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| Outline

Part | (Tuesday)
® Model order reduction problem

® Balanced truncation model reduction

® Balancing-related model reduction techniques

Part |l (today)
® Balanced truncation for differential-algebraic equations

® Balanced truncation for second-order systems

Part Il (Thursday)
® Balanced truncation for parametric systems

® Related topics and open problems

|
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| Balanced truncation

ldea: Balance the system (A, B,C, D) and truncate the states
corresponding to small Hankel singular values

Algorithm:

1. Solve the Lyapunov equations
AX + XAT=_BBT, ATY +Y A= -C'C
for X ~RRT and Y ~LLT.

2. Compute the SVD LTR = [U], Uz]lzl . ][vl, ',
2

with >, = diag(&y,...,&), Yo = diag(&iq,...,&n).

~ o~ A~ A~

3. (A, B, C, D)= (W'AT, WIB, CT, D) with

W =LU,x; 2 e R, T =RV, 5 Y% e R |
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| Outline
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Balanced truncation for differential-algebraic equations
# properties of DAES

# proper and improper Gramians

o proper and improper Hankel singular values

# numerical methods for projected Lyapunov equations

’ _ |
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| Linear DAE control systems

Time domain representation

where E, AcR"™", BeR"™ (CeRP" DeRP™,
AE — A is regular (det(AE — A) #0).

Frequency domain representation
Laplace transform: wu(t) — w(s),  y(t) — y(s)

— y(s) = (C(sE— A)'B+ D)u(s) + C(sE — A) ' Exz(0)

with the transfer function G(s) = C(sE — A)"'B+ D |
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| Applications

® Multibody systems with constraints

® Semidiscretized Stokes equation R
Eip Of|v| [ A Aw||v| |B1 [ '/f
— U =
0 0 P A21 0 P B2 = ' {
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| DAEs are not ODES! [petzold'82]

® DAEs may have no solutions or solution may be nonunique

® Initial conditions x(0) = x¢ should be consistent
~» distributional solutions

® Control u(t) should be sufficiently smooth
~» distributional solutions

® Drift off effects may occur in the numerical solution

® Index concepts:

differentiation index, geometric index, perturbation index,
strangeness index, structural index, tractability index,

unsolvability index, ... |
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| Model reduction problem

Given a large-scale DAE control system

U Eix(t) = Ax(t)+ Bu(t) y
y(t) = Cx(t) + Dul(t)

where E, A e R""™, BeR"™ (CeRP" DeRP*™,

find a reduced-order model

where E. A e R*!, BeR>m, CeRPX!, DeRPX™, (< n. |
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| Decoupling of DAESs

Welerstrald canonical form:

E=T
0 N

I 0
:|T7“7 A =1

J 0 } -

0 I

where J —Jordan block ( \;(J) are finite eigenvalues of A\E—A ),
N —nilpotent (N"=!1 #£0, NV =0 ~ visindex of \E—A).

Slow subsystem Fast subsystem
£1(t) = J x1(t) + Bru(t) Nia(t) = w2(t) + Bau(t)
y1(t) = Crz1(?) Yo (t) = Coxa(t) + D ult)

¢ v—1
= xl(t):e‘]txl(O)Jr/ e/ TBu(r)dr | = wa(t) == N*Byul® (1)
0 k=0

ldea: define the controllability and observability Gramains for
each subsystem and reduce the subsystems separately. |
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Proper and improper Gramians

Consider the projectors

Pr—Tl[I 0

T

r (A

I O T:I_PT7
}Zfl_l, Q

0 0 0 Q =1-P.

® The proper controllability and observability Gramians
solve the projected continuous-time Lyapunov equations

EgpcAT + AgchT — _PZBBTPZT> gpc — Prgpcp;fa
E1G,, A+ ATG,,FE=—-PICtCP., G, = PGP,

®» The improper controllability and observability Gramians
solve the projected discrete-time Lyapunov equations

Agic AT — EgicET — QZBBTQlTa g’iC — QrgicQg7

ATG,A - FE'G,E= QlcTCq,, Gio = Q1 GioQ,. |
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| Balanced truncation for DAEs

® G=(F, A B,C, D) isbalanced, if the Gramians satisfy

gpc:gpo:[E 0]7 gz’c:gio:[() @]

with 3 = diag(&1,...,&,) and  © =diag(fy,...,0,,).

® &= /)G ETG,F) are the proper Hankel singular values

0, = \/)\j(gz-cATgwA) are the improper Hankel singular values

ldea: balance the system and truncate the states corresponding
to small proper and zero improper Hankel singular values.

|
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| Example

Ni(t) = z(t)+ Bu(t) 010 10 ] 0.04]
() (£ Q with N=|0o 0 1|, B=|01]|, C'=] 30

Improper Hankel singular values 6, = 3.4, 05 =4.7-107°%, 65 =0

u(t)=sin(t)

® Reduced-order system: /=2
1.2 1.2 . 105 0 | . -
[—1.2 _1.2].51:(:5)_ 0 103]x(t)+3u(t)
g(t) = Cz(t)

® Reduced-order system: /=1

10r

Z(t) = 850 &(t) + 1567u(t)

3(t) = 1.9%(t) |
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| Balanced truncation for DAESs

1. Solve the projected Lyapunov equations for

gpc =R RT

pAlp s ng:L LT gzc:RRT g’LOZLLT

pp 1Y 1

2. Compute the SVD

>
L'ER, = [Uy, Uy] : ; Vi, Vol
3. Compute the SVD
T © T.
L; AR, = [Us, U4 Vs, V',

~ ~

4. (E, A, B,C,D)=(WTET, WI'AT, WT'B, CT, D) with

W = [LpUlzfl/Qv LU0~ Y2, T =R, V5%, RV,0712]. |
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| Balanced truncation: [:_)rogerties

® Asymptotic stabllity is preserved

® Error bound:
® G(s)=C(sE—A)"'B+ D = Gg(s) + P(s),
where Gy,(s) = Cy(sI — J)~'By s strictly proper,
v—1
P(s) =Cy(sN—I)"'1By+ D = -5 C3N¥Bys*+D
k=0

» G(s)=C(sE— A 'B+ D = Gyy(s) + P(s)

< |G = Gl < 2(&; +...+ &)

~ o~

® Index(F,A) <Index(F, A) |
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| Computing the Gramians

Eigenvalues of the proper Gramians, n=1159

10° ¢

® Instead of the proper Gramians compute
their low-rank approximations

Gpe ~ R,R!"  and G, ~L,L]
with Rp e R™*"pe f/p e R ™o rpe, mpo K 1
— use the generalized ADI method [St’08] -

0 30 60 90 120 150 180

T. Stykel. Balanced truncation model reduction.



| Computing the Gramians

Eigenvalues of the proper Gramians, n=1159

* Aj(gm)
— Ai(Gpo) |

® Instead of the proper Gramians compute
their low-rank approximations

Gpe ~ R,R!"  and G, ~L,L]
with Rp e R™*"pe f/p e R ™o rpe, mpo K 1
— use the generalized ADI method [St.08]

eps |

0 30 60 90 120 150 180

® Since r;. =rank(G;.) <vm and r;, = rank(G;,) < vp, compute
the full-rank factors of the improper Gramians

Gie = R.RT, R, e R""ic and G, = L.LT, L, € R"¥"io
— use the generalized Smith method [St.08]
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| Computing the Gramians

Eigenvalues of the proper Gramians, n=1159

* )‘j(gm)
— Ai(Gpo) |

® |Instead of the proper Gramians compute
their low-rank approximations

~ P BT ~ T 7T
Ope = R,R, and Gy, ~ L, L,

eps |

with Rp e R™*"pe f/p e R ™o rpe, mpo K 1
— use the generalized ADI method [St.08]

0 30 60 90 120 150 180

® Since r;. =rank(G;.) <vm and r;, =rank(G;,) <rgq, compute

the full-rank factors of the improper Gramians
Gie = R.RT, R, e R""ic and G, = L.LT, L, € R"¥"io

171 !

— use the generalized Smith method [St.08]

® Projectors P, and P, are required

— exploit the structure of the matrices £ and A |
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| Computing the projectors

[v'] semi-explicit systems (index 1) [St’08]
| E1ir Eae A Ap
E_[ 0 0 ]7 A_[Am A22]
[v'] Stokes-like systems (index 2)
E:[EH 0]7 A:[An A12]
0 0 Agq 0
[v'] mechanical systems (index 3)
(I 0 0] 0 I 0 |
E=(0 M 0|, A=|D K -GT
0 0 0| G 0 0
[v'] electrical circuits (index 1 and 2) [Reis/St’10,11]

Remark: For some problems, the explicit computation of the projectors can
be avoided [ Heinkenschloss/Sorensen/Sun’08, Freitas/Rommes/Martins’08]
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| Examgle: one-ghase transformer

® Mathematical model

A .
06—+V>< (VX A) =0 in Q4 x(0,7)

ot
VX (0eeVXA) =wi In Q.UN,x(0,T)
/ngAdz—FRi:u in (0,7)
Q

........

ot
Axn=0 on 00 x(0,7T)
A= A N e
® FEM model
My 0 0 a K1 —Kip X1 | [an 0|
0 0 0|4 lay| = |-Kl —Ka Xol |ag| + |0 ]| u
Xt X1 o i 0 0 —-R| | I
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| ExamEIe: one-ghase transformer

Transform the DAE into the ODE form [ Kerler-Back/St.’17]
Ei =A%+ Bu
Yy = Ci
with

A

My + X R1X{ X, R'XIZ

. ai
_ > 0, T = € R™,
ZPX,RIXT ZTX,R™IX]Z [ZT as
N Kll K12Z K12 —1
A=— Y(YTK9Y) Y| KL, KeZl| <0,
ZTKY, ZTKoZ| | 27K (VT KaY) YT Ky, K]
B— | N RY,  imY=kerXI,  Z=X,XTx,)"V2
AD.C:

C=(XTX,) ' XT (I - KoY (YTK9Y) YT [KL,, KpoZ]| = -BTELA.
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| ExamEIe: one-ghase transformer

Goal: solve (A+7E)z = vl} with
U2

A M+ X, R1XT X R 1XIZ B
b= 11T 1_1 Tl Tl _12 - 7 7 — XQ(XgX2> 1/2

ZTX,R'XT ZTX,R'XTZ
- K Ko/ K _
Y A2 Y (YT KyY) YT K1, KooZ ]

Koy ZF Koo Z /" Koo

My - K K X1 [z oy |
® Solve — K9y — Koo X9 29| = | Zva .
TX{ X —R| |2 0

® Compute z = {Z? } Note: Y is not required!
22 |
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| ExamEIe: one-ghase transformer

Hankel singular values

n=17733, ng="7202, n,=12531, m=2
X~ BT, e Rraxizs

Reduced system: r = 29

® o o 0

tom'g — 180.74 sec, t,.q = 0.06 sec

10 ‘ ‘ ‘ ‘ :

0 25 50 75 100 125

8 Absolute error and error bound Absolute error in the output
10 T T T T T

10° | n
-10
o 10 o
S o
= 2 4 A-10
c 2107
< 2
107 =
—error
---error bound 1071
10 | | ‘ ‘ ‘
10° 10* 10° 10° 10° 10* 10° 0 002 004 006 008 0.1
frequency time
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| Outline

® o o o o

Balanced truncation for second-order systems
# structure-preserving model reduction

# position and velocity Gramians

# position and velocity Hankel singular values

# second-order balanced truncation
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| Second-order control systems

Time domain representation

u Md(t) + Dq(t) + Kq(t) = Bau(t) Y
C24(t) + Cig(t) = y(t)

where M,D,K € R"™ ", By c R"™™ (Cy,Cy € RP*™,
u € R™ —input, g € R" —state, y € RP — output.

Frequency domain representation
Laplace transform: w(t) — wu(s), y(t) — y(s) (¢(0) =0, ¢(0) =0)
— y(s) = (C1 +5C)(s*M + sD + K) ' Byu(s) = G(s)u(s)

with G(s) = (Cy + sC3)(s*M + sD + K) 1B, |
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Applications

® Vibration and acoustic systems

(automotive industry, rotor dynamics, machine tools,
civil and earthquake engineering, ...)

® Control of large flexible structures
® MEMS devices design

oo e
ATV i .
i i | | . |
7 AT e T S 7 i ki s g L e e g O Y

The Tamar Bridge in England

50-Storey Tower in Kuala Lumpur,
Malaysia

T. Stykel. Balanced truncation model reduction.



| Model reduction problem

Given a second-order system

u Mq(t) + Dq(t) + Kq(t) = Bau(t) Y
C24(t) + Cig(t) = y(t)

with M, D, K € R*™*", By € R™™™, (), Cy € RP*™,

find a reduced-order model

Nagl

with M, D, K e R™*! By e R>*™ (O, Cy € RP*! and 7 < n. |
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| Structure-[:_)reserving model reduction

Mq(t) + Dq(t) + Kq(t)
Caq(t) + Chq(t)

Bau(t) . M(j(t)+D§(
y(t) Caq(



| Second-order = first-order

M(t) + Dq(t) + Kq(t) = Bau(t) M q(t) + D q(t) + K (t) = Bau(t)
Caq(t) + Crq(t) = y(1) Coq(t) + C1q(t) = ()
J
Ei(t) = Az(t) + Bu(t)
y(t) = Ca(?)
:[é ]\OA P _é B= ;j C=[Cy, Oy]
or
L_|D M S| K o}’ _ B C=1Cy Gl
M 0 0 M 0

Y B Y
—  G(s)=(C1+35C)(s°M +sD+ K) 'By=C(sE - A)"'B |



| Model reduction of the first-order system

i
Ei(t) = Ax(t) + Bu(t) Ez(t) = Az(t) + Bu(t)
y(t) = Ca(?) y(t) = Cz(?)
pe|t 0 Al 0! p=|" C=[Cy, Cy]
0 M ~K -D B
) } ) )
E =WTET A =WTAT B=W'B C=CT



| First-order = second-order




| First-order = second-order

Is it always possible to rewrite a first-order control system as
a second-order control system ?

Answer: NO!

But ...

| | Th
for W_[ WJ and T_[ TJ’ we have

0 Wi,

wiT, 0
~WLKT, -WlIDT,

0 WiMT,

Y

E=WTET = C A=WTAT =

~

B=wTB=1[0, WIB)T]", C=CT=[C1Ti, CoTi]

— G=(WfmT,, WI'DT\, WI'KT,, WiB,, CiTi, CyT}) |
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Position and velocity Gramians

AXET + EXAT = —BBT ATYE + ETY A = —C1IC

4 4

X, Xio
X — , Y =
Xi, X,

Y, Yio

Yiy Yy

X, — position controllability Gramian

X, — Vvelocity controllability Gramian
Y, — position observability Gramian

[Meyer/Srinivasan’96] |
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| Hankel singular values

First-order system:

¢, = /) (XETYE) — Hankel singular values

Second-order system:

& = V(X)) — position singular values
&) = /N(XuMTY,M) — velocity singular values
& = /A (X,MTY,M) — position-velocity singular values
£ = VA (XY — velocity-position singular values

[Reis/St.08] |
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| Balancing

First-order system:
(E, A, B, C') is balanced, if X =Y =diag(&, ..., &n).

Second-order system:

(M, K, D, By, C1, Cy) Is position balanced, if
X, =Y, =diag(&, ..., & ).

(M, K, D, By, C1, Cy) is velocity balanced, if
X, =Y, =diag(&7, ..., &Y).

(M, K, D, By, C1, Cy) Is position-velocity balanced, if
X, =Y, =diag(&", ..., & ).

(M, K, D, By, C1, Cy) Is velocity-position balanced, if

X, = Y, = diag( €7, ..., €2P). |
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| Second-order balanced truncation (SOBTp)

Xp X129 Y, Yio X, =R RI' X =R RL
1. Compute X = Yy=|? p— tpiipy v v v
P XlT2 XU} YL v, ‘ Y,=L,L7, Y,=L,LT
2. Compute the SVD  R!L, = [Uy1, Up [ ] Vo1, V,

where X, =diag(&),....¢&) and X, = dlag(ﬁgﬂ, oL ED;

3. Compute the SVD RI ML, = [U,, U] [Zvl > ] Vi1, Vo]t

v2

where X,; =diag(¢),...,¢&)) and X, = diag(ﬁgﬂ, L ED);

3. Compute M =WTMT, D=WTDT, K = WTKT, By = WTB,,

Cy = CiT, Co=0CoT with W=1L,v,,s"* T=RU,> "> |
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| Properties of the SOBT

® Stability is not necessarily preserved in the reduced model
and, in general, no error bounds

® For symmetric second-order systems with
M=M">0 D=D"'>0, K=K'>0, B,=0C!, Cy=0,
we have
s G(s) =Gl (s)

MM + \D + K is stable

X, =Y,

only SOBTpv preserves symmetry and stability

no error bound

e o o o

® Position and velocity Graminas can be computed using the

ADI method without explicit forming the double sized matrices
[Benner/Saak’11]
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Clamped beam model

n ¢ =17 [Oberwolfach Benchmark Collection]
20
e ™ *
15} s T, 1
Oy —_ +
10} + |
N *%.,;‘:
3 = L + ,
s g ° *  Full order
g > + BT
5 2 0| a sostmp
> (@]
<) © O SOBTpv
= e -5t i
n = + af
+ "‘f"'
_10L + i
10 - **,,qs_
15} e X " 1
o
-k ¥
_20 L L L
-2 -15 -1 -0.5 0
Real part
10 : , ,
= Error BT
----- Error SOBTp
= = =Error SOBTpv "
100 o Error bound BT PRI
(2]
9 5
S o
£ g
g =
p= 2
<
10_4 -1 ‘ 0 ‘ 1 ‘ 2 3
10 10 10 10 10
Frequency Frequency
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| Conclusions

® Balanced truncation for DAES

» proper and improper Gramians
» algebraic constraints are preserved

o exploiting the structure of system matrices for computing
P, and P, and solving the Lyapunov equations

» other balancing techniques can also be extended to DAEs
[Reis/St/10,11, Mdckel/Reis/St.’11, Benner/St17]
® Balanced truncation for second-order systems
» position and velocity Gramians
» second-order structure Is preserved
o stablility is not always guaranteed

#® Nho error bound |
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