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Frobenius structure

M =



xk +

k∑

i=1

tix
k−i +

m−1∑

j=1

tk+j

(
QetN

x

)j

+

(
QetN

x

)m


 ,

where N = k + m = dimCM.

• multiplication •f in TfM ∼= C[x]/〈f ′〉, ∂/∂ti 7→ [∂ti
f ].

• metric on M

ηij =
(
∂ti

, ∂tj

)
f

= − (resx=0 + resx=∞)
(∂ti

fω)
(
∂tj

fω
)

df

• Euler vector field Ef = [f ] ∈ TfM

• unity vector field ∂/∂tk
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η is a flat metric, H := T0M , TM ∼= M × H via the Levi–Civita

connection, i.e. we trivialize the tangent bundle by choosing flat

coordinates τi 1 ≤ i ≤ N. Let ∂i := ∂/∂τi.

Define vector fields JB : M × C∗ → H

(JB(τ, z), ∂i) = z∂i

∫

B

efτ /zω,

where

B ∈ lim
M

H1(C
∗, Refτ/z < −M ; Z) ∼= ZN
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Theorem 1. The vector fields JB are horizontal sections of

∇ = d − z−1
N∑

i=1

(∂i•)dτi −
(
z−2µ − z−1E•

)
dz,

where µ = ∇L.C.E − 1
2Id.

Theorem 2. M is isomorphic as a Frobenius manifold to the

quantum cohomology of orbifold-CP 1 with two orbifold points of

type C/Zm and C/Zk.
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Fock space formalism

H = H((z−1)) = H+ ⊕H−, Ω(f, g) = Resz=0 (f(−z), g(z))dz

H 3 f =
∑

n,i

pn,i dτi (−z)−n−1 + qi
n∂iz

n

• Fock space BH = Fun(H+) = C[[qi
n | n ≥ 0, 1 ≤ i ≤ N ]].

• S(τ, z) and R(τ, z) two symplectic transformations which

describe the singularities of ∇ near z = ∞ and z = 0.

• Assume τ ∈ M is such that fτ is a Morse function.

DM = Ŝ−1R̂D⊗n
pt , AM

τ = R̂D⊗n
pt – two vectors in the Fock

space.

Conjecture 1: logDM and logAM
τ are generating functions for

the descendent and the ancestor GW invariants of orbifold-CP 1

with two orbifold points of type C/Zm and C/Zk.
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Vertex operators

fτ (x) = λ has N solutions xi(τ, λ) ∈ C∗, 1 ≤ i ≤ N, except for

(τ, λ) ∈ ∆ – hypersurface in M × C, called discriminant.

(τ0, λ0) – reference point

• For each α ∈ H1(C
∗, f−1

τ0
(λ0); C)

(I(−n)
α (τ, λ), ∂i) = −∂i

∫

α(τ,λ)

(λ − fτ )n

n!
ω, 1 ≤ i ≤ N

In
α(τ, λ) = ∂n

λI(0)
α (τ, λ),

fα
τ (λ) =

∑

n

I(n)
α (τ, λ)(−z)n,

Γα
τ = exp f̂α

τ .
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• 1 ≤ a ≤ N

(I(−n)
a (τ, λ), ∂i) = −∂i

∫

[xa]

d−1

(
1

n!
(λ − fτ )

n
ω

)
,

I(n)
a = ∂n

λI(0)
a ,

fa
τ (λ) =

∑

n

I(n)
a (τ, λ)(−z)n,

Γa
τ = exp f̂a

τ .

• Let ca(τ, λ) = 1/f ′
τ (xa), then for each critical value ui of fτ , in

a neighborhood of λ = ui the operator

N∑

a=1

caΓa
τ ⊗ Γ−a

τ

is R−equivalent, up to terms analytic in a neighbourhood of

λ = ui, to the operator which defines the HQE of KdV.
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• the above operator is not monodromy invariant:

N∑

a=1

ca

(
Γraφ

τ ⊗ Γ−raφ
τ

) (
Γa

τ ⊗ Γ−a
τ

)
,

where ra ∈ 2πiZ are some numbers depending on the

monodromy transformation.

• to offset the complication, look at a larger Fock space

BH =
{∑

aI(x, ∂x)qI | aI differential operators
}

and introduce

the following vertex operator

Γδ
τ = exp

(
(fφ

τ − wτ )ε∂x

)
exp (xvτ/ε) .

It satisfies the following commutation relation:
(
Γδ#

τ ⊗ Γδ
τ

) (
Γr φ

τ ⊗ Γ−r φ
τ

)
= e(ŵτ⊗1−1⊗ŵτ ) rΓδ#

τ ⊗ Γδ
τ ,

where wτ , via our quantization formalism, is a linear function

in q independent of λ.
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Integrable hierarchies

Theorem 3: For each n ∈ Z the one-form

(
Γδ#

τ ⊗ Γδ
τ

)
(

N∑

i=1

ci
τΓi

τ ⊗ Γ−i
τ

)
(
AM

τ ⊗AM
τ

)
dλ,

computed at q′, q′′ such that ŵ′
τ − ŵ′′

τ = n is regular in λ.

Regular means: put (q′)i
n = xi

n − yi
n, (q′′)i

n = xi
n + yi

n and expand

in the powers of yi
0, y

i
1, . . . (yk

0 excluded)

∑

I


∑

j≤K

PI,jλ
j


 yI ,

where PI,j is a quadratic polynomial in ∂•AM
τ (xk

0 + x + nε, . . .) and

∂•AM
τ (xk

0 + x, . . .). The regularity means that PI,j = 0 for j < 0.
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The above system of PDE admits some kind of a limit

Theorem 4: For each n ∈ Z the one-form

(
Γδ#
∞ ⊗ Γδ

∞

)
(
∑

a

ca
∞Γa

∞ ⊗ Γ−a
∞ +

∑

b

cb
∞Γb

∞ ⊗ Γ−b
∞

)
(
DM ⊗DM

)
dλ

computed at q′, q′′ such that (q′)k
0 − (q′′)k

0 = nε is regular in λ.

The vertex operators can be computed explicitly:
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fa
∞ =

1

k
ga
∞ −

k−1∑

i=1

∑

n∈Z

∏−n−1
l=−∞(i/k − l)

∏0
l=−∞(i/k − l)

λi/k+n∂i(−z)−n−1,

where

ga
∞ =

∑

n≥0

λn

n!
(log λ − Cn)dτk(−z)−n−1 +

∑

n≥0

n!λ−n−1dτkzn,

and C0 := 0, Cn := 1 + 1/2 + . . . + 1/n are the Harmonic numbers.

f b
∞ = −

1

m
gb
∞ −

m∑

j=1

∑

n∈Z

∏−n−1
l=−∞(j/m − l)

∏0
l=−∞(j/m − l)

λj/m+n∂k+m−j(−z)−n−1,

where

gb
∞ =

∑

n≥0

λn

n!

[
log(λQ−m) − Cn

]
dτk(−z)−n−1 +

∑

n≥0

n!λ−n−1dτkzn.
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L = Λk + u1Λ
k−1 + . . . + uk+mΛ−m, Λ = eε∂x

Ak−i,n =
Γ(1 + i/k)

Γ(n + 1 + i/k)

(
Ln+i/k

)
+

, for i = 1, . . . , k − 1

Ak+j,n = −
Γ(1 + j/m)

Γ(n + 1 + j/m)

(
Ln+j/m

)
−

, for j = 1, . . . , m

Ak,n =
2

n!

[
Ln

(
log L −

1

2

(
1

k
+

1

m

)
cn

)]

+

Extended bi-graded Toda hierarchy (G. Carlet)

ε
∂L

∂qi
n

= [Ai,n, L].

Conjecture 2: The HQE from Theorem 4 charactarize the

tau-functions of the Extended bi-graded Toda hierarchy.


