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Metric Graph and metric Laplacian

Metric Graph

Given a discrete graph G = (V, E,9) where 0 : E — V x V such that
e+ (0_e,0+€) and a length function ¢ : E — (0,+00), e — £o > 0, we
identify e ~ I, := [0, 4e]. A metric graph Xy is

Xo = Ule/w

where ~ identifies end points of /.
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Metric Laplacian

e I-form a on Xp: a = (Qe)ece With ae="f.ds
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Metric Graph and metric Laplacian

Metric Laplacian

e I-form a on Xp: a = (Qe)ece With ae="f.ds

e L[2-space L%(A'(Xo)):

LA(AY(Xo0)) = €D L2\ (k)

ecE

HO‘Hiz(Al(Xo)) = Z HO‘eH%?(Al(Ie))

ecE
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Metric Graph and metric Laplacian

Metric Laplacian
e I-form a on Xp: a = (Qe)ece With ae="f.ds
e L[2-space L%(A'(Xo)):

L2(AY( X)) @B (AY(1e))
ecE

HO‘H%Z(N(XO)) = Z ||aeH%2(A1(Ie))

ecE
@ exterior derivative:
d:domd — L2(AY(X0)), (f)ece = (f. ds)ecE

dom d = H*(Xp) N C(Xo)
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Metric Graph and metric Laplacian

@ adjoint operator:

d*a = —(f)oep domd* = {a € HY(AY(Xo)) ] > de(v) =0}

eeE

7o (V) —f(0)ds v=0_e
ae(v) =
fe(le) ds v =04e
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Metric Graph and metric Laplacian

@ adjoint operator:

d*a = —(f)oep domd* = {a € HY(AY(Xo)) ] > de(v) =0}

eeE

7o (V) —f(0)ds v=0_e
ae(v) =
fe(le) ds v =04e

e Laplacian on 1-forms on Xy:
A}%a =dd*a = —a/

dom Ay, = {a € dom d* |d*a € dom d}
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Graph-like Manifold

Given a metric graph Xp, we associate a family of compact and connected
manifolds X. = (X, g:), € > 0, of dimension n > 2 built as

Xa = UXe,e U U Xe,v
ecE veV
E =
Xy N Xow = 0 e¢{ec E|lv=20se}
Yee ec{ec E|v=20se}

Here: X., = (Xv,2%gv), Ye.e = (Ye,€%he) and
Xee = (Xe, gere) = (le X Ye, ds? + ezhe) with X, , Xe compact Riemannian
manifolds with boundary of dimension n and Y. a closed manifold of

dimension n — 1.
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Graph-like manifolds and the Hodge-Laplacian

Figure : An example of a 2-dimensional graph-like manifold
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Hodge Laplacian
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Hodge Laplacian

o L2-space:

A (X)) = {w € N Wi,y = /X W sw < oo}

>4
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Hodge Laplacian

o L2-space:

A (X)) = {w € N Wi,y = /X W sw < oo}

>4

@ Hodge Laplacian on 1-forms on X.:
Ay =dd* +d*d
with d and d* are the classical exterior derivative and co-derivative on

a manifold.
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Aim and Strategy

e We want to relate J(A):L(E) with O'(A:)l<0)
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Aim and Strategy

e We want to relate J(A)1<E) with O'(A:)l<0)

@ By Hodge Theorem, any 1-form splits as
a=df +d*B+h

where f, B and h are a function, a 2-form and a harmonic 1-form

respectively.
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Aim and Strategy

e We want to relate J(A)1<E) with O'(A:)l<0)

@ By Hodge Theorem, any 1-form splits as
a=df +d*B+h

where f, B and h are a function, a 2-form and a harmonic 1-form
respectively.

Then, we have

A a = dd*(df) + d*d(d*B) = AT (df) + AL (d"B)
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Aim and Strategy

e We want to relate J(A)1<E) with O'(A:)l<0)

@ By Hodge Theorem, any 1-form splits as
a=df +d*B+h

where f, B and h are a function, a 2-form and a harmonic 1-form
respectively.

Then, we have
Ay o = dd*(df) + d*d(d*B) = A (df) + Ay (d*B)

Hence, we study the two new Laplacian separately.
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Aim, Strategy, Results

Results

Theorem 1

Let X. be a graph-like manifold with underlined graph Xy. Let )\fx’l(Xe),
)\}(Xo) be the j-th eigenvalue on exact 1-forms on X. and on 1-forms on
Xo, respectively. Then,

X, 1 .
ATN(Xe) — Af(Xo) for all j >0
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Aim, Strategy, Results

Results

Theorem 2
Let X, be a graph-like manifold of dimension n > 3 shrinking to a metric

graph Xo as € — 0. Then, the first eigenvalue of the Laplacian defined on
co-exact 1-forms on X, satisfies

ATO(X) — 00
e—0

Therefore, in the limit, the spectrum of the Laplacian on co-exact 1-forms

contains just 0 and all the other eigenvalues tend to oo as e — 0
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Exact 1-forms: convergence
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A (Xp) = j-th eigenvalue of AJ®

Michela Egidi (GandAlIF) 1-form Laplacian on a Graph-like Manifold March 13, 2014

12 /23



Case of exact 1-forms

Exact 1-forms: convergence

A() = j-th eigenvalue of A?
A (Xp) = j-th eigenvalue of AJ®
)\fX’l(XE) = j-th eigenvalue of Afé’l
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Case of exact 1-forms

Exact 1-forms: convergence

A() = j-th eigenvalue of A?
A (Xp) = j-th eigenvalue of AJ®
)\fX’l(XE) = j-th eigenvalue of Afé’l

We have:
A 2N = (X)) 3 00)
e—0
(C)isﬁo
(b)
M (%) = AN
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Case of exact 1-forms

Exact 1-forms: convergence

A() = j-th eigenvalue of A?
A (Xp) = j-th eigenvalue of AJ®
)\fx’l(XE) = j-th eigenvalue of Afé’l

We have:
A 2N = (X)) 3 00)
e—0
(C)isﬁo
Now E X00)

(a) is given applying d* to the eigen-exact 1-forms on X. and d to the
eigenfunctions on X..
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A (Xp) = j-th eigenvalue of AJ®
)\fx’l(XE) = j-th eigenvalue of Afé’l

We have:
A 2N = (X)) 3 00)
e—0
(C)isﬁo
Now E X00)

(a) is given applying d* to the eigen-exact 1-forms on X. and d to the
eigenfunctions on X..

(b) is given applying d* to the eigen-1-forms on Xp and d to the
eigenfunctions on Xp.
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Case of exact 1-forms

Exact 1-forms: convergence

A() = j-th eigenvalue of A?
A (Xp) = j-th eigenvalue of AJ®
)\fx’l(XE) = j-th eigenvalue of Afé’l

We have:
A 2N = (X)) 3 00)
e—0
(C)isﬁo
Now E X00)

(a) is given applying d* to the eigen-exact 1-forms on X. and d to the
eigenfunctions on X..

(b) is given applying d* to the eigen-1-forms on Xp and d to the
eigenfunctions on Xp.

c) is due to convergence results by Exner and Post in{2].
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Case of co-exact 1-forms

Co-exact 1-forms: divergence
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Case of co-exact 1-forms

Co-exact 1-forms: divergence

o Let )\fo_ex’l(xa), )\;X’2(X€) be the j-th eigenvalues, j > 0, on co-exact
1-forms and exact 2-forms on X..
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Case of co-exact 1-forms

Co-exact 1-forms: divergence

o Let )\fo_ex’l(xa), )\;X’2(X€) be the j-th eigenvalues, j > 0, on co-exact
1-forms and exact 2-forms on X..
We have

co—ex,l _yex,2
Aj (Xe) = A7 (Xe)

Michela Egidi (GandAlIF) 1-form Laplacian on a Graph-like Manifold March 13, 2014 13 /23



Case of co-exact 1-forms

Co-exact 1-forms: divergence

o Let )\fo_ex’l(xa), )\;X’2(X€) be the j-th eigenvalues, j > 0, on co-exact
1-forms and exact 2-forms on X..
We have
)\fofex,l(xg) _ )\J(?x,2(xg)

Hence, we choose to work with 2-exact forms.
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Case of co-exact 1-forms

Theorem 3

Let M be a n-dimensional compact Riemannian manifold without
boundary and let {U;}T ; be an open cover of M. Let Uj = U; N U; and
let u(U;), resp. 1(Uj;), be the smallest positive eigenvalue of the Laplacian
acting on exact 2-forms on U;, resp. on 1-forms on Uj;, satisfying absolute
boundary conditions. Further, assume H'(U;) = 0 for all i,j. Then, the
first eigenvalue of the Laplacian on exact 2-forms on M satisfies

-3
ex,2 2

AL Y(M) > —
Z( )+Z (255 +1) (s + 7))

where mj is the number of j, j # i for which Uy N U; # 0 and c,, wy > are
constants.

See [3, Lemma 2.3]
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Case of co-exact 1-forms

Assume n > 3 and choose the open cover {U; ;}icg v of X, as the disjoint
union of edge and vertex neighbourhoods in (1) in such a way that they
overlap a bit.
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Case of co-exact 1-forms

Assume n > 3 and choose the open cover {U; ;}icg v of X, as the disjoint
union of edge and vertex neighbourhoods in (1) in such a way that they
overlap a bit.

U:.e n Ui.v = (7& 5) X Y~

Figure : The open cover of X,
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Assume H(Y..) =0 for all e € E.
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Case of co-exact 1-forms

Assume H(Y..) =0 for all e € E.
Then,

2—3
1 Whn,2Cp 1 1
v%:\/ (H1,2(X5,v) + eEZE <M1,1(Xe,e) + 1) (M1,2(Xs,v) + ﬂ1,2(Xs,e))>

v

AR (Xe) >

Michela Egidi (GandAlIF) 1-form Laplacian on a Graph-like Manifold March 13, 2014 16 / 23



Case of co-exact 1-forms

Assume H(Y..) =0 for all e € E.
Then,

2—3
1 Wh,2¢€, 1 1
Z (H1,2(X5,v) + eEZE <M1,1(Xep,e) + 1) (M1,2(Xs,v) + ﬂ1,2(X5,e)))

AR (Xo) >

vev

where fui p(+) denotes the k-eigenvalue on p-forms satisfying absolute

boundary conditions and wj,, > and ¢, are constants.
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Case of co-exact 1-forms

Assume H(Y..) =0 for all e € E.
Then,

2—3
1 Wh,2¢€, 1 1
Z (H1,2(X5,v) + eEZE <H1,1(Xep,e) + 1) (M1,2(Xs,v) + ﬂ1,2(X5,e)))

vev

AR (Xo) >

where fui p(+) denotes the k-eigenvalue on p-forms satisfying absolute
boundary conditions and wj,, > and ¢, are constants.

Using a Rayleight question argument, we have
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Case of co-exact 1-forms

Assume H(Y..) =0 for all e € E.
Then,

2—3

)\ex,2(XE) >
1 % (b + 3 (e +1) (st + )

vev

where fui p(+) denotes the k-eigenvalue on p-forms satisfying absolute
boundary conditions and wj,, > and ¢, are constants.
Using a Rayleight question argument, we have

XV Ci\& .
ia(en) = 11250 = 9D e v =12

e2
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Case of co-exact 1-forms

Assume H(Y..) =0 for all e € E.
Then,

2—3
1 Wh,2¢€, 1 1
Z <H1,2(X5,v) + eEZE <H1,1(Xep,e) + 1) (M1,2(Xs,v) + ﬂ1,2(X5,e)))

vev

AR (Xo) >

where fui p(+) denotes the k-eigenvalue on p-forms satisfying absolute
boundary conditions and wj,, > and ¢, are constants.

Using a Rayleight question argument, we have

XV Ci\& .
ma(Xey) = 12259 e = 99 ) (vl =12
£ IS e—0

Therefore,
co—ex,1 hex,;2 const
M (Xo) = A1 7(Xe) = 2 ;)) o0
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Case of co-exact 1-forms

Assume H(Y..) =0 for all e € E.
Then,

2—3

)\ex,2(XE) >
1 % (b + 3 (e +1) (st + )

vev

where fui p(+) denotes the k-eigenvalue on p-forms satisfying absolute
boundary conditions and wj,, > and ¢, are constants.

Using a Rayleight question argument, we have

XV Ci\& .
ma(Xey) = 12259 e = 99 ) (vl =12
£ IS e—0

Therefore,
co—ex,1 hex,;2 const
M (Xo) = A1 7(Xe) = 7 o>

Hence, the whole spectrum escapes to infinity.
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Case of co-exact 1-forms

Remarks
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Case of co-exact 1-forms

Remarks

@ The hypothesis dim X. > 2 is crucial. In fact, if dim X, = 2, then
dim Y. ¢ = 1 and this would not allow the cohomology to vanish since

Y e is a finite union of circles.
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Case of co-exact 1-forms

Remarks

@ The hypothesis dim X. > 2 is crucial. In fact, if dim X, = 2, then
dim Y. ¢ = 1 and this would not allow the cohomology to vanish since

Y e is a finite union of circles.

o If HY(Y..) # 0 for some e € E, we obtain the same result proving
AZH(X.) = 0o as e = 0 for j > N > 1 and AT*(X.) — 0 for smaller
J's (again [3, Lemma 2.3]).
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Case of co-exact 1-forms

Remarks

@ The hypothesis dim X. > 2 is crucial. In fact, if dim X, = 2, then
dim Y. ¢ = 1 and this would not allow the cohomology to vanish since

Yz,e is a finite union of circles.

o If HY(Y..) # 0 for some e € E, we obtain the same result proving
AZH(X.) = 0o as e = 0 for j > N > 1 and AT*(X.) — 0 for smaller
J's (again [3, Lemma 2.3]).

@ The bound for Xfx’2(X5) extends to any exact p-forms assuming that
HP=Y(Y..) = 0.
Therefore, we have a complete description of the spectrum of the

Laplacian on any degree forms.
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Spectral gap

Spectral gap

Given a metric graph Xp with a spectral gap (a, b) in its 1-form Laplacian,
i.e., (a, b) does not belong to the spectrum, then the associated graph-like

manifold X. has a spectral gap close to (a, b) in its 1-form Laplacian for ¢
small enough.
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Spectral gap

Examples
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Examples

Example 1: Graph decoration.
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Spectral gap

Examples

Example 1: Graph decoration.
Let X and Xy be two finite metric graphs.
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Spectral gap

Examples

Example 1: Graph decoration.
Let X and Xy be two finite metric graphs.
Attach the graph Xy to each vertex of Xj.
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Spectral gap

Examples

Example 1: Graph decoration.

Let Xp and S(VO be two finite metric graphs.

Attach the graph 5(V0 to each vertex of Xp.

This process opens up gaps in the spectrum of its 1-form Laplacian, and

so in the spectrum of the 1-form Laplacian of its associated graph-like

manifold.
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Spectral gap

Example 2: Ramanujan graphs, part 1
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Spectral gap

Example 2: Ramanujan graphs, part 1
Let G be a Ramanujan graph, i.e., G is a k-regular graph with n vertices

such that

2Vvk—1
)= max pi(G) < VK1
il6) = 8, o) =
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Spectral gap

Example 2: Ramanujan graphs, part 1
Let G be a Ramanujan graph, i.e., G is a k-regular graph with n vertices

such that
2vVk —1

p(6) = max pi(G) < —

(@) <k
Consider the associated metric graph and associated graph-like manifold

Xo, Xe.
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Spectral gap

Example 2: Ramanujan graphs, part 1
Let G be a Ramanujan graph, i.e., G is a k-regular graph with n vertices
such that

2vk -1
G) = i(G) < ——
ml(€) \u,-r(Tg)T(ng'( )< %
Consider the associated metric graph and associated graph-like manifold
Xo, Xe.
The discrete (normalized) Laplacian Ag on functions has a spectral gap
2vk -1
po(6) = 11(6) 21— === > 0
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Spectral gap

Example 2: Ramanujan graphs, part 1
Let G be a Ramanujan graph, i.e., G is a k-regular graph with n vertices

such that
2vVk —1

p1(G) = max pi(G) < P

@<k
Consider the associated metric graph and associated graph-like manifold
Xo, Xe.
The discrete (normalized) Laplacian Ag on functions has a spectral gap

2vk —1
po(6) — m(6) > 1- 21 50

Due to the relation =1 — cos(v/\) € Ag < A € Ay, between discrete
and metric graph (see [1]), it follows that o(Ax,) = o(A(Xp) and
therefore O'(A}Q:) has a spectral gap given by | = (0, b.) with b. close to

arccos? (1 — 27”;_1)
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Spectral gap

Example 3: Ramanujan graphs, part 2
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Spectral gap

Example 3: Ramanujan graphs, part 2
Consider a family of k-regular bipartite Ramanujan graphs with increasing

number of verteces n and construct the associated family of metric graphs

and graph-like manifolds.
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Spectral gap

Example 3: Ramanujan graphs, part 2

Consider a family of k-regular bipartite Ramanujan graphs with increasing
number of verteces n and construct the associated family of metric graphs
and graph-like manifolds.

Let the length of the edge neighborhoods shrink according to nfi, a>1.
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Example 3: Ramanujan graphs, part 2

Consider a family of k-regular bipartite Ramanujan graphs with increasing
number of verteces n and construct the associated family of metric graphs
and graph-like manifolds.

Let the length of the edge neighborhoods shrink according to nfi, a>1.
Setaznfﬁ,ﬂzl
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Spectral gap

Example 3: Ramanujan graphs, part 2

Consider a family of k-regular bipartite Ramanujan graphs with increasing
number of verteces n and construct the associated family of metric graphs
and graph-like manifolds.

Let the length of the edge neighborhoods shrink according to nfi, a>1.
Setaznfﬁ,ﬂzl

Then,

@ The volume grows according to some power of n
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Example 3: Ramanujan graphs, part 2

Consider a family of k-regular bipartite Ramanujan graphs with increasing
number of verteces n and construct the associated family of metric graphs
and graph-like manifolds.

Let the length of the edge neighborhoods shrink according to nfi, a>1.
Setaznfﬁ,ﬂzl

Then,

@ The volume grows according to some power of n

@ It is possible to estimate the rate of convergence/divergence of the

eigenvalues
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Spectral gap

Example 3: Ramanujan graphs, part 2

Consider a family of k-regular bipartite Ramanujan graphs with increasing
number of verteces n and construct the associated family of metric graphs
and graph-like manifolds.

Let the length of the edge neighborhoods shrink according to nfi, a>1.
Setaznfﬁ,ﬂzl

Then,

@ The volume grows according to some power of n

@ It is possible to estimate the rate of convergence/divergence of the

eigenvalues

@ There is an increasing spectral gap that grows according to a power

of n.
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Thank you!

THANK YOU FOR YOUR ATTENTION!
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