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Frobenius structure '

k m—1 tn 7 QetN m
M=z fiah too (€
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where N = k +m = dimc M.
e multiplication e in Ty M = Clx]/(f’), 0/0t; — [0y, f].

e metric on M

(ati fCU) (atj fw)
df

nij = (O, ﬁtj)f = — (resg—o + resz—oo)

e Euler vector field Ey = [f] € TfM

e unity vector field 9/0ty
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n is a flat metric, H :=TyM, TM = M x H via the Levi-Civita
connection, i.e. we trivialize the tangent bundle by choosing flat
coordinates 7; 1 < i < N. Let 9; := 9/07;.

Define vector fields Jg : M x C* — H

(Jg(T,2),0 —zﬁ/ Felzy

where

Be li]\ZnHl(C*,RefT/z <-M;Z)=zN
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Theorem 1. The vector fields .Jg are horizontal sections of
V= d—z_lz o)dr; — (2% — 2 ' Ee) dz,

where y = V- F — %Id.

Theorem 2. M is isomorphic as a Frobenius manifold to the
quantum cohomology of orbifold-C' P! with two orbifold points of
type C/Z,, and C/Zj.
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/ Fock space formalism' \

H= H(('Z—1>) = H-f— D H—v Q(fa g) = Resz:O (f(—Z),g(Z))dZ
H> f= an,i dr; (—Z)_n_l + qfﬁiz”

e Fock space By = Fun(Hy) = C[[¢}, | n>0,1<i<N]J.

e S(7,z) and R(T,z) two symplectic transformations which
describe the singularities of V near z = oo and z = 0.

e Assume 7 € M is such that f, is a Morse function.
DM = STIRD", AM = RDS™ — two vectors in the Fock
space.
Conjecture 1: logDM and log AM are generating functions for

the descendent and the ancestor GW invariants of orbifold-C P!
Qith two orbifold points of type C/Z,, and C/Z. /
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4 ™
Vertex operators I

fr(xz) = X has N solutions z;(7,\) € C*, 1 <1i < N, except for
(1,A\) € A — hypersurface in M x C, called discriminant.

(70, Ao) — reference point
e For each v € Hi(C*, f71(A\o); O)
A= f)"
(VS
a(r,\) n:
(A = RIV(1,N),

£ = D I8 (7, )(=2)",

(IS (1, N),0) = -0,

re = expﬁo‘.




/o 1<a<N

A0 = o[ at (o
[za]

a neighborhood of A\ = u; the operator

N
I ND an

a=1

K A = u;, to the operator which defines the HQE of KdV.

e Let co(1,\) =1/fL(x,), then for each critical value u; of f., in

is R—equivalent, up to terms analytic in a neighbourhood of

/
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/ e the above operator is not monodromy invariant:

N
D e (T?@T79) (TE @I,

a=1
where r, € 2miZ are some numbers depending on the

monodromy transformation.

e to offset the complication, look at a larger Fock space

the following vertex operator
I =exp ((£2 — w,)edy) exp (zvy/e).
It satisfies the following commutation relation:

(Fi# ® Fi) (F:¢ QII" ¢> — e(li)f®1—1®u7r)rri# ® Fi’

K in q independent of .

where w,, via our quantization formalism, is a linear function

~

B = {Z ar(z,0;)q! | a; differential operators} and introduce
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/ Integrable hierarchies I

Theorem 3: For each n € Z the one-form
(M# @ry)) (Zc I er; ) (A © AY) dx

computed at q’, " such that @, — @ = n is regular in \.

Regular means: put (¢'), = zf, — 4%, (¢"),, = x%, + vy’ and expand
in the powers of yi,yi, ... (y& excluded)
2\ 2 PN v
J<K

where P;; is a quadratic polynomial in 9*AM (zk + z + ne, ...) and

K@'Ay(az’g +,...). The regularity means that P; ; = 0 for j < 0. /
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The above system of PDE admits some kind of a limit

Theorem 4: For each n € Z the one-form
(T# oT) <chora ® T —|—Zcb | Rl ) (DM @ DM) dA

computed at q’, q” such that (¢')f — (¢")k = ne is regular in \.

The vertex operators can be computed explicitly:

- J
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—n—1

k—
1 ZZ = oo (i/k=1) o
fgo:_ go fe'e) )\z/k+nai<_z) n 1,
k i=1 ne”Z Hl*—oo(l/k:_l)

where

n

A
gl = Z F(log)\ — Cp)dry(—2) " + Z nIAT" " dr, 2",

n>0 n>0

Jj= 1n€ZHl— oo(/ _l)

where

n>0 n>0

-

and Cy :=0,C,, :=1+1/2+ ...+ 1/n are the Harmonic numbers.

— -1 .
o S SO iy

)\n
gl = Z ) [log(AQ™™) — C] driu(—2) """ + Z nIAT" 2",

™

/
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L=A4+u AP+ + Uk+m AT, A = 0=

I'1+i/k) : .
Apin = (L”J”/k) Cfori=1,... k-1
k=, T(n+1+i/k) LTS
I'(1+j/m) ; ,
Aprin = — Lti/m f =1....
k47, F(n—l—l—{—j/m)( )_7 or j ) , TN

2 [ 1/1 1
Ak,n = E |:L (IOgL — 5 (E —+ E) Cn):|+

Extended bi-graded Toda hierarchy (G. Carlet)

oL

‘o

Conjecture 2: The HQE from Theorem 4 charactarize the
tau-functions of the Extended bi-graded Toda hierarchy.

= [A; n, L]
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