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Navier Stokes Equations and Data

Write NSE as ODE in H =
{

u ∈ L2(T2)
∣∣∇ · u = 0,

∫
T2 u dx = 0

}
:

dv
dt

+ νAv + B(v , v) = f , v(0) = u

v(t) = Ψ(u; t) Ψ(j)(u) := Ψ(u; jh)

Find u given noisy observations yj :

yj = Ψ(j)(u) + ηj ,

ηj ∼ N (0, Γ).

Yj = {yk}jk=1.
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Bayesian Formulation

Prior P(u) on u:

P(u) ∼ N (m̂0, Ĉ0).

Bayes formula:

P(u|Yj)

P(u)
∝ P(Yj |u).

Here

P(YJ |u) ∝ exp
(
−Φ(u; YJ)

)
Φ(u; YJ) = 1

2
∑J

j=1

∥∥∥Γ−
1
2
(
yj −Ψ(j)(u)

)∥∥∥2

Posterior is P(u|YJ).
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Posterior Distribution

MCMC - Gold standard, state of the art (accurate) :

Propose u∗ = m̂0 + (1− 2β)
1
2 (u(n−1) − m̂0) +

√
2βN (0, Ĉ0) and

let

u(n) =

{
u∗ with probability 1 ∧ exp{Φ(u(n−1))− Φ(u∗)}

u(n−1) else.

}

4DVAR - MAP Estimator (approximate) :

u ≈ N (m′0, C′0), C′0 =
(
D2Φ(m′0) + Ĉ−1

0

)−1

m′0 = argminu

(
Φ(u) + 1

2‖Ĉ
− 1

2
0 (u − m̂0)‖2

)
.



INVERSE PROBLEM ALGORITHMS RESULTS STABILITY CONCLUSIONS

Posterior Distribution

MCMC - Gold standard, state of the art (accurate) :

Propose u∗ = m̂0 + (1− 2β)
1
2 (u(n−1) − m̂0) +

√
2βN (0, Ĉ0) and
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Approximate Gaussian Filters I

Make the Gaussian approximation:

Ψ(j) ? P(u|Yj) = P(vj |Yj) ≈ N (m̂j , Ĉj).

Find update rule:

(m̂j , Ĉj) 7→ (m̂j+1, Ĉj+1).

Throughout:

m̂j+1 = BjΨ(m̂j) + (I − Bj)yj .



INVERSE PROBLEM ALGORITHMS RESULTS STABILITY CONCLUSIONS

Approximate Gaussian Filters I

Make the Gaussian approximation:

Ψ(j) ? P(u|Yj) = P(vj |Yj) ≈ N (m̂j , Ĉj).
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(m̂j , Ĉj) 7→ (m̂j+1, Ĉj+1).
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Approximate Gaussian Filters II

In all cases

Ĉ−1
j+1 = C−1

j+1 + Γ−1, Bj = Ĉj+1C−1
j+1.

3DVAR
Cj ≡ C0 where C−1

0 = Ĉ−1
0 − Γ−1.

FDF For C chosen from Gaussian SPDE parameter fit:

Cj ≡ C.

Kalman Filter For Ψ(u) = Lu:

Cj+1 = LĈjL∗.

(LR)ExKF (Low rank approximation of):

Cj+1 = DΨ(m̂j)ĈjDΨ(m̂j)
∗.

EnKF Particle approximations for m̂j and Ĉj .
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MCMC & MAP
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Relative Error in Mean c/w Posterior

Mean

method emean

4DVAR(t = 0) 0.000731491
4DVAR(t = T ) 0.00130112

3DVAR 0.0634553
FDF 0.165732

LRExKF 0.00614573
EnKF 0.0596825
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Relative Error in Variance c/w Posterior

Variance

method evariance

4DVAR(t = 0) 0.0932748
4DVAR(t = T ) 0.220154

3DVAR 6.34057
FDF 28.9155

LRExKF 0.195101
EnKF 0.516939
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Error Propagation

Theorem

Let C0 = δ2A−γ , Γ = ε2A−β, r2 = ε2/δ2 and α = γ − β. Assume
supj≥0 ‖ηj‖V = ω. Let m̂0 ∈ BV(0,R). Then there exists
rc = rc(R, α) and λ ∈ (0,1) such that, for all r < rc ,

‖m̂j − vj‖ ≤ λn‖m̂0 − v0‖+ cω.

Proof:

vj+1 = BjΨ(vj)+ (I − Bj)Ψ(vj),

m̂j+1 = BjΨ(m̂j)+ (I − Bj)Ψ(vj) + (I − Bj)ηj

Error ej = vj − m̂j propagates according to

ej+1 ≈ BjDΨ
(
vj)ej + (I − Bj)ηj



INVERSE PROBLEM ALGORITHMS RESULTS STABILITY CONCLUSIONS

Error Propagation

Theorem

Let C0 = δ2A−γ , Γ = ε2A−β, r2 = ε2/δ2 and α = γ − β. Assume
supj≥0 ‖ηj‖V = ω. Let m̂0 ∈ BV(0,R). Then there exists
rc = rc(R, α) and λ ∈ (0,1) such that, for all r < rc ,

‖m̂j − vj‖ ≤ λn‖m̂0 − v0‖+ cω.

Proof:

vj+1 = BjΨ(vj)+ (I − Bj)Ψ(vj),

m̂j+1 = BjΨ(m̂j)+ (I − Bj)Ψ(vj) + (I − Bj)ηj

Error ej = vj − m̂j propagates according to

ej+1 ≈ BjDΨ
(
vj)ej + (I − Bj)ηj



INVERSE PROBLEM ALGORITHMS RESULTS STABILITY CONCLUSIONS

Unstable
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Stabilized
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Relative Error in Mean c/w Posterior: Stabilized

method emean evariance

3DVAR 0.458527 1.8214
[3DVAR] 0.27185 6.62328
LRExKF 0.632448 0.4042

[LRExKF] 0.201327 11.2449
EnKF 0.450555 0.583623

[EnKF] 0.279007 6.67466
FDF 0.189832 11.4573
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Conclusions

Approximate filters:
reproduce the posterior mean accurately;
fail to reproduce covariance accurately;
can exhibit instability on longer time-intervals.

This instability:
can cause loss of accuracy in even mean prediction;

Filter stabilization, via variance inflation can be used:
ameliorates instability but can reduce mean accuracy on
short time intervals;
makes it impossible to predict the covariance.
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