
there is also a ”pointing” of the graph of groups and one can prove that
isomorphism classes of amalgams are in bijection to a certain section of
the fundamental group of this graph of groups.
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Theorem (Blok-H.)
Let Γ be a simply laced Dynkin diagram with no triangles and k a field
with at least 4 elements. There is a natural bijection between
isomorphism classes of CT-structures over the field k on a graph Γ and
elements of the set
{Φ: π(Γ, i0)→ Z2 × Aut(k)| Φ is a group homomorphism}

In particular the Kac-Moody groups are those coming from a
homomorphism into Aut(k).
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Moreover all such amalgams are non-collapsing and their universal
completions are certain “unitary” subgroups of Kac-Moody groups.

More precisely for each morphism Φ, kerΦ corresponds to a cover Γ̃ of
the graph. There is a (combinatorial) twin building associated to Γ̃.
Its automorphism group G is a split Kac-Moody group and, from Φ, one
obtains an automorphism φ of G . The completion of the amalgam
corresponding to Φ is a central extension of the fixed group Gφ.
In particular in the case Ãn (the graph is a cycle) we have:

Theorem (Blok-H)
In the case of an Ãn geometry, the groups are in bijection with the group
Z2 × Aut(k). The resulting groups are infinite.
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In the case of an Ãn geometry, the groups are in bijection with the group
Z2 × Aut(k). The resulting groups are infinite.



Moreover all such amalgams are non-collapsing and their universal
completions are certain “unitary” subgroups of Kac-Moody groups.
More precisely for each morphism Φ, kerΦ corresponds to a cover Γ̃ of
the graph. There is a (combinatorial) twin building associated to Γ̃.

Its automorphism group G is a split Kac-Moody group and, from Φ, one
obtains an automorphism φ of G . The completion of the amalgam
corresponding to Φ is a central extension of the fixed group Gφ.
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The groups in the theorem above are matrix groups over the field
k{t, t−1}σ, the (skew) Laurent polynomial ring over the field k.

For each σ ∈ Aut(k), there exists a unique Kac-Moody group which is a
central extension of SLn(k{t}σ) with the appropriate description of the
determinant.
The corresponding twin building can be described in terms of vector
bundles over the non commutative projective line. As such they seem to
be related to number theoretic notions such as Drinfel’d modules.
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Consider now the other extreme, the group G τ , the universal completion
of the amalgam corresponding to τ ∈ Z2.

The corresponding G τ is the group of symmetries of an unitary form.We
have:

Theorem (Blok-H.-Vdovina)
G τ has Kazdan property (T) and admits a series of quotients isomorphic
to SU2n(qs) with fixed n and variable s. Once we pick S , a generating
set for G τ , the resulting finite Cayley graphs form a series of expander
graphs. The “new girth” of this series is not bounded.
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In particular one gets a series of “generic presentations” for unitary
groups.

I Similar arguments can be employed in other affine cases to obtain
new series of “concrete” expanders from other classes of groups of
Lie type.

I Since these presentation form expanders they conform to the
diameter requirements in the third motivating problem. A more
detailed investigation might lead to an answer to the conjecture.

I Also some of the computational methods from Guralnick, Kantor,
Kassabov and Lubotzky can be translated here and we hope they will
give efficient uniform presentations with a small number of relations.
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