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1. Introduction

We consider the class of hierarchies of integrable evolutionary PDEs
that are related to 2d topological field theory. The unknown functions
of these evolutionary PDEs are given by the special two-point
correlation functions

0% F(t)

— 2
W= e oth097:0”

a=1,...,n
Here F(t) is the free energy which has the genus expansion
F(t) = e 2Fo(t) + Fi(t) + EFo(t) + ...

t=(t*P),a=1,...,n;p >0 are the coupling constants of the fields
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Introduction

For topological sigma models

The genus g free energies F,(t) are defined by the generating functions
of genus g Gromov-Witten invariants

A rmallas= [ Tleja)n i)
j=1

[Mg,m(X,8)]¥ j=1

by the formula

Felt)= D (el 507
66H2(X7Z)

Here X is a smooth projective variety with H*Y(X,C) = 0. Mg m(X, 3)
is the moduli space of stable maps of degree 3 € Ha(X,Z) with target
X of curves of genus g with m marked points. £; are the tautological
line bundles over Mg (X, 3), and ev;: Mg m(X,3) — X are the
evaluation maps.
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Introduction

The appearance of integrable hierarchies:

Consider the genus zero two point correlation functions

ay 82‘7:0(t)

Vit = ot09t7.0’

a=1,...,n

Here the matrix (1) = (1,5) ™" is the inverse to the Poincaré pairing
matrix. Redenote t1'0 = x, then we have the equations

o 0 62.70(1‘)
I o o' 07 JSoll) -
<6t'7708tﬁ,q>’ a,f=1,...,9=0.

a%a " ox
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Introduction

The Principal Hierarchy

As observed by Dijkgraaf & Witten (1990) the two-point functions that
appear in the r.h.s. of the above equation can be represented as

functions of v!(t),...,v"(t) (the constitutive relation)
O*Fo(t) 003.g+1(v)
Srenga — Leospa(Ut) = ;T-

A hierarchy of infinite dimensional Hamiltonian systems

otba X

o y‘sHB,q A0 _ o

with Hamiltonian operator P and pairwise commutative Hamiltonians
given by

ag 0
PO = 5 Haa = [ B ()
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Introduction

Integrable hierarchy that characterizes the full genera free energy F(t)

Theorem

For a 2d topological field theory associated to a semisimple Frobenius
manifold, the full genera free energy F(t) is given by the logarithm of a
particular tau function of a certain integrable Hamiltonian deformation
of the Principal Hierarchy

ow” a'yg (805#14‘1(“/))

at%a ~ T ax\ ov
+ ZngKg7Q§g(W7 Wi o ooy W(2g+1))7 Ck,ﬁ = 17 -ees g 2 0.
g1
Here K3 ., are homogeneous polynomials of wy,... ,83g+1W7 of degree
2g+ 1.

(Constructed by Dubrovin, Z.; polynomiality proved by Buryak,
Posthuma, Shadrin)
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Introduction

The case of one-dimensional Frobenius manifold: 2d topological gravity

1 . .
fg:zk,tm"'tpk/,w YTt AR, @Z’szclfj(ﬁj)-
! »

Witten-Kontsevich Theorem: The integrable hierarchy is the KdV
hierarchy.

The first three flows:

Wiy = Wy, To:i=X
€2
Wy, = WWy + EWXXX (KdV equation)
€2 4

Wi, = §V|/2WX T (2WxWix + WWiy) + %W(S)
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Introduction

The bihamiltonian structure

ow OH, 1 0H,_1
— =P VPP p>0
ar, = Pigw =P P P2
with the bihamiltonian structure
0
Py = —
1 8X’
0 1 e 93
Py = — 4+ = - —
2 = w(x) ox + 2 wi(x) + 8 Ox3
Densities of the Hamiltonians
w2 W,
h = ho= — + 222
1 w, 0 9 + € 12a
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Introduction

Hodge integrals

The genus g Hodge integrals of a smooth projective variety X

/

H chy,(E H Tpi(Pa;)) g8

i=1
! m
= chy (B) A [ ] evi(ba,) A (L))

Here E is the rank g Hodge bundle over Mg m(X, 3), chi(E) are the
homogenous components of the Chern character of E.
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Introduction

The Hodge potential

The genus g Hodge potential of X

He(t;s) = Y (esmwrchun® e nlda)y o gf,
BGHQ(sz)

The Hodge potential of X is defined by
H(t;s;€) = Z 262 4(t; 5).
g=0
The Hodge potential satisfy the initial condition

He(t;0) = Fg(t), H(t;0;€) = F(t;e).
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Introduction

Reconstruction of the Hodge integrals from the Gromov-Witten
invariants

The partition function for the Hodge integrals

—2 2
Z (t s; 6) — e€ Ho+H1+e“Ha+...

satisfies (Faber, Pandharipande 2000)

07 5 B 2 %2 52
_ o,p _ = _1\PpB
Os ;t Otwpt2k=1 2 ;( L Otv:POth2k—=2=p Ze,

Zi(t;0;¢) = Z(t;€).

Here we redenote — (Qk)|52k 1 by sk, Bak are the Bernoulli numbers.
Z(t;€) = e” (59 is the partition function for Gromov-Witten invariants
of X, and t*P = t*P — 5267
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Introduction

Problem: To study integrable hierarchies that are satisfied by the two
point functions

9 oy OPH(L; s €)

VV(X:ET] W, (,Y:l,...,n.

We will study this problem starting from any semisimple Frobenius
manifold.
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Hodge potential of a semisimple Frobenius manifold

2. Hodge potential of a semisimple Frobenius manifold

Frobenius manifold structure (Dubrovin)
Encodes the properties of the primary free energy
F= ,:(Vl7 ey Vn) = fo(t)’ta,():va’ to,p>1—(-
O*F
OvIovovP

= 1o = constant, (n,8) : nondegenerate,

~ e O3F structure constants of
o=t —: iy
aB EOVvOVP ~  an associative algebra

OgF = (3 — d)F 4 quadratic terms in v*,

n
here the Euler vector E = Z(davo‘ + ra)a‘a/a.

a=1
They are the WDVV equations of associativity.
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Hodge potential of a semisimple Frobenius manifold

The deformed flat connection of a FM (M"; - ;(, ); & E):
Vaib=V.b+2za-b

Extend it to M x C* by
dz

@ibzazbJrE-b—%ub

with = 259 — VE.

The deformed flat coordinates V1 (v; 2), ..., Vs(v; 2) satisfying

@dT/a(v;z):O, a=1,...,n
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Hodge potential of a semisimple Frobenius manifold

The functions 63 4(v)

The deformed flat coordinates have the form
(W2, 11 2) = (013 2), .., On(v; 2) 22"

Here 01(v; 2),...,0,(v; 2) are analytic at z= 0 with Taylor expansion

0o (vi2) = bap(v)2

p=>0

satisfying the normalization conditions

Ha(v;O):nang, a=1,...,n
(VOu(v; —2),VO5(v; 2)) = Nas-

1, R: monodromy data at z= 0.
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Hodge potential of a semisimple Frobenius manifold

The Principal Hierarchy
A hierarchy of evolutionary PDEs

o a'yﬁ (896,q+1(v)

8t67q 77 aX av,y > ) a?ﬁ Y 7n7 q -

It possesses a bihamitonian structure of hydrodynamic type

(v (), P (y)}1 =P8 (x— y),
(V' (x), (M)} = g7 (x— y) + TP (VVS(x— y).

with Hamiltonians

Hgq = /0/37q+1(v(x))dx, B=1,...,n,qg>0.
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Hodge potential of a semisimple Frobenius manifold

The Principal Hierarchy is a bihamiltonian integrable hierarchy

o
98a {v*(%), Hg g1

with bihamiltonian recursion relation

V00, Hag1)o =g+ 5 + ) V() Ha g

+Z(Rk)g{va( x), Hy,q-i}1-

k=1

The genus zero part of the associated 2d TFT is characterized by the
Principal Hierarchy in the sense that the genus zero free energy Fy(t)
can be represented by a particular (called topological) solution of the
Principal Hierarchy
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Hodge potential of a semisimple Frobenius manifold

Topological solution of the Principal Hierarchy

Particular solution v* = v*(t) of the integrable hierarchy that satisfies
the string equation is obtained by solving the equations (generalized
hodograph transformation)

S P9IV 4(v) =0, 9= 179 5],

q=>0

The genus zero free energy

1 -
Fo(t) = B} Z gpEha QQ,P;57Q(V)’v=v(t)7
a,p;B8,q
< VO (v;2), VOs(v; w) > —n,,
Y Qappalv) 20 = : 2.

Z+w
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Hodge potential of a semisimple Frobenius manifold

Construct the higher genera free energies F,(t)

We (Dubrovin, Z. 2001) use the properties of the Virasoro symmetries
of the Principal Hierarchy to determine F,.

The first symmetry is the Galilean symmetry:

‘ﬂ
VsVt Ztﬂ’qiag —

,q—1
B,q

T T +el 17+ O(?)

+ 6% | +O(e),

with the tau function 7 and the operator L_; defined by

1 a,0,3,0
T =¢oW Ztﬁ 8tﬁq1+2naﬂt 8.0,
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Hodge potential of a semisimple Frobenius manifold

Virasoro symmetries acting on the tau function

1 or Ot
a,p;B,q —
T—T+e€ (am - 9r 9ia

0
_’_bﬁ’q P T +Cm;a,pﬁ,qta’pt8’q7'>+0(€2)

ma,p 8tﬁ7q
with the Virasoro operators (for m > —1)

0? pPa P 9
OtPHB9 T bryap Otbq
+ E_2Cm;a,p75’qta’pf8’q + Ko 5,,,,0, m > —1.

Ly = 6236,:;13;&(1
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Hodge potential of a semisimple Frobenius manifold

Linearization of the Virasoro symmetries

Note that the higher genera free energy F,(t) can be represented as
functions of the two-point functions

Fe(t) = Fg(v, v, Voo, -+ ) lu=u(e)

We require that the infinitesimal Virasoro symmetries act linearly on the
full genera tau function

T = e€_2]:0+2g21 €2g_2Fg(V»VX:Vxx,~“ )|v=v(t) i
in the following way

T TH+elnt +0(2), m>-—1.

Here the parameter € is called the string coupling constant.
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Hodge potential of a semisimple Frobenius manifold

The loop equation

The condition of linearization of the Virasoro symmetries is equivalent

to a system of equations, called the loop equation, for the functions

Fg,g > 1. For example, when n =1 we have

OAF,, 1 OAF e 1
Zav(f) A*EW»Z() ﬁax
R S S
16 /\2 16(v—A)2 A2
¢ Z PAF_ OAFOAF] iy 1 g
000000 T o ol | % = e
OAF k+2 1
“16 Z VK )2

Here AF =3 o ng_2Fg.
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Hodge potential of a semisimple Frobenius manifold

The €°'s coefficients of the loop equation give the equation for Fi:

1 oh 3 v OR_ 1 1 ko
v—A v  2(v=XA)20ov 16A2 16(v—\)2 A2’

This implies that

1 1
=—, F=—logV.
ko=15 M =9 og
Similarly, the coefficients of €2 give the squations for F, from which we

obtain
V4 7V ‘/13
= — + .
1152v2 19203 360 v*

)
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Hodge potential of a semisimple Frobenius manifold

For a general semisimple Frobenius manifold, the €’ terms of the loop
equation yield the equation

oF 1 OF OF, )
Z 8u,' Ll,‘—/\ Py 8u _/\ Z alpaGa 0,0 Ps

1< 1 1 Vi 1 1 5\ ko
__E;(A—u,)2_§§m 2 ( _“>_A2'

Here uq,..., u, are the canonical coordinates of the semisimple
Frobenius manifold M, which have the property

9. 98 5.9
8U,‘ an_ 'Jau,-'

Zhang Youjin (Tsinghua University) Hodge Integrals and Integrable Hierarchies July 30, 2016 25 /53



Hodge potential of a semisimple Frobenius manifold

The genus one free energy

1
Fi(v,vx) = 52 log det (capy(V)V)) + G(v)

1 83]:0(1')
= ﬂ Iogdet <W> + G(V)

(Witten-Dijkgraaf and Getzler)
The function G(v) has the form (Dubrovin, Z.)

G(v) = log J17/12(4V<)V) .
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Hodge potential of a semisimple Frobenius manifold

Defintion of the Hodge potentials for semisimple Frobenius manifolds

We require that the partition function

—2 2
ZE(t; S) — Ho+Hi+e“Ha+...

satisfies
0Zs . 0 2% 02
- 1P _ - —1)PpeB 7
05k [;O otonpt2k=1 - 2 ;( ) dtapdih2k—2—p | “

Zg(t;0;€) = Z(t;€).
Here Z(t;¢) is the partition function for the Frobenius manifold

Z(t‘ e) = 6672}—0(1“;6)-&-}'1(t;e)+e2f2(t;e)+,,,.
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Hodge potential of a semisimple Frobenius manifold

Defining equations for H,(t; s)
We introduce the operators

. 0 &2 OF(t) 0
D= Zt 7p6ta,2k71+p - Z(_l)pn ? P ph-2k—2—p

p=0

Then from the above equations we know that

OH,g 132 Hy
6 _pD _ _1)yppef__~ Ttel
12k—2g 1 oy Hon Mg
T2 L™ Gep ks
p=0 m=1
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Hodge potential of a semisimple Frobenius manifold

Theorem

For an arbitrary calibrated semisimple Frobenius manifold and an arbitrary
solution to the associated Principal Hierarchy there exists a unique Hodge
potential determined by the system of equations mentioned above. It can be
represented in the form

Ho = Fo,
1
Hl = ]:1 - §Sl7iaﬁavaavﬁ F(V)7

He=Hg (V; V, VXX,...,v(3g_3);51,...,5g> for g>2,

where F is the potential of the Frobenius manifold, Hg (g > 2) is a polynomial
N Si, .., Sg, Viger o) v (36=3) and a rational function in v, and

degAH, < 3g—3

with AHg = Hg - ]:g-
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Hodge potential of a semisimple Frobenius manifold

For the example of one-dimensioanl Frobenius manifold

Ho(t;s) = Fo(t),

1 1 1
Hi(t;s) = Fi(t) — 3SIV=5; log vx — 2S1Y,
112 v 7 S s
t' — t XX XXX 752 x — 71 o4 )
Haltis) =F2(8) + 51 (480\/3 40vx> LTI (10 * 48> x
Here
F = iIo V.
1 — 24 g Vx.
V(4) T Vax Viexx VXX3

Fy = _ .
27115212 192013 | 360 v, 2

July 30, 2016 30 /53
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Hodge potential of a semisimple Frobenius manifold

Corollaries of the theorem

We consider the intersection numbers of the form

/ )\,’1 ... )\,‘k fl %"’, A= C,'(E)
M,

g:m

from the above theorem it follows that they vanish unless
h+-+ ik <3g—3.

We introduce the generating function

He(Niy - N t Zm' > t,,l...t,,m/ Aiy - APt P

m>0 P1,---,Pm=>0 M m
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Hodge potential of a semisimple Frobenius manifold

Corollary

Let v(t) denote the topological solution of the dispersionless KdV hierarchy

Z tP1. i

7' .o '7
p1+...+pr=k—1 Pr Pk

and vy = 0Xv(t). Then following formulae hold true:

Hg(Ag Ag—1 Ag—2i t) =

H; ()\1; l') =

HQ()\l; t)

Ha(A2; t)

Zhang Youjin (Tsinghua University) Hodge Integrals and Integrable Hierarchies
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Hodge potential of a semisimple Frobenius manifold

131 9343vs 869wy 1853,

Hs(\;t) = -
3(h3 ) 45360V 145152012 ' 322560V} ' 967631
_ 689v3 vy _ 383vavs Tve
967680V 967680v3 | 13824012’
Hs (Ao £) = 19v4 1513 v3 61v3 373vavy 41vs
ST TE3760vE T 20736003 32256002 145152002 580608v;
31V4
Hs(\s: t) =
3()‘33 t) 9676807
\/3 19V2V3 23V4
Hy(AMAgit) = o2 —
3(Miheit) 36288V 483840v; = 193536’
31V2 41V1V3
H. b)) = 2
333 ) = T T Tas1520°
V2V2 V4
H. ) = —L H. b)) = L
3(A2As; t) 120960 3(A1A2A3; 1) 1151520°
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3. The Hodge Hierarchy

Let us construct a new hierarchy of integrable Hamiltonian PDEs
associated with the calibrated semisimple n-dimensional Frobenius
manifold under consideration. The equations of the hierarchy will
depend on the parameters s, so, ...Logarithms of tau-functions of the
new hierarchy are Hodge potentials, log 7 = H. That is, the solutions
wi, .., W, are given by the second derivatives of the Hodge potential
28 H(t;s;€) 9 s)
waltisi€) = & s = Vet D¢ gaxatao '

g>1

Due to properties of the Hodge potentials we can represent w, in the

form
2 . 3
Wy = Vo + E eg\/f] (v,vx,...7 (3g). 51,...,sg>.
g1
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The Hodge Hierarchy

We apply the substitution (the quasi-Miura transformation)

2 . 3g). —
Vo = Wy = Vo + g eg\/[f] (v,vx,...,v( g),sl,...,sg), a=1,...,n
g>1

to the equations of the Principal Hierarchy

(9VO‘ a’ya<80'37q+1(v)>’ a’ﬁ:]_’”.vrhqzo'
ovY

otta " Ox

Theorem

The Hodge Hierarchy associated with an arbitrary semisimple calibrated
Frobenius manifold is a tau-symmetric integrable hierarchy of
Hamiltonian evolutionary PDEs.
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The Hodge Hierarchy

For the example of one-dimensional Frobenius manifold

ow _p ot
oty  dw(x) 7
6W7~ 5!‘:/1 o 2 Wixx
871”17P§W(x)7WWX+€ <12 7WXWXXS1)
+ et —%s—f— Wo W: +1WW s+ —§WW2—éW2W s
601 235141 5125131
1 1 6
+1l-3 1“’3*@“’%% s2| +O(e”),
ow - 6H,
— =P+ > 2
at,  owx) 17

The deformed Hamiltonian operator is given by

15:5',(—62515')3(+§645f3§+(9(66)
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The Hodge Hierarchy

Tau-symmetric integrable Hamiltonian deformation of the Principal
Hierarchy

Let M be a Frobenius manifold. A hierarchy of Hamiltonian
evolutionary PDEs

owP 5Hg q

_ = = p* >
atﬂ,q {M/X(X)7 Hﬁ,q} POC (SW’Y(X)’ q - 0

is called a tau-symmetric integrable Hamiltonian deformation of the
Principal Hierarchy of M if the flow % is given by the translation
along the spatial variable x and the following conditions are satisfied:

1) Integrability: for 3 =1,...,n, g > 0 the functionals Hg 4 are
conserved quantities for each flow of the hierarchy.

2) Hg_1 = [ hg_1(w(x)) dx are Casimirs of the Hamiltonian
operator.
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The Hodge Hierarchy

3) Polynomiality: the Hamiltonian operator and the densities of the
Hamiltonians take the forms

k+1
PP = Py, + Z Z pif (w; Wy, . . ., W(kH”))(‘))’(
k>1 =0
hB,q = 0B,q+1(W) + Z € hﬁ,q;k(W; Wy +eny W(k))7 q > 07
k>1

4) Tau-symmetry:

Ohop1  Ohgq i
otha  Qtwp

; p,q=>0,

where hy 1 = Wy = oy W'.
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The Hodge Hierarchy

Tau function of the tau-symmetric integrable Hamiltonian hierarchy

The Tau-symmetry condition ensures the existence of a tau function
7(t; €) for any solution w,(t; €) of the tau-symmetric integrable
Hamiltonian hierarchy such that

~ 0?logT(t;e)  Ohap 1 - .
2 ) o,p
Qoppg =€ 1P tha otha 980, pp.q = 0:828 gia p-

In particular

02 log 7(t; €)
ce) = 22 8\
Wy (t€) =€ VT

_ 2 2 log 7(t; €)

ha,p(W(t; €); wi(t;€),...;€) = > —1.

Oxotep+l ’ p=
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4. Some examples

We consider the special case of Hodge integrals of a point, which
correspond to the one-dimensional Frobenius manifold.

Example 1. Let us assume that the parameters sy take the following

form: 5
2k k—1
=—-—" for k>1
T Tokzk—1° 0 T =S
where s is an arbitrary parameter. Then we have the Chern polynomial
g
e o1 P2t B) — TT(1 4 53) = 14 541 + -+ + BAg =1 Ag(s)
i=1

Here we use standard notations for the Chern classes of Hodge bundle

)\,':C,'(E), izl,...,g.
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Some examples

The Hodge potential of a point specifies to

HHZMZZ AL / Agls)h k.

I‘I>O kl 5

Here ¢fj = clfj(ﬁj). Buryak proved that the function

_ (_1)g 2g

. 2 . . .
with w = ngX—gi satisfies the Intermediate Long Wave (ILW) equation

_11B2
e, = Uy + Zezgsg 1‘(2‘?1qu+1.
1 &
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Some examples

The Hamiltonian operator of the hierarchy has the explicit expression

P=0,+Y 2g ‘32g|sgezga§g+1.
g>1

The generating function of the linear Hodge integrals was also shown by

Kazarian (2009) to be the logarithm of the tau-function of a family of
solutions to the KP hierarchy.
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Some examples

Example 2. Now let us consider a particular choice of the parameters
sk such that the resulting Hodge hierarchy of a point possesses a
bihamiltonian structure. We require that the parameters are given by

Bax k—1

5k:(4k—1)m )

k> 1.

Here, as in the above example, s is an arbitrary parameter. Then the
Hodge potential is reduced to

HD—)ZQ";QZ Z o - tk/ Agl 25) Ay(—25) k1 ..l

I'I>0 kl,
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Some examples

Consider the following combination

of the flows of the Hodge hierarchy. It has the expression

ow

2
5 :2eQSWWX_|_€3 25W( 53VV3+52WXWXX+SWXXX) —|—O( )

Making a rescaling

1

1
—0y, O¢— 75

0
\[9 ty

w — ﬂ, Ox —
2s
we obtain the equation
w 62 w 1 1 4
wy = 2e"wy + ge 4'4/,3(“‘ WxWax + W | + O(€7).
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Some examples

Now performing a Miura-type transformation

32k+2 -1
u=wr Z (2k + 2)14kF1 "2

we can check up to the e'2-approximations that the above equation is
transformed to the discrete KdV equation

1 u(x+€) u(x—e) u € u(, 3 4
Uy = — (e —e ) = 2¢ ux+§e (ux+3uXuXX—|— uXXX)+(9(e ),

At the same order of approximation, we find that, apart from the KdV
case, this is the only specification of the Hodge hierarchy of a point
which possesses a bihamiltonian structure
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Some examples

(u(), u(y)} = Xy ) Z 0=y =9

€

d(x—y+e)—d(x—y—e)

{u(x), u(y)}2 = | + e

[e“(x+€)5(x— y+ 2€) — e“(”e)é(x— y—2€)].

Alternative generating functions of the cubic Hodge integrals were
constructed by Jian Zhou (2010), he showed that they are tau-functions
of a family of solutions to the KP hierarchy.
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Some examples

Example 3. Let us consider a special choice of the parameters s, k > 1
such that the Hamiltonian operator P of the Hodge hierarchy of a point

has the form 3 .
P= 8X + Z Pk(Sl, - ,sg)&’j,
g1

where the coefficients Py do not depend on w and its x-derivatives. We
conjecture that this requirement is equivalent to the following choice of
the parameters sy:

Bax 2%—1 |, 2k—1 pg \ !
- _ oK - [ L, k> 1.
T k-1 \P T <p+ q) T

Here p and g are arbitrary complex numbers such that p+ g # 0.
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Some examples

We also conjecture a closed formula for the Hamiltonian operator

p
p_ _ 2prax 2/p7 s hHleds

o (0] o (segr) sn (B2e0)

This two-parameter family of the Hodge hierarchy corresponds to the cubic
Hodge potential

H= ZGQg_ZZ Z tkl' L Ag(p)Ag(q)Ag< pq) .

n>0 ky,. My, n p+q
If we set a1 = p, as = q, a3 = — 2% then they satisfy
1 1 1
—+—4+—=0,

ai ag das

which is exactly the local Calabi—Yau condition that appears in the localization
calculation of Gromov-Witten invariants.
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5. A universality property of the Hodge hierarchy

Consider deformations of the dispersionless KdV hierarchy

ov 0 oHg v9
. T A = — Vx
oty  0Oxdv(x) ¢!

q=>0.

(also called the Riemann hierarchy) with

Vq+2
H, = ——dx.
7 /(q+2)! *
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A universality property of the Hodge hierarchy

Conjecture

Any tau-symmetric integrable Hamiltonian deformation of the Riemann
hierarchy is equivalent, under a normal Miura-type transformation, to
the canonical tau-symmetric integrable deformation of the form

ow 0 [ dHq
- = — >
o1 Ox <6W(x)> 920

which is uniquely determined by the following standard form of the
density hy of the Hamiltonian Hy:

W€

h1 = F — ﬁaowf + 6481W% + 66(32W§ + b1W23)

+ 68 (a?,W;L + b2W2VV23 + bgwi)
+ el0 (a4Wg + b4W%W§ + b5W2Wi + b6W25) + ...
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A universality property of the Hodge hierarchy

In the above conjecture, wy = 8)’§W, ag, a;, bj, i > 1 are certain constants
and, starting from €*, the terms appearing in this standard form are
selected by the following two rules:

i) The factor with the highest order derivative in each monomial is
nonlinear.

i) Each of these terms does not contain any w; factor.

In this standard form, the coefficient of €2 W% is denoted by —g—i; the
coefficient of ezkwjz‘ is denoted by ax_1; other coefficients are denoted
by b1, ba, ... Moreover, in the case ag = 0 all coefficients aj, bj, j > 1
must vanish. In the case ap # 0, the coefficients b; with j > 1 are

uniquely determined by ag, a;,az. ...
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A universality property of the Hodge hierarchy

Conjecture

Any nontrivial tau-symmetric integrable Hamiltonian deformation of the
Riemann hierarchy is equivalent, under a normal Miura-type
transformation, to the Hodge hierarchy of a point with a certain
particular choice of the parameters sy, k > 1.
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A universality property of the Hodge hierarchy

Thanks
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