Chapter 1
Multiple Polylogarithms!

In this chapter we consider single and multi-variable generalizations of the natural logarithm,

called the polylogarithms and the multiple polylogarithms, respectively.

1.1 Chen’s iterated integrals

We briefly recall the theory of Chen’s iterated integrals in this section. It is an indispensable
tool in the subsequent study of the analytic properties of multiple polylogarithms.
For r > 1 define inductively

/abfl(t) dt--- fr(t)dt = /abfl(r) dr -+ foo1(7) </aT fr(t)dt) dr.

When r = 0 one sets the integral to be 1 as a convention. More generally, let wy, ..., w, be
some 1-forms (repetition allowed) on a manifold M and let « : [0,1] — M be a piecewise
smooth path. Write a*w; = f;(t)dt and define the iterated integral

/awyuwr = /01 Filt)dt--- f,(t)dt.

Remark 1.1.1. Here our order of the 1-forms in the iteration is opposite to Chen’s original

order.

The following results are crucial in the application of the Chen’s theory of iterated path

integrals.

Lemma 1.1.2. Let w; (i > 1) be C-valued I-forms on a manifold M.

(i) The value of fa wy -+ - wy 18 independent of the parametrization of «.

(ii) If o, B :[0,1] — M are composable paths (i.e. a(1) = (0)), then

T
/ wlwrzg /wl...wi/wi+1...wr
@ =0 B @

where Ba denotes the composition of o and B and we set fa O1 O =11if m=0.

1Prepared by Jiangiang Zhao for the workshop “Polylogarithms as a Bridge between Number Theory and
Particle Physics, July 3, 2013 to July 13, 2013, at Durham University, UK. This is also the first draft of one
book chapter in progress. There is a long list of references which cover not only multiple polylogarithms but

also multiple harmonic sums and multiple zeta values. Your comments are very welcome.
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/ wl---wrz(—l)r/wrn-wl.
a1t o
(iv) For every path «,

/wl"'wr/wr+1"'wr+s:/(wl"'wr)m(wr-&-l"'wr-&-s)
[eY @ [eY

(wl e wT) I (wT+1 e wT-‘rS) = Zwa(l) ‘e wo-(’r‘+8) (11)

(iii) For every path o,

where

where o ranges over all shuffles of type (r,s), i.e., permutations o of v+ s letters with
0'—1(1) < e < 0'_1<7") and 0'_1(T+ 1) << 0.—1(7,,_'_ S).

Proof. (i) can be derived from the theorem on [69, p. 361]. (ii) and (iii) are formulas (1.6.1)
and (1.6.2) of [69] respectively. Ree [280] discovered the shuffle relation (iv) which appeared
as (1.5.1) in [69]. O

Lemma 1.1.3. If ng) are closed 1-forms for 1 < ¢ < r and 1 < j < n such that
Zj ng)/\wéj) = Zj wé])/\wéj) =... = Zj wij_)l/\wfﬂj) =0 then Zj fa w&j)wéj) e ]) only
depends on the homotopy class of a.

Proof. The case j = 1 is proved on [69, p. 366]. The case r = 2 can be found on [69, p. 368].

The general case follows from a similar argument. O

1.2 Classical polylogarithms

The Riemann zeta value ((n) for positive integer n > 1 can be regarded as a special value of
the classical polylogarithm

o0
Liy(x Z lz] <1
k=1

when x = 1. If n = 1 one sees easily that
Liy (z :;? —log(l —z),|z| < 1.

Notice that one can express Li, () using the following iterated integral

, s\t dt
Lin(e) = | (t) s
0

from which one obtains an analytic continuation of Li,(z) to C as a multi-valued function
with singularities at 1. Since multi-valued functions are hard to grasp there have been several
attempts to find their single-valued cousins. Lewin [223] defined the following polylogarithm
of real variable x < 1:

Lo(x) =iMLin-j(w>+%bgll—wl7 (1.2)

which can be extended to z € R by setting L, (z) = (—1)""'L,(1/x) for z > 1. He further

conjectured that L, (z) should satisfy “clean” functional equations and proved this for those
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equations found by Kummer with n < 5. Another version of single-valued polylogarithm is
defined by Ramakrishnan [275, 338] for complex variable x with |z| <1

e " (—log|z|)7 —log |z if nis odd;
Dn(x):{ Re g~ (Cloglal)!, oy (Sloglel" (1.3)

Im = J! 2-n! if n is even,

and then extend it to C by D, (z) = (=1)""!D,,(1/z) for |x| > 1. Notice that this function is
real analytic. But it seems that Zagier’s version of single-valued polylogarithms £,, in [340]
behaves the nicest. It is defined £,, on CP! for any positive integer n > 2 by

Re " 2B; . if n is odd;
L, (z) = { Z i L log’ |x|Liy—;(x) (1.4)

Im if n is even,

Jj=0

where B; is the j-th Bernoulli number and Lig(x) = 1. These functions are all single-valued
and real-analytic by straight-forward monodromy computations. In particular £,(0) =
L, (00) = L2,(0) =0, and Lo, 41(0) = ((2n + 1).

We turn now briefly to the discussion of polylogarithm functional equations. In high
school students already know that log |z| + log|y| = log|zy|. For dilogarithm one has the
following fact (see (343, p. 9]): if 1/x 4+ 1/y +1/z = 1 then (see Exercise 1)

Lia(x) + Lis(z) + Lis(z) = % [Lig( - %) + Lig( - %) + Lz'Q( - Z;)] . (1.5)

In fact this is equivalent to the so-called five-term relation discovered by Abel [1], which says,
in terms of Lo(z), that for all ,y # 0,1 and © # y

Lo((x) — Lay) + Lo (Z) — Lo (m) +E2<1_§> =0. (1.6)

It have a more symmetric form, see Exercise (2).

Similar result holds for trilogarithm L3(z): for all z,y, z

Ls(-zy2)+ P {Eg(zm—x+1)+£3(%)_£3(%)
Cyc(z,y,2)
olyz—241) yroadl Loy YETEEL o
+ L) oG e T L) &(yz(zx_xﬂ))}_:’)cgu).

(1.7)

Here Deyeiryo) f[(@,9,2) = f(2,y,2) + f(y,z,2) + f(z,2,y). This was discovered first by
Goncharov [134] when he proved the following Zagier’s Conjecture for (r(3) where (r(s) is
the Dedekind zeta function over a number field F'. Zagier proved his conjecture for (#(2) in
337).

Conjecture 1.2.1. (Zagiers Conjecture) Let F' be a number field and let o1,...,0,, : F - R
be the real embeddings and 014y, = Trf1trgys---30ri+ry = Ortary : F — C be the complex
embeddings. For integer n > 2 let r(n) = rq if n is odd, r(n) = r1 + r2 if n is even. Then
there exists y1,. .., Yr(n+1) € QF \ {0, 1}] such that

Cr(n) = 7" D' det {[:"(gi(yj))} 1<i,j<r(n+1)

where D is the discriminant of F.
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1.3 Multiple polylogarithms

Multiple polylogarithms are iterated generalizations of polylogarithms to the multi-variable

situation.

Definition 1.3.1. Let d, nq,...,nq be positive integers, and let x1,..., x4 be complex vari-
ables such that | H;:l zj| < 1foralli=1,...,d. The multiple polylogarithm of depth d is

defined by
ki ks ka

Ling,ong(@1,eoyza) = > % (1.8)
ki>ko>o>kg>1 1 2 d
As in the definition of multiple zeta functions the order of indices in (1.8) is sometimes
reversed in research papers, even by the author himself. Note also that occasionally the term
“multiple polylogarithm” means the single variable function Liy, n,.. n,(t,1,1,...,1) in the
literature, which will in fact be needed in this book later (see §1.10).

Now by setting a; = H;‘:1 xj_l it is not hard to see (Exercise 3)

1 ni—1 ng—1
dt dt dt dt
Lin, (@1, 2q) = @ (2 . 1.9
ingyeeena (T1, -+, Ta) /0<t> P (t) py— (1.9)

It is an iterated path integral in the sense of Chen [69, 70] whose path lies in C. One thus

can easily enlarge its domain of definition to some open subset of C™. However, it is difficult

to study the monodromy of the multiple polylogarithms by this integral expression.

1.4 Analytic continuation of multiple logarithms

In this section we describe a method of defining the analytic continuation of multiple log-
arithms by Chen’s iterated integrals. This can be generalized to arbitrary multiple poly-
logarithms (see [357]) but the notation is too cumbersome so we leave it to the interested
reader.

For any positive integer n we set £,,(x) = Li 1 (x), define the index set

,,,,,

n times

S, ={0,1}" ={i=(i1,...,in): ig=0o0r IVt =1,...,n}, (1.10)

and write 0 = (0,--- ,0) and 1 = (1,...,1). The weight function on the indices | (i1, ..., i,)| =

>, it is the number of nonzero components.

Lemma 1.4.1. Let x = (x1,...,x,) be an ordered set of complex variables. Let
Xt = (9517 ey L1y Lt L1y Lt425 - - - 7$n)

fort=1,....n—1 and x,, = (x1,...,2n_1). Then the total differential

n

dL,(x) =Y diLa(x) = {ﬂn_l(xt)dxt/(l — @) + Lo (Xe_1)dwe e (24 — 1)} (1.11)
t=1

t=1
n 1 _ —1

=3 Lo (xi)dlog [ L) | (1.12)
— 1-— Tt

where Tp41 = 00, £9(x1) =1 and when t =1 the second term in the sum of (1.11) does not

appear.
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Proof. Suppose t > 1 (the case t = 1 is simpler). Then by definition

k1 /k\t kq ki_1—1

x -.-l‘ .-.x _1

di L (x) = > 1k ki p N a2y lda
ki>osk >k L K 4 ke=kepi+l
ke [
ahtooghegha gt phen
= E = . dl‘t

kyookyky x—1

k1> >ke> >k
:£n_1(Xt)dIt/(1 — It) =+ En_l(xt_l)dxt/xt(xt — 1),

which proves (1.11). The second equation (1.12) now follows immediately (Exercise 4). [

Suppose i = (i1,...,1,) has weight k and i,, = --- =i, = 1. We define

Tm

x(i)=y = (y1,-.-,yx), where y,, = H Ty, 1<m<k (1.13)

a=14+Tm_1

with 79 = 0. Set wp(x) = 0 and

1-— :vt_fl
wy(x) 1= dlog(i)7 for 1<t<n.
1-— Tt
We now define a partial order < on &,, as follows: Given i = (i1,...,4,) and j = (j1,.-.,7n),

j <1 (or, equivalently, i > j) if j; <, for every 1 <t < n and js < i, for some s.

Theorem 1.4.2. Let x = (x1,...,x,) be an ordered set of complex variables. The multiple

logarithm £,,(x) is a multi-valued holomorphic function on

S, =C"\{ (w1, ..,xn): [[ A=a2) J] (1-aax)=0 (1.14)

1<j<n 1<j<k<n

and can be expressed by

La(x)= ) /Ox Wiy —jn 1 (X)) - Wi, (%(G2))wr (x(1)), (1.15)

01 <=
jlv---ajneen
where the subtraction — : S, — Z 1is a binary operation such that

. ) . ) s, ifis=js+1andig=j, VYl #s;
(Zlv"'azn)_(.jl""ﬂjn): .
0, otherwise.

Proof. The proof is straight-forward so we leave it as an exercise. O

It is clear that every nonzero term in the sum of (1.15) is provided by some vector index

(1s---Jn) € G with |j| =€ for all £ =1,...,n, which we call admissible for convenience.

Ezample 1.4.3. When n =1,

Liy(x) = /Oxdlog(llx) = —log(1 —x).

When n = 2, &2 = {(0,0),(0,1),(1,0),(1,1)} and there are two admissible elements in &3:
((1,0),(1,1)) and ((0,1),(1,1)). Let x = (z,y) then

x(1,0) =z, x(0,1) =2y, x(1,1)=(z,y).
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Thus
wa(x x(1,0)) + w1 (x)w1(x(0,1))

:/(m v) n dx N dy d(xy) .
0.0 1—x l—2z yly-1)/)1—-ay
When n = 3 let x = (z,y, z). Then

X(l) 07 O) :x7 X(07 17 O) = ij’ X(O’ 0’ 1) = xgz? X(17 17 0) = (aj7 y)7
X(]‘507 1) :(‘r?yz)7 X(07 171> = (:I:y7 Z)? X(17 17 1) = (m5y7 Z)

Liy 1 (z,y) =

o\

Thus
() d dz ([ d d d
L’Ll 1,1 Lﬂ Y, 2 / y z + o ( £ + Y ) (SL’y)

000 1—zl—y1—x T \T-a T yy-1) T-ay

n dx dz d(zy) n dy n dz d(yz) dx
1- ) 1—21—ay -y z2(z-1))1-yzl—2x

n dy dx n d(yz) d(zyz)
1- y z—l) l—z wyz(yz—1)) 1 —zyz

+(1—sc +y<ydg 1)) (fl(—xfczﬁzudi 1>> fl(—ziy)

1.5 Monodromy of multiple logarithms

The main goal of this section is to define the variation matrix associated with the multiple
logarithms by utilizing the vector index set & as defined in (1.10), together with the partial
order <.

Write x = (21,...,2,) as before. We know the n-tuple logarithm £, (x) is related to
multiple logarithms of lower weights. This can be seen easily, for instance, when we take the

derivatives as given by Lemma 1.4.1.

Definition 1.5.1. Suppose i € &,, has weight k. We define the i-th retraction map p; :
S,, — S, as follows.

(1) Ifi s j then pi(j) = (0,...,0)

(2) Suppose i = j and j has weight I. Suppose further that the 1’s occur at the positions
Ti,...,Tk iniand ¢1,...,¢ in j, respectively. Then we can put ¢, = 7,, for 1 <r <.
Set the entry of p;(j) to be 1 if it is at the a,-th (1 < r <) component and 0 otherwise.

For instance p(1101)((1100)) = (110) € &3 and p(1101)((0100)) = (010). In general,
pi(i1) = 1y, for all i with |i] = k.

We are now ready to define the entries of the 2" x 2" variation matrix M,(x) =
My . 1(x) associated with the n-tuple logarithm £, (x).

Definition 1.5.2. Fix a point x € S,, where

Sp=C"\Q (x1,....zn): ] ws@—2;) J] (A—aj-ax)=0 (1.16)
1<j<n 1<j<k<n
For 1 < s < n write as = as(x) =: (z1---2,)"! and
dt dt
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(1) If j A, we define the (i,j)-th entry of My, (x) to be 0.

(2) Suppose i > j as given in Definition 1.5.1(2). Recall from equation (1.13) we have

Tm

X(i):y:(yla"'vyk)a Ym = H Lo =

a=1+Tm_1

ar,, ,(X)

1< < k.
o, (x) o=

with TO = 0, CL()(X) = 1. Set tQ = Qg = 07 tl+1 =n-+ ]., Qi1 = k+ ]., an+1(x) =
ar+1(y) = 0. Define the (i, j)-th entry of My, (x) as (27i)' E; j(x) where

! aa, (y)
Eij(x) =55 ) =(=D""]1 / Oa,11(¥) - o1 -1(y)
r=0" %, 11 (Y)

l (1.17)
=D a0 (0)

Here the [ + 1 paths pg,...,p; for the | 4+ 1 integrals are independent of i where p,
is any fixed contractible path from a;, (%) to a, (x) in the punctured complex plane
C\ U, <s<t,,, {as(x)}, and the integral fp =1if a, +1 = a,41. We get the second

equality by observing that
am(¥) = W1 Ym) ' = ar, (X) = a0, (y) = ar, (x)=az (x).

Proposition 1.5.3. Suppose i and j are given as in Definition 1.5.2(2). As multi-valued

functions

! a X)— ag X
Eivj (X) _ H £ar+1_ar_1 < ag,. (X) — Qt,q4 (X) e Ta7‘+1—2( ) r+1( )) (118)
r=0

)
Qrp 41 (X) — Ot qy (X) aTaTJrlfl (X> — Aty (X
:’Skﬁ—()é[ (x1+tl P xTal+17 e 71'1_"_7_]971 e ka).
-1
e R R e T R 1.19
N Q1 —op—1 1 s Tt 71 . ( . )
o — '/L‘1+Tar,»+1 PP xtr+1 — $1+7—a7‘+171 e ‘/Etr«i»l

Here £9 =1 and ag = 0.

Proof. By direct and simple calculation using substitution we get

(_1)0&7‘+17047‘71 97—&7\+1 (x) . 97ar+171 (X)
Pr

(aam%m@> amﬂxw—mmﬁv
= SQTH_QT_l )

a/Tar+1 (X) - a‘t'r‘+1 (X) ’ ’ aTO‘T+1 -1 (X) - at7'+1 (X)
The proposition follows immediately. O

Ezample 1.5.4. On the last row of M{,)(x) one has

l
A, — Qg, Aty —2 — G,
_n _ 7 r1 r41 ra1
By j(x) =7 (x) = H Strﬁ»l*tr*l( yTT ) (1.20)
r=0 At 41— Qg A, 1—1 = At,yy
l
_ H o L=y, Ty, 1=y, 1%,
- try1—tr—1 Ty
r=0 1= Zope, Tty L=,

where £9 =1 and 2,41 = co. In particular, Eq ¢ = 7§ (x) = £,(x) and Eq1 1 =47 (x) = L.
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For any n > 2let L, = L,(x) = [Co ... C1] be the matrix with 2" columns Cj (j € S,,)

where
Gy = iy (x

i-j

where e; is the i-th standard unit column vector. In listing the columns we have used a
complete order “<” on &,,: If |i| < |j| then i < j (or, equivalently, j > i). If |i] = |j| then the
usual lexicographic order from left to right is in force with 1 < 0 (not 0 < 1!).

We now fix a standard basis {e; : i € &,,} of C*" consisting of column vectors. Suppose
li| = k. It follows from definition that the i-th row is

Ri:=Y (2mi)lilyk o (x(1))ef = (2mi)* +Z 2mi)Hlyk o (x())ef (1.21)

j=i

T

where ¢;
first entry (i.e. j = 0) of this row is £;(x(i)).

are now row vectors. Note that v* i) = = 1 by definition. It is clear that the

Ezample 1.5.5. Using the above definition we can easily get the variation matrix associated
with the double logarithm:

1
Lii(x 2mi
Ml,l(xay): .1( ) .
Liy (zy) 2mi
Livi(z,y) 2miLiy(y) 2mi(Lii(x) — Lis(y) —logy) (2mi)?
For any k£ = 0,...,n let us call the minor of M, (x) consisting of rows beginning with

k-tuple logarithms (corresponding to i = ({1}*,0,...,0)) and ending just before the (k + 1)-
tuple logarithms the k-th block. It has (}) rows with row indices |i| = k.

Lemma 1.5.6. The matriz My, (x) is a lower triangular matriv. Moreover, the columns
with |j| = k of the k-th block of M, (x) is (2mi)* times the identity matriz of rank (7).

Proof. The lemma follows directly from equation (1.21) because if j 2 i then j < i. O
Lemma 1.5.7. The j-th column of M,(x) is

(2mi) 1G5 = (2mi) 1 ")) (x(D) e

i~j
where x(i) are defined by equation (1.13) depending on i.

Proof. Use equation (1.21). O

Proposition 1.5.8. The columns of M,(x) form the set of the fundamental solutions of

the following system of differential equations

d Xo =0,

iXi= Y Xedyl (x(®) forall1<li<n (1.22)
k|=|i|-1, k<i

where x(1) is determined as in equation (1.13).
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Proof. We prove the proposition by induction on n. It is easy to see the proposition is valid
for n = 1 and n = 2. We assume that n > 3 and the proposition is true for < n — 1. Let
us now look at the j-th column as expressed in Lemma 1.5.7. The cases |[i| =1 or j > i are
obvious. Suppose

(1) 1 < il < n and j <1i. There are two cases. (i) j A i. This is trivial because each term
of both sides is zero. (ii) j < i. Then there is a ¢ such that i; = j, = 0. We denote i’ € &,,_1
the corresponding index after deleting the #;-th component. By induction

> e (U)o (1)) = A ) ()

K/ |=]i'|—1, j <k’ <i’

where we set X' = (21,..., %41, Ti,Ti,+1, Tip42, - - -, Tn). Since |i'| = |i] and |kK'| = k| we
can get the desired equation by inserting 0 before the 7;-th components of i, j’ and k’.
(2) i=1 and |j| =I. We need to show

o)=Y A (x() dop (). (1.23)

|k|=n—1, j<k

This is trivial when | = n. The case | = 0 follows from (1.12) of Lemma 1.4.1:

- 1—a !
dLn(x) = Zzn—l(xlv e T 1, Ty T 1, T2, - - -, Tyy) d1OG 1715“
t=1 — T
So we may assume 0 < [ < n, j;, = --- = j;, = 1 and j; = 0 for all other indices t. By
definition (1.20) we have

ve=(1,...,1,......... 1,0,1, .. 1,...,1).

i T T
t,-th place s-th place  t,41-th place

Under the retraction map py, the numbering of the indices changes as follows: ¢ ~ ¢t if ¢t < s
and t ~t —11if t > s. We also have

ar(x(vs)) = ay(x) ift < s,

a1 (x) ift > s.

n

Hence for each s such that ¢, < s < t,;1 the integral expression of v k_(Jl) (x(k)) is unchanged

P
under pg (j < k) except the vs-term. Equation (1.23) now follows immediately from Leibniz

rule and so the proposition is proved. O

Theorem 1.5.9. Let My, (x) = [Eiaj(x)]ijee where E;;(x) are defined by (1.17). Let
1<j<k<nand g € m(Sn,x) (resp. 1 < j <n and gjo) enclose Dji, = {z; ...z = 1},
(resp. Djo = {x; = 0}) only once but no other irreducible component of D,, such that
quk dlog(l —x;...xx) = 2mi (resp. quo dlogx; = 2mi). Then

M(qjo) = I+ [nij) M(qjr) = I+ [mag)

1,je&,’ i,jeGn
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where I is the identity matrixz of rank 2",

-1 iftr<n—j<tip1—2,r>1L i=j+uspr andn—j7<s<t.41—2

ni,j =
0 otherwise,
(1.24)
and
1 iftr=7<n—k<t1—-2,r>1,i=j+up_k41
mig=4q—-1 ift,+1<i<n—k=t1—1,r>0,i=j+w (1.25)

0 otherwise.

Herei and j in the case of m; ; = £1 and n; ; = —1 satisfy the condition in Definition 1.5.2(2).
Proof. . If we analytically continue every integral entry of M, (x) along a same loop ¢ €
71(Sn,x) we will denote this action of ¢ by ©(g). By definition it is clear that if i 3 j then
©(q)Ej j(x) = E; ;(x) which is either 0 or 1. Thus we are only concerned with E; ; with i > j.

We now fix some j. If |j| = n then clearly (©(q) — I)Cy = [0,...,0] for any loop q.
This proves the proposition for |j| = n. We now assume |j| < n. Let i and j be given as in
Definition 1.5.2(2). Then the theorem follows from the explicit expression (1.19) using the

monodromy computations contained in Theorem 4.3, Propositions 5.4 and 5.5 of [357]. O
Corollary 1.5.10. The monodromy representation of M, (x)
px : T1(Sp,x) — GLan (Z)

18 unipotent.

1.6 Variations of mixed Hodge structures of multiple

polylogarithms

1.6.1 Definition of variations of MHS: a review

In this section we briefly review the theory of variations of MHS.
A pure (Z-)HS of weight k consists of a finitely generated abelian group H(Z) and a
decreasing Hodge filtration F* on H(C) := H(Z) ®z C such that H(C) = F? & Fk—r+1 for

all integers p. Here the “bar” is the complex conjugation on the second factor of the tensor

product. A special example is the Tate structure Z(—k) of weight 2k consists of H(Z) = Z
and the filtration FP = 0 for p > k and FP = H(C) for p < k. If we replace Z by Q in the
above then we get a pure (Q-)HS of weight k.

A MHS consists of a finitely generated abelian group H(Z) and two filtrations: an in-
creasing weight filtration W, on H(Q) := H(Z) ®7Q and a decreasing filtration F* on H(C),
which are compatible in the following sense. On each graded piece of the weight filtration
gr};v = Wi /Wy—1 the induced Hodge filtration determined by

FrglV)(C) = (FPNWi(C) + Wk_l(C))/Wk_l((C)
is a pure Hodge structure of weight k& where Wi (C) := Wy ®z C. If all the pure Hodge
structures induced as above are direct sums of Tate structures then we say the MHS is a
Tate structure. For a mixed Hodge-Tate structure we can put a framing as in [20, §1.3.4,
§1.4].
Following Steenbrink and Zucker [295, Definitions 3.1, 3.2 and 3.4] we have
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Definition 1.6.1. A wvariation of HS of weight k defined over Q and a complex manifold S
is a collection of data (Vg, F*) where

(a) Vg is a locally constant sheaf (local system) of Q-vector spaces on S,

(b) F* is a decreasing filtration by holomorphic subbundles of the locally free sheaf
YV =0g Rq V@.

(c) At each s € S, F* induces the Hodge filtration F? of a Hodge structure of weight &k
on the fiber V, of V such that

(i) whenever p 4+ ¢ = k one has V, = F? @ F&T'| where the “bar” denotes the

complex conjugation,

(ii) equivalently, one has Vs = @, ,_, HP*? where HY? = FP'N FI

(d) (Griffiths transversality) Under the connection V in V,
VFP CQf @0 FP1 for all p.

Definition 1.6.2. A polarization over Q of a variation of Hodge structure of weight k over

Q is a non-degenerated and flat bilinear pairing;:
B : V@ X VQ — Q,

such that 3 is (—1)*-symmetric, and the Hermitian form S,(C,v,w) is positive on each fiber.
Here Cy denotes the Weil operator with respect to F, namely the direct sum of multiplication

by =1 on HP:9. A variation is called polarizable (over Q) if it admits a polarization (over

Q).

Definition 1.6.3. A wvariation of MHS defined over Q and a complex manifold S is a
collection of data (Vg, W, F®) where

(a) Vg is a local system of Q-vector spaces on S,

(b) W, is an increasing filtration of the Vg by local subsystems,

(c) F* is a decreasing filtration by holomorphic subbundles of V = Og ®g V.

(d) VFP C Qf ®og FP~ for all p.

(e) The data

(grx Vo, F* (OS ©r Wk/Os ®5 Wi_1)) (1.26)

is a variation of HS of weight k£ defined over Q; or equivalently, on the fiber over s € S,
(Vs, Wy, Fs) is a MHS defined over Q.

(f) If the induced collection of variations of HS (1.26) are all polarizable then the MHS
is called graded-polarizable.

Remark 1.6.4. By extension of scalars in Vg one can define Vi for any field F such that
QcFcCR.

Giving a local system Vg is equivalent to specifying its monodromy representation
Pz 2 (S, ) — Autg V,.

A variation is called unipotent if this representation is unipotent. From Proposition 1.3 of
[156] we know that a variation of MHS (Vg, W,, F*®) is unipotent if and only if each of the
variations of Hodge structure gr} Vg is constant.

In general, the behavior of a variation of MHS over a non-compact base S at “infinity”

is very hard to control. Steenbrink and Zucker [295] consider the case when S is a curve
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and define the admissibility condition at infinity. For higher dimensional S, Kashiwara, M.
Saito, and others define a variation over S to be admissible if its restriction to every curve is
admissible in the sense of Steenbrink-Zucker.

However, the behavior of unipotent variations of MHS at infinity can be controlled rather
easily. We have the classical result of Deligne [83, Proposition 5.2] which defines the canonical

extension V of V.

Theorem 1.6.5. (Deligne) Let S be a normalization of S. Let (Vg, We, F*) be a unipotent
variation of MHS over S. Then
(a) There is a unique extension V of V over S satisfying the following equivalent conditions:

(i) Inside every section of f), every flat section of V increases at most at the rate
of O(log® |z|) (k large enough) on every compact set of D =S — S.
(i1) Similarly, every flat section of V¥ (the dual) increases at most at the rate of

O(log" |z|) (k large enough).

(b) The combination of the two conditions (i) and (i) is equivalent to the combination of the

following two conditions:
(iii) In terms of any local basis of V the connection matriz w of V has at most
logarithmic singularities along D.
(iv) The residue of w along any irreducible component of D is nilpotent.

We will verify conditions (iii) and (iv) by Proposition 1.5.8 for the multiple logarithm

variations of MHS. They are unipotent variations by Theorem 1.5.9.

Definition 1.6.6. Let S be a compactification of S. Then a unipotent variation of MHS
(Vg, We, F*) over S is said to be good if it satisfies the following conditions at infinity

(1) the Hodge filtration bundles F* extend over S to sub-bundles F* of the
canonical extension V of V such that they induce the corresponding thing for

each pure subquotient grkW Vo,
(2) for the nilpotent logarithm N; of a local monodromy transformation about a

component D; of D, the weight filtration of IV; relative to W, exists.

A slightly different definition first appeared in [155, 156] with the extra assumption that
D = S — S is a normal crossing divisor. In these papers Hain and Zucker classified good
unipotent variations of MHS on algebraic manifolds. With constant pure weight subquotients

these variations behave well at infinity.

1.6.2 MHS of multiple logarithms
Fix an embedding C™* — CP". Let D,, = D,, U(CP"\ C"). Let M2 (C) be the set of 2™ x 2™
matrices over C. Put
w = (ci,j) € HY(CP", QLpn (log(Dy))) ® Mo (C) (1.27)
ijes,
where
s xG) = -1

0 otherwise.
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It is not difficult to check that all of the 1-forms in w have logarithmic singularity on D,.

Moreover, because M, (x) is invertible and w is closed we get
dw =0, wAw=0. (1.28)

This shows that w is integrable.

Now we define a meromorphic connection V on the trivial bundle
CP" x C*" — CP" (1.29)

by
Vfi=df —wf

where f: S, — C?" is a section. This connection has regular singularities along D,, because
w is integrable by (1.28) and all the 1-forms in w are logarithmic in any compactification of
Sp. By the explicit construction of w we see immediately that the conditions (iii) and (iv) of
Theorem 1.6.5 are satisfied. Proposition 1.5.8 further implies that the columns (27i)l!Cj(x)
of Mi,(x) satisfy Vf = 0 and are therefore flat sections of (1.29). Even though they are
multi-valued, their Z- linear span is well defined thanks to Theorem 1.5.9. Hence V},(x)
forms a local system over S,.

Definition 1.6.7. The local system V},j(x) is called the n-tuple logarithm local system.

To define the MHS on V[,,; we can define the weight filtration by putting Wag11 = Way
and
W Vi (x) = ()G = [i] = k)g

which is the Q vector space with basis {(2i)IC; : |i| > k}. In particular, W2k Vin)(x) =0
if £ > n and W_oV},,(x) = Vjp)(x) if & < 0. By regarding e;’s as column vectors one can
define the Hodge filtration on V},j(x) ® C = Vi) ¢ as follows:

.FikV[n],C = <€i : ‘i| < k>(c

So in particular, f’kV[nLC =0 for k <0 and f*kv[nm = Vjn),c for k > n.

By induction on n and using Lemma 1.5.6 it is easy to show that

0 ifp<k—1
FPOW_ ok Vigc = (2mi)liles : k<[i|<p) ifk<p<n.

(@ri)liles: k<li|<n) ifp>n

This implies that

0 ifp<k—1

F gl Ve = .
Wk Vin,c/W-2r-1Vin) ¢ if p>k.

In other words, F1 glr‘in,C Ve = 0 for ¢ > —k + 1 and F1 ngVQk Vinc = gr‘iv% Vin),c for
q < —k. This means that the Hodge filtration induces a pure HS of weight —2k on each weight
graded piece. Furthermore, it is not hard to see by checking the powers of 2m¢ appearing
on the diagonal of My, (x) that this induced structure on g%, Vin),c is isomorphic to the
direct sum of (Z) copies of the Tate structure Z(k) by Lemma 1.5.6. In summary, we have
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Theorem 1.6.8. The n-tuple logarithm underlies a good unipotent graded-polarizable varia-

tion of mized Hodge-Tate structures (Vin), We, F*®) over

Sp=C"\ {H zj(1—z;) H (1—@...@):0}.

1<j<n 1<i<j<n
with the weight-graded quotients gr_% being given by (Z) copies of the Tate structure Z(k).

Proof. 1t is clearly that all the odd graded weight quotients are zero so that we can let the
polarizations on the weight graded quotients gr'¥,, be the ones that give each vector 2mie;
(lj] = k) length 1. Then everything is clear except the Griffiths transversality condition. But
this condition is also satisfied because dCj = wCj for every j € &,, by Proposition 1.5.8. [

1.7 Limit MHS of multiple logarithms

Let the monodromy of M,)(x) at any subvariety D of CP" be given by the matrix Tp and
the local monodromy logarithm by Np = log Tp/2mi. Note that Tp is unipotent so Np is
well-defined.

Now let us recall the construction of the unipotent variations of limit MHS at the “infinity”
with normal crossing. Let S be a complex manifold of dimension d. Suppose that S is
embedded in S, via the mapping j, such that D = S — S is a divisor with normal crossings.
Let V be any unipotent local system of complex vector spaces on S, and V the corresponding
vector bundle. According to Theorem 1.6.5 by Deligne there is a canonical extension V of V
over S. Moreover, when the local monodromy is nilpotent V is a subsheaf of j,V. The local
picture of S C S is (A*)” x A% ¢ A? where A is the unit disk and A* is the punctured
one. We let tq,...,t. denote the variables on (A*)", and Ny, ..., N, the (commuting) local

nilpotent logarithms of the associated monodromy transformations of the fibre. For zq,..., 2,
in the upper half-plane, the universal covering mapping for (A*)" is given by
t; =exp(2miz;), j=1,---,r
Let vy,...,v,, be a basis of the multi-valued sections of V over (A*)" x A4~ the formula
[01y. -y O] = [V1, ..., Um] eXD Z 2miz;N; | = [v1,...,Um H t.

determines a basis of the sections of V over A% and these provide, by definition, the generators
of V over A4,

In our situation, although the divisor D,, is not normal crossing Theorem 1.6.5 is still
valid because the image of the global holomorphic logarithmic forms in the complex of smooth
forms on S is independent of the normal crossings compactification (see [154, Prop. (3.2)]).
In fact, the forms we are considering lie in the subcomplex generated by 1-forms of the type
df /f where f is a rational function. Such forms are automatically logarithmic in any com-
pactification and therefore our connection is automatically regular. Hence the admissibility
and the existence of the limit MHS is an automatic consequence of the admissibility of our
variations restricted to every curve in S,,. Moreover, the pullback to S, of our trivial bundle
(1.29) restricted to S, is exactly Deligne’s canonical extension of (1.29), and the pullbacks of
the subbundles F* and W, are the correct extended Hodge and weight subbundles. Therefore

we have
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Theorem 1.7.1. The n-tuple logarithm underlies a good unipotent graded-polarizable varia-
tion of mized Hodge-Tate structures (Vin), We, F*®) over

1<j<n 1<i<j<n
with the weight-graded quotients gr‘i‘é,c being given by (Z) copies of the Tate structure Z(k).
Proof. 1t is clearly that all the odd graded weight quotients are zero so that we can let the
polarizations on the weight graded quotients gr'%,, be the ones that give each vector 2mie;

(il = k) length 1. Then everything is clear except the Griffiths transversality condition. But
this condition is also satisfied because dCj = wCj for every j € &,, by Proposition 1.5.8. [

If we want to determine the limit MHS of multiple logarithms explicitly we can still apply
the techniques used in the normal crossing case. We will carry this out only for the depth

two and three cases. The general picture is similar but much more complicated.

1.7.1 Limit MHS of double logarithm

First we look at the double logarithm variation of MHS. We have

1
£1 (x) 211
M ) =
11(@,) L1(zy) 0 2mi

Lo(z,y) 2mili(y) 2miH(z,y) (2mi)?

where H(z,y) = £1(z) — £1(y) — logy.
(i) Let us first try to extend the MHS to the divisor Doy = {y = 0} along the tangent vector
0/0y. We have

1 0
0 IOgT{zZO} 0 0
Tiy—or = v Ng=oy=—F— =
{y=0} 0 0 1 t 0} 271 0 0 0
00 -1 1 00 —55 0
Let My 1 (z,y) = [Co(z,y) ---Cs(x,y)]. Define
1
i M ; 01
[s0 51 $2 53}—t1_1>% 11(z,1) 0 0 1
0 0 logt/(2mi) 1
1
_ [ &ay) 2mi
o 0 0 2mi
0 0 2mif(z) (2mi)?

Let Vg, {y—0y be the Q-linear span of sq, 51, 52, 83, and V¢ 1y—0y = C® Vg ry—0y. Let {e; : j =
0,---,3} be the standard basis of C* where the only nonzero entry of e; is at the (j + 1)st
component. Then the limit MHS on {(z,y) : y = 0,z # 1} along 9/0y are given by

(V, ty=01> We), (Vi ty=0y, F'*))
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where for £k =0,...,3
W_ok Vg, to=0} = (Sky---,53), W_op = W_opiy (1.30)

and
F™"Ve om0y = (€0, - -, k). (1.31)

(ii) A similar calculation shows that along the tangent vector 9/dy the limit MHS on the
divisor Dag = {(z,1) : & # 1} is the Q-linear span of sg, ..., s3 where

1
Li(z)  2mi
[80 51 82 83] = (

)
£1(x) 0 27
Lo(z,1) 0 27miLi(x) (2mi)?

It is easy to see by differentiation that £4(z,1) = (21(x))2/2.
(iii) The extension of MHS to D11 = {(1,y) : y # 0, 1} along the tangent vector 9/9x is given

by the Q-linear span of s, ..., s3 where

1
0 2m
[s0 51 52 53] = “Li(GY) 0 2mi
Liz(%5)  2miLis(y) —2milog %5 (27i)?

(iv) Limit MHS on D13 = {(z,1/x) : © # 0,1} along the tangent vector 9/9y is given by the

Q-linear span of sq,...,s3 where

1
| —Lin(35) 2mi
[s0 51 52 3] = 0 0 omi
—Lig(ﬁ) 27i log ﬁ 0 (27Ti)2

(v) D2oND11 = (1,0). From (i) we see that there are limit MHS on the open set Dy \ {(1,0)}
of Dyy. We now can easily extend these MHS to (1,0) along the vector 9/0x and find the
limit MHS at (1,0) to be the Q-linear span of sq,--- , s3 where

1
10 2mi
[sosuszsal =150 o
0 0 0 (2m)?

If we start from (iii) and then extend the MHS to (1,0) along tangent vector 0/dz we will
get the same limit MHS.

(vi) Daa N D1y = D12 NDy; = D11 N Dag = (1,1). We can start from either case (ii) or (iii)
or (iv). Extending the limit MHS of case (ii) we see immediately that the along the tangent
vector 0/0y the limit MHS at (1,1) is given by the Q-linear span of

1
0 211
= . 1.32
[30 S1 52 53] 0 0 i ( )
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If we extend the limit MHS of case (iii) to (1,1) along tangent vector 9/0x we find that only

the lower left corner entry is different from the above. Instead of 0 it is

T . Y 1 201 N —) = —Li = _12
Ejq= ;l_}H}LZg(yi 1) + 5 log“(1 —y) —logylog(1l — y) = —Lix(1) = 13
since
Lig(1 —t) + Lia(1 — 1/t) 4+ log*t/2 = OVt # 0. (1.33)

But if we take s{, = so — s3/48 we get the same basis as in (1.32). The same phenomenon
occurs if we start from case (iv) and then use tangent vector 9/0y.
If we extend the limit MHS of (iv) to the point (1,1) along the tangent vector 9/dz then

we find that
)—1102(1—x)—Li(1)—12
1/ 2% - =

by taking t =1 — z in (1.33). Now if we let s{, = so + 4—1833 then we get the same basis as in

T

E411 = il_>m1 _LZQ(QJ‘ —

(1.32). This phenomenon happens in higher logarithm cases too.
In Exercise 11 you will see another example of limit MHS. From all these examples we

put forward the following

Conjecture 1.7.2. The variations of mized Hodge-Tate structures associated to every multi-
ple polylogarithm can be produced as the variations of some limit mized Hodge-Tate structures

related to some suitable choice of multiple logarithm.

1.8 Single-valued multiple polylogarithms

Using the monodromy of multiple polylogarithms obtained from section 7?7 we can construct
single-valued multiple polylogarithms. Although this procedure can be carried out in general
the computation in each particular case will involve very complicated notations. So we will
just treat several lower weight cases in detail to illustrate the main idea.

1.8.1 General procedure of construction

In this subsection we first describe the general procedure to define the single-valued real
analytic version of Liy,,, . m, (s), denoted by Ly, _m,(x), provided the variation matrix
,,,,, m, (X) is already found. We will work with the multiple logarithms below, but the

idea is exactly the same for the general case.
Let M, = Mp)(x) = Ly (%) 70 (270) where
7a(A) = diag[AV], g .
Define the matrix
Bl = (i) MM, 7 (3)

where M, is the complex conjugation of M|,). By the monodromy computation we see
that By, is a single-valued matrix function defined over S, because all the monodromy
automorphisms are given by real matrices. Now both M|, and ﬂ[;}l are lower triangular
matrices, so is Bj,). Moreover its diagonal is given by Tn(i)rn(27ri)mil7'n(i) = I where
I'is the identity matrix. Hence we may assume B, = I + N where N a nilpotent matrix.

We see that log B is well defined and since B, = B 1 it satisfies

[n]

log B[n] = — log B[n]7
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namely, log By, is a pure imaginary matrix. Then we define i/2 times the lower left corner
entry of log By, to be £,(x) which is a single-valued real analytic version of the multiple
logarithm £,,(x).

Remark 1.8.1. Our method is slightly different from that in [19]. In fact in the polylogarithm

case the matrix By, constructed as above is the conjugate of the one in [19] by 7 ().

1.8.2 Single-valued double logarithms

We have seen from Example 1.5.5 that My 1(x,y) = L11(x, y)71,1(27¢) where

1 1
Liy(z) 1 A

L = dma(A) =

ey = | e . and 71,1() A
Liva(z,y) Lir(y) log 2=t 1 A

Let B11(z,y) = m11()Li1(z, y)11(—1)L11(z,y) 71,1(4). Then By 1(x,y) is unipotent
and single-valued. An easy calculation shows

0
—2ilog |1 — x| 0
log B =
0g Br1(z,y) —2ilog |1 — ay| 0
—2iLya(z,y)  —2ilog|l —y| 2ilog| =] 0

where
‘ ~1
L1 (x,y) = Im (Liy (2, y)) — arg(l — x)log |1 — y| + arg(1l — zy) log’h’ (1.34)

is the single-valued real analytic version of Liy 1(z, y).

By differentiation it is easy to check that

: . (TY — X . x .
Liva(z,y) = L’LQ( 1y_x ) - Lw(x — 1) — Lia(xy).

So by using the single-valued dilogarithm function £3(z) = Im (Liz(2)) + arg(1l — z)log |2|

we can also recover (1.34) as

51,1(% y) = £2($1y__;) - £2(

) — Lo(zy). (1.35)

rx—1

One can check quickly this function satisfies the functional equation

Liq(z,y) = —51,1(xi ot —y)

by using the functional equation Lo(x) = —Lo(1 — 2) = —Lo(1/x).

1.8.3 Single-valued double polylogarithms £,, and £,;

By [339] a single-valued version of Lis(z) can be defined as

L3(z) = Re (Liz(2)) — log |z| Re (Lia(2)) (log |2])*log |1 — z|. (1.36)

1
3
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We now consider Lis1(z,y) and Li 2(z,y). By the procedure outlined in section 1.8.1

we find that the single-valued version of Lis 1 (z,y) is (see Exercise 8):
Ls1(z,y) = Re Lig 1 (z,y) — arg(1 — zy) [L2(x) + L2(y)] + log |1 — y| Re Lia(z)
1
—log[z|Re Li1 1 (z,y) —log [l =y~ Re Lix(zy) — 5 log |2”y|log |1 — xy| log‘l - y*’
1
+ 3 log |z](21og |1 — z|log |1 — y| + log |1 — zy|log [y(1 — z)]).
The single-valued version of Liy o(z,y) is (see Exercise 9):
Li2(z,y) = Re Liy o(x,y) + arg(1 — ay) [L2(z) + La(y)] — arg(l — 2)La(y)
1
+log |1 — x| Re Liz(zy) — log |y| Re Liy 1 (x, y) + 3 log |1 — z|log |zy|log |1 — zy]
1 1-—-
+ 3 log |y| [log |1 —z|log |1 —y| + log |1 — xy| log‘MH.

Using the single-valued versions of dilogarithm L5(z) and trilogarithm £3(z) we can ex-
press £ 2(y, z) by the trilogarithms

T — 2y

[,172(y,.%‘) = [,3(1 — .Z‘y) + Eg(l — y) — 53(11:xyy> — [/3(.1‘) + £3(

) = £a(1),

1 -2y

where L3 is the single-valued trilogarithm given by (1.36). This follows from the relation
first discovered by Zagier after Goncharov’s conviction that such identity should exist:

1-— Tr—x
Liy oy, 2) = Lis(1 — zy) + Lis(1 — y) — Li?,(1 - jy) ~ Lig(z) + Lig( xi) ~ Lis(1)

—log(1 — zy) (Liz(1) + Liz(1 — y)) — log( f:xyy)Lig(x) + % log () log?(1 — zy).

The geometric origin of this identity can be found in [349, Remark 3.18]. By straightforward
computation one can find the following interesting formula:

ACLQ(xa y) + L:Z,l(ya $) + ‘C3(my) = 0
One should compare this with
Liy2(2,y) + Liz(y, @) + Liz(zy) = —log(1 — y) Lia().

Finally, one can expressed the triple logarithm £4 11(z,y, ) using the trilogarithm (see
Exercise 13). Thus in weight three we essentially only need trilogarithm. But it may be a
little surprising that similar identities in higher weight cases do not exist in general from
geometric considerations (see [349, p. 146]). For example, L2 2(z,y) cannot be expressed by

only tetralogarithms Ly4.

1.9 Aomoto polylogarithms

For many people it is much easier to grasp a concept when geometric figures are attached to
it. This is certainly true when we study multiple polylogarithms. Many deep results have
been obtained for them up to weight three especially because in these lower weights we can
draw pictures and visualize/discover various relations between them. Moving up to higher

dimensions it is natural to consider the so-called Aomoto polylogarithms.
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Definition 1.9.1. Let F be a fixed field of at least two elements. Fix a positive integer n. By
a simplex in the projective spaces P we mean an ordered set of hyperplanes L = (Lo, ..., Ly,).
It is nondegenerate if the intersection of all the hyperplanes L; is empty. A face of L is any
nonempty intersection of the hyperplanes. A pair of simplices is admissible if they do not
have common faces of the same dimension. It is a generic pair if all the faces of the two

simplices are in general position.

Table 1.1: An admissible non-generic pair of triangles.

Given a nondegenerate simplex L we may choose the coordinate system [to, ..., t,] in P%
such that L; = {¢t; = 0} for 0 < i < n. If FF = C then we define the canonical differential
form associated to L as

dt; dt dt
IANEA AR
tp to tn

Wy, =

The Aomoto n-logarithm is a multi-valued function on configurations of nondegenerate ad-
missible pairs of simplices (L; M) in CP" defined as follows:

A (L; M) = / wr,
Ay
where Ay is the n-cycle representing a generator of the relative homology H,, (CP", UT_ o Mj; 7).
We now define the double scissors congruence groups A, (F) whose defining relations
should reflect (conjecturally all of) the functional equations of Aomoto polylogarithms. Fur-
thermore, the associated graded object should form a Hopf algebra which provides a bridge

to the study of motivic polylogarithmic complexes.

Definition 1.9.2. Define Ag(F') = Z. If n > 0 then A, (F) is the abelian group generated

by admissible pairs of n-simplices (L; M) subject to the following relations:
(R1) Nondegeneracy. (L; M) =0 if and only if L or M is degenerate;

(R2) Trivial intersection. Suppose Lo, ..., L, and My, ..., M, are hyperplanes in ]P’?H. It
N = L; or N = M; for some 7 then

(N|L; M) == (LoNN,...,L, AN); (MgN N ..., M, N N)) =0.
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(R3) Skew symmetry. For every permutation o of {0,...,n}
(oL; M) = (L;0M) = sgn(o)(L; M),
where oL = (Lo(0)7 ey La(n));

n

(R4) Additivity in L and M. For any hyperplanes Ly, ..., L,+1 and n-simplex M in P%

n+1
> (-1 ((Los- -, Ly, Lnga); M) =0
§=0
if every pair ((Lo, ... ,z; yeovyLpt1); M) is admissible. A similar relation is satisfied

by any n-simplex L and hyperplanes M Ly, ..., M,11;
(R5) Projective invariance. For every g € PGLy41(F)

(gL; gM) = (L; M).

Denote by [L; M] the class of (L; M) in A, (F).

Ezample 1.9.3. We now consider the simplest case: n = 1. By projective invariance (R5) we
may assume without loss of generality that L = (00,0) and M = (1,a) for some a # 0,1, co.
Then de Rham cohomology H}g (CP'\ L) = H'(C*) is generated by [dz/z] where the relative
singular homology H; ((CIP’l, M) is generated by [Ajs] where Ay is the line segment from 1

to a. So we get the period

“dz
— =loga.
1 Z

Ezample 1.9.4. Let n = 2. Take Ly = {& = 0}, Ly = {y = 0} and Ly = {z = 0}. Let
My ={x =z}, My ={y=tz}, and My = {z +y = z}. We have the following picture:

Table 1.2: A real picture for dilogarithm.

Hence the period is given by

dr d dy d
/ ii/:_/ YW B Liy(t).
o<l—z<y<t £ Y o<z<y<t Y 11—z
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Definition 1.9.5. The n-simplex L whose faces are L; = {t; = 0} (0 <4 < n) is called the
standard (coordinate) simplex. For an arbitrary field F' we denote by A, ., the subgroup
of A, (n=n1+---+ng) generated by all multiple polylogarithmic pairs Ay, n,(x1,...,Zq)
corresponding to the multiple polylogarithms (all possible z1,...,24) and write A(n) for the
group generated by of Ay, . n, wWith n; > 1 and ni +--- +ng = n. Specifically, we can
represent Ay, . n,(®1,...,24) by (L; M) where L is the standard simplex in P} and M is
determined as follows: Take a; = 1/(x1 ...2;) and the vertex facing My to be

mQZ[ZO,...,Zn]:[O,...,O,—al, 0,...,0,—a2,...,0,...,0,—ad,1].
~—— N—— ~——
n1—1 times no—1 times ng—1 times

The vertex m; (1 <1i < n) facing M; is given by
mi=lz1+1,...,zi+ 1, 2zi01, o0, 20, 1]

IfF=Cand M=A,,  n,(x1,...,24) areal simplex then the integral

dt dt,, .
/ A A= = (=)L, oy (21, 24), (1.37)
VAN 31 tn

where A); is the convex real span by the faces of M. This is the origin of the name multiple
polylogarithmic pair.

The key to study the double scissors congruence group A, is to equip it with a good
Hopf algebra structure. In lower weight cases (< 4) this can be done explicitly using some
geometric combinatorial argument (see [349]) but in general this is still unclear. The product
1 is easy to define but the coproduct is highly nontrivial. If this can done for arbitrary n

then we have the following surprising conjecture.

Conjecture 1.9.6. The restricted coproduct provides a complex
Aso — Aso®Aspg — A @ Aso @ Asg — -+

whose graded n-piece
n—1

Ay — PAL© A — -+
k=1
gives
H{,y(Ae, Q) = g1 Kon—i(F)g
where grl Kopn_;(F)q is the y-filtration of K -groups.

In fact, according to the Tannakian formalism the category MTM(F') of mixed Tate
motives over a field F is supposed to be equivalent to the category of graded modules over a
certain graded commutative Hopf algebra A, (see [22] and [137, Ch. 3]). Therefore the Ext
groups in the category MTM(F') of mixed Tate motives over Spec(F') are isomorphic to the
cohomology of the Hopf algebra 4,. Beilinson et al. conjecture that A, is isomorphic to A,
and therefore the groups A,, ® Q should have a Hopf algebra structure over Q. This is the
primary motivation to study the groups A,. Further, by Beilinson’s conjecture, there is a
negatively graded Lie algebra Le(F') over Q such that

Extyrm(r) (Q(0), Q(n)) = H{,)(Le(F)) = gr’) Kzn—i(F) © Q.

This is why we have Conjecture 1.9.6.
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One hopes to construct the motivic Lie algebra Le(F') explicitly, at least when the weight
is not too large. To this end, let B, (F) = Z[PL]/R,(F) where the subgroup R,,(F) reflects
(conjecturally all of) the functional equations of the single-valued polylogarithm £, (z) de-
fined by (1.4). A lot of evidence [133] shows that B, (F) ® Q (for n = 1,2,3) is dual to the
motivic Lie algebra L_,,(F) (the dual is between the ind and pro Q-vector spaces). It follows
from this line of thought [134] that the following conjecture should be true.

Conjecture 1.9.7. Let 1II, = @y;ll w(A; ® An—j) be the subgroup of prisms of A, then
(An/,) @ Q = Ly (F)Y
and formn=1,2,3
(A /1) @ Q= L_,(F)Y 2 B,(F)®Q.

The first isomorphism means that the dual to the Hopf algebra A, ® Q is isomorphic to
the universal enveloping algebra of the Lie algebra Lo(F). This conjecture is trivial when
n = 1 since all are isomorphic to F* ® Q by the cross ratio (see Exercise 2). For n = 2 the
first isomorphism is proved in [21] by taking L _5(F)Y to be the Bloch group Bs(F) which
is the quotient group of Z[PL] modulo the five-term relations.? It is known that for number
fields By (F) = Bo(F).

Similar to Bz(F) the group Bs(F) is defined by Goncharov [134] as the quotient of Z[PL]
by the subgroup generated by the generic seven-term relations of some generalized cross ratio
rs and the Kummer-Spence relations (see [349, section 2.4] for details). The main result of

[349] is that modulo torsions one has

A3(F)/TI3(F) = Bs(F).

1.10 Other multiple polylogarithms

In the study of multiple zeta values one often needs to consider the one variable multiple

polylogarithms. Let s = (s1,...,s4) € N? and define
t s1—1 sa—1 k
a dt dt dt dt t
0 kp>o>kg>1 1 d
It is easy to see that Lig(t) = Lis(t,1,...,1)).
Proposition 1.10.1. We have

d -~ ﬂisl—l 89,...,84 (t)/t7 Zf S1 > 1,
ST = Dntee ,
dt L152753»~~75d(t)/(1 - t)a lf s =1.

Proof. The case s; > 1 is obvious. An easy application of geometric series summation formula

proves the case s; = 1 immediately. O

To study the so called multiple zeta star values (see Chapter ?7?) it is useful to consider

the following variation of one variable multiple polylogarithms. s = (s1,...,54) € N and
define
th
k> >ka>1 b d

2In the literature the Bloch group sometimes refers to the subgroup of Bo(F) which is isomorphic to the

indecomposable part of K3(F') modulo torsions.
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1.11 Historical notes

It is well-known that logarithm was first invented by John Napier in 1614. Although the
original intention was to simplify the multiplication and the division to the level of addition
and subtraction logarithms have found many other applications in modern mathematics.

The first serious study of classical polylogarithms seemed to be carried out by Jonquiere
[188]. Starting from 1950s Leonard Lewin systematically studied polylogarithms by general-
izing many results for dilogarithm [222, 223]. Apparently he chose the notation Li because
of “polylogarithm integral”. Later on with his collaborators he found many very interesting
ladder relations such as the following one of order 12 [2]: let p = (v/5 — 1)/2 then

Lin(p"?) _ §Lin(P6) _ Lin(p*) ELin(P2)

12n—1 2 6n—1 gn—1 48 on—1
_ 13log"(p)  ¢(2)log"*(p) L 19¢) log"~*(p) L 67¢6) log"~°(p) l<n<5
48 nl 8 (n—2) ' 1728 (n—4) " 6912 (n—5)!  ~— =7

A few higher order relations have been discovered since, some of which are only numerically
(see, for example, [77]).

In a series of papers spanning over twenty years K.-T. Chen developed his far-reaching the-
ory of iterated integrals [68, 69, 70] which was unfortunately overlooked for several decades.
Since 1990s, especially because of its applications in multiple zeta and multiple polyloga-
rithms, its importance has been gradually recognized by more and more mathematicians.
Richard Hain, one of Chen’s Ph.D. students, has played a pivotal role in this process.

During his study of monodromy properties of Li, () Ramakrishnan [275] implicitly came
upon the functions defined in (1.3) (written donw by Zagier explicitly in [338] and by Wo-
jtkowiak in a modified form in [328]). When n = 2 this coincides with the Bloch-Wigner
dilogarithm which was brought to prominence in Bloch famous Irvine’s lectures [30]. Notice
that the function (1.4) also generalizes the Bloch-Wigner function which is the n = 2 case.

Around 2000 Herbert Gangl investigated various functional equations of polylogarithms
Lin(z) for n <7 (see [122, 123]). Although there are a lot of information available for these
functional equations when n is small the most general functional equation of Liy,(z) is still
a mystery whose complete solution will provide key information in the construction of some
motivic complexes [133, 134].

In [126] Gangl and Miiller-Stach discovered a cycle-version of the five-term relation (1.6)
satisfied by the dilogarithm in some higher Chow group. They also proved a certain Kum-
mer relation in the cycle-version holds for the trilogarithm. This has been generalized to
trilogarithm’s 22-term relation (1.7) in [354].

Turning to the multiple polylogarithms, E. Kummer, H. Poincaré, I. Lappo-Danilevsky
and K.-T. Chen all studied them in various disguised forms from different points of view rang-
ing from differential equations to iterated integrals. In the mid 1990s, Goncharov utilized
these functions to solve some difficult problems in number theory and algebraic geometry.
Sometimes, the term “hyperlogarithm” (see, for e.g. [200]) is used instead of multiple polylog-
arithm, but this is not standard since for other people (see, for example [273]) hyperlogarithm
means different functions.

Back in early 1980s Deligne [84] noticed that the dilogarithm gives rise to a good unipo-
tent variation of mixed Hodge-Tate structures. In his survey paper [153] Richard Hain gave
a detailed account of the polylogarithm local systems as variations of mixed Hodge structure

building on Ramakrishna’s explicit computation of the monodromy of polylogarithms [275].
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The monodromy computation also yields the single-valued variant £, (z) of the polyloga-
rithms [19, 29]. These functions in turn have significant applications in arithmetic algebraic
geometry such as Zagier’s Conjecture 1.2.1. On the other hand, as pointed out by Gon-
charov in [135], “higher cyclotomy theory” should study the multiple polylogarithm motives
at roots of unity, not only those of the polylogarithms. This is the reason why it is im-
portant to consider the variations of mixed Hodge structures associated with the multiple
polylogarithms.

The idea in section 1.8 follows closely that of Beilinson and Deligne [19] as given in
[29]. By this approach one can easily construct the single-valued version of any multiple
polylogarithm as long as one can determine its associated variation matrix explicitly.

In order to understand the motivic origin of multiple polylogarithms it is unavoidable to
work with Aomoto polylogarithms [9] which are geometrically more intuitive. Our treatment
here is quite superficial and avoids a lot of technical details but hopeful still gives the reader
a glance of what can possibly be done with this powerful concept. In particular, the double
scissors congruence groups are first introduced in [22] and then studied by Beilinson et al. in
two companion papers [20, 21]. They were able to construct the weight two motivic complex
modulo torsions using the geometric combinatorial properties satisfied by the double scissors
congruence group of pairs of triangles on the projective plane. This was generalized to
dimension three in [349]. Notice that in their original definition, Beilinson et al. imposed
another type of relations called Intersection Additivity. However, in [348] we showed that
these relations follow from the others.

Exercises
1. Verify (1.5) by differentiation .

2. Define the cross-ratio
(a—c)(b—d)

(a—d)(b—c)
for all distinct a,b, ¢, d € CP'. Show that for any five distinct points zo, . ..,z, € CP!

we have the five term relation of dilogarithm

r(a,b,c,d) =

4

> (1) La(r(wo, ..., Ty, w4)) =0,

=0

where Z; means z; is removed.
3. Prove (1.9) by geometric series expansion.

4. Derive (1.12) from (1.11) by breaking it into two sums and making an index substitu-

tion.
5. Prove Theorem 1.4.2 by induction on n using Lemma 1.4.1.

6. Derive (1.19) from (1.18) in Proposition 1.5.3, using substitutions and the integral
expression of multiple polylogarithms given by (1.9).

7. Verify the double logarithm variation matrix in Example 1.5.5 by Definition 1.5.2.
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8. Check that the variation matrix associated with Lis 1 (z,y) over Sp is

! 0 0 0 0 0 0]
Liy () 1 0 0 0 0 0
Liy (zy) 0 1 0 0 0 0
Mo(z,y) = |Liva(wy)  Li(y)  Lin(F2) 1 0 0 0
Lis(z) log () 0 0 1 0 0
Lisy(zy) 0 log(zy) 0 0 1 0
| Liza(z,y) Lii(y)log(x)  g(z,y) logz Lii(y) —Liy(y™1) 1]
where )
dt dt . . Lo
g(zy)=—[ — = Liz(x) — Lia(y~") — log(zy)Li1 (y ).
as tt— aq
The columns of Mj 1 (z,y) form the fundamental solutions of the differential equation
over So
[0 0 0 0 0 0 ]
dLi; (z) 0 0 0 0 0
dLii(zy) 0 0 0 0 0
d\ = 0 dLiy(y) dLiy(F2) 0 0 0 A
0 dlog(x) 0 0 0 0
0 0 dlog(zy) 0 0 0
0 0 0 dlog(x) dLii(y) —dLiy(y~') 0
9. Check the variation matrix associated with Liy o(z, y) over Sp is
1 0 0 0 0 0]
Liy () 1 0 0 0 0
Liq (xy) 0 1 0 0 0 .
M Y) = 2
PO ) tnl) (=) 1 0 o O
Lisy(zy) 0 log(zy 0 1 0
Liro(z,y) Lia(y)  f(x,y) logy Lii(z) 1]
where

1
fa) = [ T < i) - Liale) + st i (o).

The columns of M »(x,y) form the fundamental solutions of the differential equation

over Ss

[0 0 0 0 0 0]

dLiy (z) 0 0 0 0 0

dLi 0 0 0 0 0

I i A

0 dLiq(y) szl( 1_;’) 0 0 0

0 0 dlog(xy) 0 0 0

. 0 0 0 dlogy dLiy(xz) 0

10. Here is the rule to construct the variation matrix My (x) associated to general multiple
polylogarithm Li,(x). Let n = (nq,...,nq) and n = |n|. Let x = (21,...,24) and

a; = Hizl xy for all j = 1,...,d. We now give the construction of the entries in the

T2’1(27T7:)
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last row of My (x) (say, with column number ¢) together with the first column entry
with row number also equal to ¢. The other rows can follow the same pattern since
every row starts with some multiple polylogarithm by merging some the variables in
x (merging means multiplying some consecutive variables). Set by = 1 and b,41 = 1
and rename the string {0}~ a;,{0}"27 1 as,..., {0} 1 a4 as by, ...,b,. For each

choice 1 < iy < --- < ip < n with b;, # 0 we set the column entry as

1
. dt dt
) #{J-bz‘j?éo}/ _de 1.4
( ) o t— bi1 t— biz ( 0)

and the row entry as
I(boibi, ..y biy 1363 )T (biysbiy 1, -y big—15biy) -+ T(biys biyge1s o, b5 bpgr),  (1.41)

where

I(bk;bk+17 .. '7bm71;bm) =

{1, ifm=k+1,
(

b i bk dt dt :
—1)#L:b#0k<j<m} b:l o e sl ifm>k+1,

provided the value in (1.41) is nonzero. Otherwise the entry should not be there.
Notice that in the above iterated integral I(by;--- ;b,,) we have the two boundary
values reversed. In order to determine ¢ uniquely we need to put a complete order
on the set of indices {t := (¢1,...,¢4) : 0 < i; < mnjforall j =1,...,d}. Then it is
easy to see that the entry in (1.40) uniquely corresponds to some t of weight given by
[t|. If none of ¢;’s is 0 then we just get Lig(x). Otherwise, we will see some merged

components in the multiple polylogarithm of smaller depth.

Compute the limit MHS of the triple logarithm £3(x,y,z) on D13 = {x = 1} over

{(1,y,2) : yz(1—y)(1 —2)(1 —yz) # 0} along the vector 9/0x. Show that the variation

y  z(y—1)

T T ) This gives some evidence for Conjecture 1.7.2.

matrix is essentially M 1

Prove the functional equation (1.33) of dilogarithm by differentiation.

Prove the identity

Li11(x,y,2) :£3<w) + ﬁs(yL

) + L3(zy) —Eg(l —myZ)

y(1—z)(1-2) 7 —
1—ayz - s
() - a (5= - a5 v

Prove (1.37) for d = 2.
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