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& Elliptic genus of K3
Elliptic genus in string theory is expressed as
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and describes the topological invariants of the tar-
get manifold and counts the number of BPS states
in the theory. Here Ly denotes the zero mode of



the Visasoro operators and Fy and F'p are left and
right moving fermion numbers. In ellitpic genus the
right moving sector is frozen to the supersymmetric
ground states (BPS states) while in the left moving
sector all the states in the Hilbert space H; con-
tribute.

SUSY algebra
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BPS states

Elliptic genus of K3 surface is known: EOTY
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Elliptic genus of a complex D-dimensional manifold
is a Jacobi form of weight=0 and index=D/2. When
D=2, space of Jacobi form is one-dimensional and
given by the above formulia.

Jacobi form (weight k£ and index m)
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String theory on K3 has an N=4 superconformal sym-
metry and its states fall into representations of N=4
superconformal algebra (SCA). N=4 SCA contains



an affine SU (2);. symmetry and has a central charge
c = 6k. kK = n case describes complex-2n dimen-
sional hyperKahler manifolds.

We would like to study the decomposition of the el-
liptic genus in terms of irreducible characters of N=4
SCA. In N=4 SCA, hightest-weight states |h, ¢) are
charactered by

Lo|h,£) = hl|h,£), J3|ha£> = £|h, £)

and the theory possesses two different type of rep-
resentations, BPS and non-BPS representations. In



the case of &k = 1 there are representations (in Ra-
mond sector)

BPS rep. h =
non-BPS rep. h > —; f =
Character of a representation is given by
T (—1)F gLo cAmizJg

Its index is given by the value at z = 0, Trg (—1)% ¢*o.
BPS representations have a non-vanishing index

index (BPS, ¢ = (1)) =1
index (BPS, ¢ = 5) = —2



Character function of £ = 0 BPS representation has
the form

01(z;7)°
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where
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On the other hand the character of nhon-BPS repre-

sentations are given by
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These have vanishing index
index (non-BPS rep) = 0

At the unitarity bound non-BPS representation splits
info a sum of BPS representations
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Function u(z; 7) is a typical example of the so-called
Mock theta functions (Lerch sum or Appell function).
Mock theta functions look like theta functions but

they have anomalous modular transformation laws



and are difficult fo handle. Recently there were de-
velopments in understanding the nature of Mock theta
functions due to Zwegers. He has infroduced a method
of regularization which is similar to the ones used

in physics and improved the modular property of
mock theta functions so that they transform as ana-
lytic Jacobi forms.



It is possible to derive the following idenities
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Then we can rewrite the ellitpic genus as

01(z;7)”
ZK3 = 24ch he1,0— O(z T) — 8 Z i (T) (r)3

Using g-expansion of functions p; we find

8 (NZ(T) + M3(T) + H4(T)) — —9 Z A(’n)qn_%
n=0



ZK3 p— 24Ch
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At smaller values of n, Fourier coefficients A(n) may
be obtained by direct expansion. We find, A(0) =
—1

n |1 2 3 4 5 6 7 8 -

he1,0— O(z T) + 2 Z A(n)chh:4+n£ 1(z,7)

A(n)‘45 231 770 2277 5796 13915 30843 65550 ...

Surprize: Dimensions of some irreducible reps. of
Mathieu group M54 appear

dimensions : { 45 231 770 990 1771 2024 2277
3312 3520 5313 5544 5796 10395 ---

}



A(6) = 13915 = 3520 + 10395,
A(7) = 30843 = 10395 + 5796 + 5544 + 5313 + 2024 + 1771

Mathieu moonshine? I.E.-Ooguri-Tachikawa

cf. Monsterous moonshine:
1

J(q) = — + 744 + 196884q + 21493760qg* + - - -
q

qg-expansion coeffcients of J-function are decom-

posed info a sum of irred. reps. of the monster
group.

196884 = 1 4 196883, 21493760 = 1 4 196883 4 21296876



Mukai: enumeration of eleven K3 surfaces with finite
non-Abelian automorphism group. All these groups

are sugbgroups of Mos.

Fantasy: Is it possible that these automorphism groups
at isoletd points in K3 moduli space are enhanced
to M4 over the whole moduli space when one cos-

nider the elliptic genus?



On the other hand, using the method of Rademacher
expansion adapted to the case of Mock theta func-
tions ( Bringmann-Ono ) we can determine the asymp-

totic behavior of coefficients A(n) as

2 1, 1
An) > — 162”\/2(" 3) T.E.-Hikami
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& Twisted Elliptic Genus
Dimension of the representation equails the trace of
the identity element: we may identify

A(n) =Try, 1
Vi = 45 + 45%, Vo = 231 4+ 231%, V3 = 770 + 770%, ...

We consider the trace of other group elements in
M2y

Ag(n) =Try, g, g € May



Tr g depends only on the conjugacy class of g.
There exists 26 conjugacy classes {g} in M>4 and
also 26 irreducible representations { R}. We have

the character table given by

XRg =Trr g



Or=O0O——O0 A AN~—OMOOANANNMOMOMOO™m
< 1 1 1 1 1 1 1 1 1 1 1
Qr——O—r—0O -~~~ NOO— —OO0OOANNOOOO
O 1 1 1 1 1 1 1
Aa—_O—00r—r—r— r— r—- 000]]_%‘*‘30000000]]
o 1 1 1 N 1
~ U
M.lo.ﬂoo.l.ﬂ.4.|.|000.|.|+6%_€%0000000.|.4
(9]

N—O0—0O0O™ |}l +rrO 00— 0000000 —0000
< ! VO QOO ! !

— 1 1
L0004 |+ KOO0 00000000000
4 1 D_-v D—u e e 1 1
B.|0.|0.|00000000_H+500.|0.|000.|.|0
mls . JJ ' '

—O0O—0O0—~0 0000000 »O 0]04000]40
L Q

O
A-I-IO-I-IO-I-IOO ]]]]] OO0 rmr—O—0O0O—00 —
8 ] 1 1 1 1 1 1 1 1 1 1
N—ANO—O™ |+l el OO0 00O AN—AN—OO0OOO
™~ ' QU UV VU Y Q! !

AN N
N ' QO U QU O Q! !

AN N

n

o p— p— g— 4
LC—NON— N MOO——NNNNTITLHDON0—0 OO0 —
SH R A RN N S A A A LAY
— 25572449933333778627]]949
ANANMNLW 990002277420233753
- = |~ = —ANNOUOUVWO

(£v=p—1).

— |

:l::
b

Here we have used e



There are two types of conjugacy classes in Moy,
type | and type Il.

Conjugacy class of type | fixes at least one element
out of 24 and thus they arise from the conjugacy
classes of NMos.

On the other hand conjugacy class of type Il does
not have a fixed point and is intrinsically Mo 4.

For each conjugacy class we want to construct a
twisted genus (analogue of Thompson series in mon-
strous moonshine)

oo

n=1



For instance,

Agp = —6qg + 14g® — 28¢> + 42¢* — 56¢° + 86¢° + - - -

and has the right modular property (Z5 4 € I'g(2)).

Twisted genus is decomposed info massless and mas-
sive parts

Zg(T,2) = Xg Chh—}l,ﬁ ot Z Ag(n)ch 1(z, 1)

4—|—n L=5
n>0

Here x4 is the Euler number assigned to the class g

g |1A 2A 3A 5A 4B 7A 8A 6A 11A 15A 14A 23A others
Xg | 8 6 4 4 3 2 2 2 1 1 1 0



X g vanishes for type Il classes. We note that x4, can
be written as x;, = xi + x35 Which is equal to the
number of fixed points of the permutation rep. of g.



conjugacy class
1A
2A
3A
5A
4B
7A
7B
8A
6A
11A
15A
15B
14A
14B
23A
23B
12B
6B
4C
3B
2B
10A
21A
21B
4A
12A

cycle shape
124
18 . 28
16 . 36
14 . 54
14 . 22 . 44
13 . 73
13 .73
12 . 21 . 41 . 82
12 . 22 . 32 . 62
12.112
.51 .15!
.51 .15!
-7l 14t




Twisted genera for all conjugacy classes of M-, have
been obtained by collective efforts by various au-
thors. They reproduce correct lower-order expan-
sion coefficients and are invariant under the Hecke
subgroup I'g(IV)

[o(N) = {(i Z) ,ad —bc =1, c =0, mod N}
NN denotes the order of the element g.

M.Cheng, Gaberdiel,Hohenegger and Volpato,
T.E. and K.Hikami

From the study of K3 surface with Z,(p = 2,3,---)
symmetry, for instance, twisted genera of classes



pA(p = 2,3,---) are known A.Sen
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are the basis of Jacobi forms with index=1 and

sP) (1) = 24 oo [ 1(PT)
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k=1



is an element of 'y (p).

In the case of type |l twisted genera are modular
forms of I'g (V) with a multiplier system (invariant up
to a phase). They are given in terms of quotients of



eta functions.

Za(zi) =20 622
Zop(i) = 2062 (2:m)
Zuas) = 2100 6 (2,
Zyc(z57) = 2?7(777)(4::)227)2(/5_2,1(% T)

etc. The multiplier sytem has been studied in detail
by Gaberdiel, Persson, Ronellenfitsch and Volpato .
Thus we have a complete list of the twisted genera



for 26 conjugacy classes. Making use of them we
can uniquely decompose the coefficients of K3 el-

liptic genus into irreducible representations of Moy
at arbitrary level.
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& Proof of Mathieu moonshine

Orthogonality relation of characters:
> _Tg X Xg = |GloRp
g

ngq is the number of elements in the conjugacy class
g and |G| denotes the order of the group. Let cr(n)
be he multiplicity of representation R in the decom-

postion of K3 elliptic genus at level n. We then have

Z CR(”)XRg = Ag(n)
R



Then using the orthogonality relation we find
1

—ngXpAg(n) = cp(n)
zg:|G|gR g R

We have checked that the multiplicities cp(n) are
all positive integers upto n = 1000 and this gives a
very strong evidence for Mathieu moonshine con-

jecture.
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Recently Gannon has proved by mathematical in-
duction that the multiplicities are all positive inte-
gers for all n.

Summary

e There is a strong evidence for Mathieu moonshine
phenomenon for K3 surface.

e It is beyond classical geometry and no funda-
mental explanations so far.

e Hilbert space of string theory compactified on K3



surfaces does not possess symmetry under Mo4.
Gaberdiel-Hohenegger-Volpato, Taormina-Wendland.
M-, symmetry should be searched within the BPS or
topololgical sector of the theory ?

e Discovery of more moonshine phenomena;
Umbral moonshine, free fermions on 24 dim. lattice
Spin 7 manifold, N=2 extremal Jacobi form, ,,,



& Zweger’s method

Function

. imz q%n(nﬂ) p2minz

—1€ (_1)n

W) = g ) 2 1 — gre?miz

has the S-tranformation

p(z; 1) + \/;u(;; —%) = %M(T)
400 671'737'042
M(T) = / do
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Modell integral



Zwegers prescription to cure the modular property

Is to first infroduce a non-holomrophic pariner of

p(z;7),

R(r) = 3 (~1)"[sgn(n + ;) — B((n + ;) VZm)]

1 1,2
Xq_i(n+§) s T =1T1+ 17

Here E denotes the error function. By construction
R(7) obeys a transformation law

R(r) + \@R(—b = M(7)



Then we form a combination

pz:7) = u(z7) — - R(7)

The Mordell integral cancels out and i has a good
modular property

fz;T) = —\@ﬂ(é; —%)

and is in fact an analytic Jacobi form of weight=1/2
and index=0. Explicitly R is expressed by a contour
integral

R(t) = —i/ioo (=) 4,

—T \/Z—|—77'
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Completion at higher level

F(r,2) = £ (7, 2) — = Z Ry (75 )O,, (7, 22), (k € Z > 0)
mEsz

kn?, 2kn ' . .
(k)(T, z) _ Z lq_ ,uy)_l _, (q _ 6271'7,7', y = 627rzz’ w — 6271"1/(1,)
ne/ y 9

Rm,k(Ta u)
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vem-+2kZ
(72 = IM7, u2 = IMmu)



Error function

Erf(z) — — / et
Tr) = — e
Vv Jo

Integral representation

1 e_(p2_|_’/2)
sgn(v + 0) — Erf(v) = — /R dp
—1

% P —

Poincare series representation (we set u = 0)
1.E.-Sugawara
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Completion

A

f—f
Identity
q 4(kil)8(k;|_1) f(k‘l'l) ( ) — f(k‘|‘1)(7. Z)
200+1) " 2(k+1) " i 0 ’
Thus
~ R o k—e2(f+ 1)01 (T, 2)? A(k+1)
Cth%,E(T? Z) — ( 1) 277(7)391(7, 22) ( T, )

= (=1 (£ + V)chy,_k (7, 2)

Thus the completed characters of all level-k BPS rep-
resenations become proportional to each other. What



does this mean for the representation theory of su-

perconformal algebra?



