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Introduction

Yang-Mills theories in 4d are special and relevant.

Huge progress in last 10 years in the study of maximally supersymmetric Yang-Mills
(N = 4 SYM) – dual to superstings in AdS5 × S5 – a superconformal qft

1 Integrability in AdS/CFT:

Scaling dimensions alias string spectrum from Bethe equations [. . . . . . ]

⇒ In principle complete solution of the spectral problem available
Finite size problem: Y-system and TBA.

2 Scattering amplitudes in maximally susy Yang-Mills:

On-shell recursion relations [Britto,Cachazo,Feng,Witten;. . . ]

⇒ all tree-level amplitudes known [Drummond,Henn]

Generalized unitarity methods [Bern,Dixon,Dunbar,Kosower;. . . ]

Many high-loop/high-multiplicity results available
Integrand of planar n-point and l-loop amplitude principally known [Arkani-Hamed et al]

Dual superconformal symmetry and Yangian invariance [Drummond,Henn,Korchemsky,Sokatchev]
[Drummond,Henn,JP]

Generalizable to 1-loop order [Sever,Vieira]
[Beisert,Henn,JP,McLoughlin]
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This talk

Shortcomings of present state of the art:

1 Integrability =̂ Yangian symmetry. How to employ it for explicit results?
2 Loop level integrals following from constructed integrands undefined due to IR

divergencies!

Regularization prescriptions:
Dimensional regularization/reduction D = 4 → D = 4 + 2ε
“Built in” Massive/Higgs regulator: Vev for N = 4 scalars [Alday,Henn,Schuster,JP]

Both break superconformal symmetry or lead to deformations [Sever,Vieira]
[Beisert,Henn,JP,McLoughlin]

3 Needs formalism to produce regulated integrands.

This talk:

1 Take inspiration from quantum inverse scattering method: Introduce
Yang-Baxter equation and a spectral parameter z for scattering amplitudes
→ deformation of amplitudes.

2 Possibility to use z as regulator and stay in D = 4 and maintain superconformal
symmetry?

Message of this talk: Establish z and use it instead of ε or m!
[2/29]



N = 4 super Yang Mills: Most symmetric interacting 4d QFT

Field content: All fields in adjoint of SU(N), N ×N matrices

Gluons: Aµ
6 real Scalars: ΦI
4 Gluinos: ΨαA, ψ̄

A
α̇

Action: Unique model completely fixed by SUSY

S =
1

gYM
2

∫
d4xTr

[
1
4F

2
µν + 1

2(DµΦI)
2 − 1

4 [ΦI ,ΦJ ][ΦI ,ΦJ ]+

Ψ̄A
α̇σ

α̇β
µ DµΨβ A − i

2ΨαAσ
AB
I εαβ [ΦI ,Ψβ B]− i

2Ψ̄α̇ Aσ
AB
I εα̇β̇ [ΦI , Ψ̄β̇ B]

]

βgYM = 0 : Quantum Conformal Field Theory

Two freely tunable parameters: N & ’t Hooft-coupling λ = gYM
2N

Shall consider ’t Hooft limit: N →∞ with λ fixed: Only planar Feynman
diagrams survive
→ Suppression of instanton contributions
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Superconformal symmetry

Symmetry: so(2, 4)⊗ so(6) ⊂ su(2, 2|4)

Poincaré: pαα̇ = pµ (σµ)α̇β, mαβ, m̄α̇β̇

Conformal: kαα̇, d c : central charge

R-symmetry: rAB

Poincaré Susy: qαA, q̄α̇A

Conformal Susy: sαA, s̄
A
α̇

Algebra:

{qαA, q̄α̇B} = δAB p
αα̇ {sαB, s̄Aα̇} = δAB kαα̇

[pαα̇, sβ A] = δαβ q̄
α̇
A [kαα̇, q

βA] = δβα s̄
A
α̇

[kαα̇, p
ββ̇] = δβα δ

β̇
α̇ d+ δβ̇α̇m

β
α + δβαm̄

β

β̇

{qαA, sβ B} = mα
β δ

A
B + rAB δ

α
β + 1

2δ
α
β δ

A
B (d+ c)
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Scattering amplitudes in N = 4 SYM

Consider n-particle scattering amplitude

p1

p2
p3

pn−1pn

hn
hn−1

h1

h2

h3

S

Planar amplitudes most conveniently expressed in color ordered formalism:

An({pi, hi, ai}) =δ(4)(

n∑

i=1

pi)
∑

σ∈Sn/Zn
gn−2 tr[taσ1 . . . taσn ]

×An({pσ1 , hσ1}, . . . , {pσ1 , hσ1};λ = g2N)

An: Color ordered amplitude. Color structure is stripped off.

Helicity of ith particle: hi = 0 scalar, hi = ±1 gluon, hi = ±1
2 gluino
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Spinor helicity formalism

Express momentum for massless particles via commuting spinors λα, λ̃α̇:

pαα̇ = (σµ)αα̇ pµ =

(
p0 + p3 p1 − ip2

p1 + ip2 p0 − p3

)
= λαλ̃α̇ = |λ̃α̇] 〈λα|

⇔ pµ p
µ = det pαα̇ = 0

Choice of helicity determines polarization vector εµ of external gluon

h = −1 εαα̇− =
λαµ̃α̇

[λ̃ µ̃]
[λ̃ µ̃] := εα̇β̇ λ̃α̇µ̃β̇

h = +1 εαα̇+ =
µαλ̃α̇

〈λµ〉 〈λµ〉 := εαβ λ
αµβ

µ, µ̄ arbitrary reference spinors.

E.g. scalar products: 2 p1 · p2 = 〈λ1 λ2〉 [λ̃2 λ̃1] = 〈12〉 [21]

Helicity assignments:

h(λα) = −1/2 h(λ̃α̇) = +1/2

[6/29]
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Gluon Amplitudes and Helicity Classification

Classify gluon amplitudes by # of helicity flips

By SUSY Ward identities: An(1+, 2+, . . . , n+) = 0 = An(1−, 2+, . . . , n+)
true to all loops

Maximally helicity violating (MHV) amplitudes

An(1+, . . . , i−, . . . , j−, . . . n+) = δ(4)(
∑

i

pi)
〈ij〉4

〈12〉 〈23〉 . . . 〈n1〉 [Parke,Taylor]

Next-to-maximally helicity amplitudes (NkMHV) have more involved structure!Weak coupling expansion of integral equation

MHV

NMHV

N2MHV

A4,2

A5,2 A5,3

A6,2 A6,3 A6,4

. . .. . .. . .. . .

2

An,m : gn−m+ gm−

[Picture from T. McLoughlin]
[7/29]



On-shell superspace

Augment λαi and λ̃α̇i by Graßmann-odd variables ηAi A = 1, 2, 3, 4 [Nair]

On-shell superspace (λαi , λ̃
α̇, ηAi ) with on-shell superfield:

ϕ(p, η) = G+(p) + ηAΓA(p) +
1

2
ηAηBSAB(p) +

1

3!
ηAηBηCεABCDΓ̄D(p)

+
1

4!
ηAηBηCηD εABCDG

−(p)

Superamplitudes:
〈
ϕ(λ1, λ̃1, η1)ϕ(λ2, λ̃2, η2) . . . ϕ(λn, λ̃n, ηn)

〉

Packages all n-parton gluon±-gluino±1/2-scalar amplitudes

General form of tree superamplitudes:

An =
δ(4)(

∑
i λi λ̃i) δ

(8)(
∑

i λi ηi)

〈12〉 〈23〉 . . . 〈n1〉 Pn({λi, λ̃i, ηi})

Conservation of super-momentum: δ(8)(
∑

i λ
αηAi ) = (

∑
i λ

αηAi )8
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Superamplitudes and BCFW recursion

An({λi, λ̃i, ηi}) =
δ(4)(

∑
i λ

α
i λ̃

α̇
i ) δ(8)(

∑
i λ

α
i η

A
i )

〈1, 2〉 〈2, 3〉 . . . 〈n, 1〉 Pn({λi, λ̃i, ηi})

η-expansion of Pn yields NkMHV-classification of superamps as h(η) = −1/2

Pn = 1 + η4 PNMHV
n (λ, λ̃) + η8 PNNMHV

n (λ, λ̃) + . . .+ η4n−8 PMHV
n (λ, λ̃)

Efficient way of computing tree-level amplitudes via BCFW recursion
[Britto,Cachazo,Feng,Witten]

An =
∑

i

Ahi+1

1

P 2
i

A−hn−i+1

. . .. .
.. . .. .
.

1̂
2

n̄

P̂iP̂i

i − 1 i

∑∑ ALAL ARAR

x̂1 , θ̂1x2 , θ2

xi , θi
xi−1 , θi−1

xn , θn

r.h.s. of on-shell recursion relation dual variables

Figure 1: Illustration of the r.h.s of the on-shell recursion relations (9),(12). The picture on the right
illustrates the transition to dual variables.

Hatted quantities denote the shifted variables. This shift, called an |n1〉 shift, is depicted in
Fig. 1. Note that the amplitudes Ah

L(zPi
), A−h

R (zPi
) are on-shell. Indeed, the shift parameter zP

must be chosen such that this is the case, which amounts to saying that the shifted intermediate
momentum P̂i = −(λ̂1λ̃1 +

∑i−1
j=2 λjλ̃j) is on-shell, i.e.

(P̂i)
2 =

(
−

i−1∑

j=1

λjλ̃j + zPi
λnλ̃1

)2

= 0 . (11)

Note also that the propagator 1/P 2
i in (9) is evaluated for unshifted kinematics.

We will use the supersymmetric version of the BCF recursion relations of [17, 18, 19]. This
amounts to replacing the sum over intermediate states by a superspace integral, and the on-shell
amplitudes by super-amplitudes, i.e.

A =
∑

Pi

∫
d4ηPi

AL(zPi
)

1

P 2
i

AR(zP ) . (12)

The validity of the supersymmetric equations can be justified by relating the z → ∞ behaviour
of the shifted super-amplitudes A(z) to the known behaviour of component amplitudes [15] using
supersymmetry [17, 18, 19].

For the supersymmetric equations, supersymmetry requires that in addition to (10) we also
have

η̂n = ηn + zPi
η1 . (13)

In the following sections it will be very useful to use the dual variables [21]

λiλ̃i = xi − xi+1 . (14)

As was already mentioned, these have a natural generalisation to dual superspace [1], i.e.

λiηi = θi − θi+1 . (15)

Following [18], in the supersymmetric recursion relations only the following dual variables get
shifted,

x̂1 = x1 − zPi
λnλ̃1 , θ̂1 = θ1 − zPi

λnη1 . (16)

See Fig. 1. The fact that all other dual variables remain inert under the shift will prove useful
when solving the supersymmetric recursion relations.

4

N -point amplitudes are obtained recursively from lower-point amplitudes
All amplitudes are on-shell

Reformulation of recursion relations in on-shell superspace → super BCFW
[Bianchi,Elvang,Freedman; Brandhuber,Heslop,Travaglini; Arkani-Hamed,Cachazo,Kaplan]

Super BCFW recursion is much simpler and can be solved analytically!
[9/29]
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su(2, 2|4) invariance

Superamplitude: (i = 1, . . . , n)

Atree
n ({λi, λ̃i, ηi}) =

δ(4)(
∑

i λ
α
i λ̃

α̇
i ) δ(8)(

∑
i λ

α
i η

A
i )

〈12〉 〈23〉 . . . 〈n1〉 Pn({λi, λ̃i, ηi})

Representation of su(2, 2|4) generators in on-shell superspace, e.g. [Witten]

pαα̇ =

n∑

i=1

λαi λ̃
α̇
i qαA =

n∑

i=1

λαi η
A
i ⇒ obvious symmetries

kαα̇ =

n∑

i=1

∂

∂λαi

∂

∂λ̃α̇i
sαA =

n∑

i=1

∂

∂λαi

∂

∂ηAi
⇒ less obvious sym

Invariance: { p, k,m, m̄, d, r, q, q̄, s, s̄, ci } ◦ Atree
n ({λαi , λ̃α̇i , ηAi }) = 0

N.B.: Local invariance hiAn = 1 · An
Helicity operator: hi = − 1

2 λ
α
i ∂i α + 1

2 λ̃
α̇
i ∂i α̇ + 1

2 η
A
i ∂i A = 1− ci

[10/29]



Dual conformal and Yangian symmetries

Superconformal + Dual superconformal algebra [Drummod,Henn,Korchemsky,Sokatchev]

= Yangian Y [psu(2, 2|4)] algebra [Drummond, Henn, JP]

[J (0)
a , J

(0)
b }= fab

c J (0)
c conventional superconformal symmetry

[J (0)
a , J

(1)
b }= fab

c J (1)
c from dual conformal symmetry

[J (1)
a , J

(1)
b }= fab

c J (2)
c + gab(J

(0), J (1))

... and super Serre relations [Dolan,Nappi,Witten]

Coproducts:

∆(J (0)
a ) = J (0)

a ⊗1+1⊗J (0)
a ∆(J (1)

a ) = J (1)
a ⊗1+1⊗J (1)

a +f cba J
(0)
b ⊗J (0)

c

Or explicitly

Local generators J (0)
a =

n∑

i=1

J
(0)
a,i

Nonlocal generators J (1)
a =

n∑

i=1

αi J
(0)
a,i + f cba

∑

1<j<i<n

J
(0)
i,b J

(0)
j,c

[11/29]



Yangian symmetry of scattering amplitudes in N = 4 SYM

J (1)
a =

n∑

i=1

αi J
(0)
a,i + f cba

∑

1<j<i<n

J
(0)
i,b J

(0)
j,c

For tree-level superamplitudes αi = 0 (trivial evaluation representation)

Explicit example: Bosonic invariance p
(1)
αα̇An = 0 with

p
(1)
αα̇ = 1

2(m+ m̄− d)⊗ p+ q̄ ⊗ q
= 1

2

∑

i<j

(mi, α
γδγ̇α̇ + m̄i, α̇

γ̇δγα − di δγαδγ̇α̇) pj, γγ̇ + q̄i, α̇C q
C
j,α − (i↔ j)

In fact J
(0)
a and p(1) generate all of Y [psu(2, 2|4)]

[12/29]



On-shell diagrams



Twistor representation and Graßmannian formulation

Take Fourier transform λαi → µ̃αi to super-twistors ZA = (µ̃α, λ̃α̇, ηA)

Graßmannian formulation of tree-amplitudes
[Arkani-Hamed, Bourjaily, Cachazo, Caron-Huot, Cheung, Goncharov, Hodges, Kaplan, Postnikov, Trnka][Mason, Skinner]

An,k =

∮

Γ

∏k
a=1

∏n
i=k+1 dcai

(1...k)(2...k+1)...(n...n+k−1)

k∏

a=1

δ4|4
(
ZAa +

n∑

i=k+1

caiZAi

)
,

Yields Nk−2MHVn amplitudes
Γ (unspecified) set of contours for cai ∈ C which are entries of (k × n) matrix

C =




c1,k+1 c1,k+2 · · · c1,n

1k×k
...

...
. . .

...
ck,k+1 ck,k+2 · · · ck,n




with k × k sub determinants (p . . . p+ k − 1)

[13/29]



Form of Yangian generators

Integrand of Graßmanian formulation of scattering amplitude is Yangian
invariant up to total derivatives [Drummond, Ferro]

Super-twistors yield natural homogenous order form of Yangian generators
[Henn, Drummond, JP]

JAB =
∑

i

ZAi
∂

∂ZBi

(J (1))AB =
∑

i<j

(−1)|C|
[
ZAi

∂

∂ZCi
ZCj

∂

∂ZBj
− (i↔ j)

]

[14/29]



Three point amplitudes

The “atoms”: MHV3 and MHV3 amplitudes

Building blocks for amplitudes

All-loop recursion relation [Arkani-Hamed, Bourjaily, Cachazo, Caron-Huot, Trnka]

1

2
3

4

. .
.

n

=
∑

i

1̂
2

i

. .
.

i + 1

. . .

n − 1
n̂

+
∑

i

î + 1
n

1
. .

.

...

î

Using BCFW recursion relations, all amplitudes can be written employing only two
on-shell diagrams:

A3,1 = =
∮ dc12dc13

c12c13
δ4|4(Z1 + c12Z2 + c13Z3)

A3,2 = =
∮ dc13dc23

c13c23
δ4|4(Z1 + c13Z3)δ

4|4(Z2 + c23Z3)

L. Ferro (Humboldt-Universität zu Berlin) LMU, München 11/21

=

∮
dc1 dc2

c1c2
δ(4|4)(C(2,3) · Z) =̂

δ(4)(pαα̇) δ(8)(qαa)

〈12〉〈23〉〈31〉

C(2,3) =

(
1 0 c1

0 1 c2

)

Building blocks for amplitudes

All-loop recursion relation [Arkani-Hamed, Bourjaily, Cachazo, Caron-Huot, Trnka]

1

2
3

4

. .
.

n

=
∑

i

1̂
2

i

. .
.

i + 1

. . .

n − 1
n̂

+
∑

i

î + 1
n

1
. .

.

...

î

Using BCFW recursion relations, all amplitudes can be written employing only two
on-shell diagrams:

A3,1 = =
∮ dc12dc13

c12c13
δ4|4(Z1 + c12Z2 + c13Z3)

A3,2 = =
∮ dc13dc23

c13c23
δ4|4(Z1 + c13Z3)δ

4|4(Z2 + c23Z3)

L. Ferro (Humboldt-Universität zu Berlin) LMU, München 11/21

=

∮
dc1 dc2

c1c2
δ(4|4)(C(1,3) · Z) =̂

δ(4)(pαα̇) δ(4)(η1 [23] + cyclic)

[12][23][31]

C(1,3) =
(

1 c1 c2

)

Only exist for R2,2 signature or complex momenta:

MHV3 : λ̃1 ∼ λ̃2 ∼ λ̃3 ⇒ [ij] = 0

MHV3 : λ1 ∼ λ2 ∼ λ3 ⇒ 〈ij〉 = 0

}
⇒ 2 pi · pj = 〈ij〉[ji] = 0

[15/29]



On shell diagrams

On-shell diagram “all-loop” BCFW recursion relation:
[Arkani-Hamed,Bourjaily,Cachazo,Caron-Huot,Trnka][Picture from arXiv:1212.5605]

singularities of an amplitude are determined by entirely by on-shell data. At tree-

level, the singularities are simply the familiar factorization channels,

(2.23)

where the left- and right-hand sides are both fully on-shell scattering amplitudes. At

loop-level, all the singularities of the integrand can be understood as factorizations

like that of (2.23), or those for which an internal particle is put on-shell; at least

for N = 4 SYM in the planar limit, these singularities are given by the “forward-

limit” [77] of an on-shell amplitude with one fewer loop and two extra particles,

where any two adjacent particles have equal and opposite momenta, denoted:

(2.24)

Combining these two terms, the singularities of the full amplitude are, [13]:

(2.25)

Here we have suggestively used the symbol “∂” to signify “singularity of”. Of course,

the symbol ∂ is often used to denote “boundary” or “derivative”; we will soon see

that all of these senses are appropriate.

Equation (2.25) can be understood as defining a “differential equation” for scat-

tering amplitudes; and it turns out to be possible to ‘integrate’ it directly. This is

precisely what is accomplished by the BCFW recursion relations. For planar N =4

SYM, the all-loop BCFW recursion relations, when represented in terms of on-shell

diagrams are simply:

(2.26)

– 14 –
An example: MHV4 amplitude:

Four-Vertex Decomposition into Three-Vertices

Now the MHV4 amplitude decomposes as [ Arkani-Hamed et.al. ‘12 ]

p1 + p2 + p3 + p4 = 0.

We get

∫

R2,2
d4k δ

(
k2

)
δ
(
(k + p1)

2
)
δ
(
(k + p1 + p2)

2
)
δ
(
(k − p4)

2
)

×w•(k, p1, k + p1)w̃◦(k + p1, p2, k + p1 + p2)

×w•(k + p1 + p2, p3, k − p4)w̃◦(k − p4, p4, k)

Scratch, II

p1 k p4

k + p1 k − p4

p2 k + p1 + p2 p3

Scratch, II

p1 k p4

k + p1 k − p4

p2 k + p1 + p2 p3

Scratch, II

p1 k p4

k + p1 k − p4

p2 k + p1 + p2 p3

Scratch, II

p1 k p4

k + p1 k − p4

p2 k + p1 + p2 p3

Scratch, II

p1 k p4

k + p1 k − p4

p2 k + p1 + p2 p3

Scratch, II

p1 k p4

k + p1 k − p4

p2 k + p1 + p2 p3

Scratch, II

p1 k p4

k + p1 k − p4

p2 k + p1 + p2 p3

Scratch, II

p1 k p4

k + p1 k − p4

p2 k + p1 + p2 p3

12

12

=

∫

R2,2

d4k δ(k2) δ((k + p1)2) δ((k + p1 + p2)2) δ((k − p4)2)

w•(k, p1, k + p1)w◦(k + p1, p2, k + p1 + p2)

w•(k + p1 + p2, p3,k − p4)w◦(k − p4, p2, p4, k)

Integral completely localizes: =
δ8(q)

〈12〉〈23〉〈34〉〈41〉
We see: 1-loop on-shell = 0-loop off-shell

[16/29]



Off-shell loop amplitudes from on-shell diagrams

[Arkani-Hamed,Bourjaily,Cachazo,Goncharov,Postnikov,Trnka]

Proceed from tree-level example: 2-loop on-shell = 1
4 -loop off-shell

On-Shell Loop Diagrams

So we have seen that 1-loop on-shell = 0-loop off-shell! [ Arkani-Hamed et.al. ‘12 ]

Now proceed:

∫

R2,2
d4k

∫

R2,2
d4!

︸ ︷︷ ︸
8−dim

δ
(
k2

)
. . . δ

(
!2

)
︸ ︷︷ ︸

7−dim

w• w◦ . . . w• w◦

⇒ One integration remains: 2-loop on-shell = 1
4-loop off-shell.

Comment: Even 1
4-loop is already infrared divergent!

Scratch, II

p1 k p4

k + p1 k − p4

p2 k + p1 + p2 p3

Scratch, II

p1 k p4

k + p1 k − p4

p2 k + p1 + p2 p3

Scratch, II

p1 k p4

k + p1 k − p4

p2 k + p1 + p2 p3

Scratch, II

p1 k p4

k + p1 k − p4

p2 k + p1 + p2 p3

Scratch, II

p1 k p4

k + p1 k − p4

p2 k + p1 + p2 p3

Scratch, II

p1 k p4

k + p1 k − p4

p2 k + p1 + p2 p3

Scratch, II

p1 k p4

k + p1 k − p4

p2 k + p1 + p2 p3

Scratch, II

p1 k p4

k + p1 k − p4

p2 k + p1 + p2 p3

! k − ! ! + p1 + p2 ! − p4

Scratch, II

p1 k p4

k + p1 k − p4

p2 k + p1 + p2 p3

! k − ! ! + p1 + p2 ! − p4

Scratch, II

p1 k p4

k + p1 k − p4

p2 k + p1 + p2 p3

! k − ! ! + p1 + p2 ! − p4

Scratch, II

p1 k p4

k + p1 k − p4

p2 k + p1 + p2 p3

! k − ! ! + p1 + p2 ! − p4

15

15

=

∫

R2,2

d4k

∫

R2,2

d4l

︸ ︷︷ ︸
8-dim

δ(k2) . . . δ(l2)︸ ︷︷ ︸
7-dim

w•w◦ . . . w•w◦

Construct full MHV4 off-shell one-loop amplitude

A1-loop
4,2 =

Loop amplitudes from on-shell diagrams

One can write any loop amplitude using on-shell diagrams. The simplest example

A1-loop
4,2 =

3 4

2 1

One gets

A1-loop
4,2 = Atree-level

4,2

∫
d4q

q2(q+ p1)2(q+ p1 + p2)2(q+ p1 + p2 + p3)2

Tree-level amplitude factorizes, and we are left with the box integral (B)

The box integral is known to be divergent→ one uses dimensional or mass regularization

to calculate it – breaks conformal invariance

B ∼ 2
ε2

((
s
µ2

)−ε

+

(
t

µ2

)−ε
)

− log2
( s
t

)
− 4π2

3
Tomasz !ukowski (Humboldt University) 14.02.2013 18 / 21

=

∫
d4k1 . . .

∫
d4k5

︸ ︷︷ ︸
20-dim

δ(. . .) . . . δ(. . .)︸ ︷︷ ︸
16-dim

w• . . . w◦

One integration remains: 5-loop on-shell = 1-loop off-shell. Result:

= Atree-level
4,2 st

∫
d4q

q2(q + p1)2(q + p1 + p2)2(q − p4)2

[17/29]



One-loop MHV4 from on-shell diagrams

Famous one-loop box integral

A1-loop
4,2 =

Loop amplitudes from on-shell diagrams

One can write any loop amplitude using on-shell diagrams. The simplest example

A1-loop
4,2 =

3 4

2 1

One gets

A1-loop
4,2 = Atree-level

4,2

∫
d4q

q2(q+ p1)2(q+ p1 + p2)2(q+ p1 + p2 + p3)2

Tree-level amplitude factorizes, and we are left with the box integral (B)

The box integral is known to be divergent→ one uses dimensional or mass regularization

to calculate it – breaks conformal invariance

B ∼ 2
ε2

((
s
µ2

)−ε

+

(
t

µ2

)−ε
)

− log2
( s
t

)
− 4π2

3
Tomasz !ukowski (Humboldt University) 14.02.2013 18 / 21

= Atree-level
4,2 st

∫
d4q

q2(q + p1)2(q + p1 + p2)2(q − p4)2

=∞!!

The box integral is IR divergent → Ad hoc dimensional (or mass) regularization

A(1-loop)
4,2 = Atree-level

4,2

(
2

ε2

((
s

µ2

)−ε
+

(
t

µ2

)−ε)
− log2

(s
t

)
− 4π2

3

)

On-shell diagram technique undefined in D-dimensions!

Regulator breaks superconformal invariance!

[18/29]



Spectral parameters for amplitudes



Quantum inverse scattering theory

Yangian symmetry is “smoking gun” signature of integrability

In quantum inverse scattering theory: Monodromy matrix

T (z) = exp

[
−1

z
ta J (0)

a +
1

z2
ta J (1)

a + . . .

]
z: spectral parameter

(ta)mn fundamental repr. matrices of underlying algebra (here su(2, 2|4))

Intertwiner of T (z): R-matrix Rab(z) =

Spectral parameter in the amplitude world [Ferro, TL, Meneghelli, Plefka, Staudacher]

We deform 3-point amplitudes in the following way

R• =
δ4(P)δ8(Q)

〈12〉1−z3 〈23〉1−z1〈31〉1−z2
, R◦ =

δ4(P)δ4([12]ηA3 + [23]ηA1 + [31]ηA2 )
[12]1+z3 [23]1+z1 [31]1+z2

with z1 + z2 + z3 = 0

Relation to integrability –R• and R◦ satisfy the bootstrap equation

3

1

2
=
3

1

2
b b
a

a
3

1

2
F =

3

1

2

F

For instance

R•(J3)AB(z3δBC + (−1)B(J2)CB) = z3(J1)ACR•

Interpretation of z’s: they are central charges (helicities) of particles

Ci R• =
zi
2

R• , Ci R◦ =
zi
2

R◦ ,

where Ci = 1
2 (λi∂λi − λ̃i∂λ̃i

− ηi∂ηi) + 1
Tomasz !ukowski (Humboldt University) 14.02.2013 10 / 21

Rab(z1 − z2)Ta1(z1)Ta2(z2) = Ta1(z1)Ta2(z2)Rab(z1 − z2)

R-matrix satisfies Yang-Baxter equation:

Yang-Baxter equation and Grassmannian

Yang-Baxter equation:

1 2
! 3

=

1 2

! 3

R12(z1 − z2)R13(z1)R23(z2) = R23(z2)R13(z1)R12(z1 − z2)

with R A
13,B(z1) = z1δAB + JA1 B

R(z) =

∮
dc13dc14dc23dc24

c13c24(c13c24 − c14c23)
F (C; z)δ4|4(Z1+c13Z3+c14Z4)δ

4|4(Z2+c23Z3+c24Z4)

L. Ferro (Humboldt-Universität zu Berlin) LMU, München 14/21

R12(z3)R13(z2)R23(z1) = R23(z1)R13(z2)R12(z3) z3 = z2 − z1

Ta(z) = L1aL2a . . . LNa with Lia: Lax-operators =̂ Ria

[19/29]



A spectral parameter for scattering amplitudes I

R-matrix acting on tensor product of fundamental and super-twistor space
representation ZAi = (µ̃αi , λ̃

α̇
i , η

A
i ):

Ri 3
AB(z) = z δAB + (−)B J (0)

i
AB , J

(0)
i
AB = ZAi

∂

∂ZBi

Seek solution of Yang-Baxter equation in this setup ( 3 =̂ fund.
1, 2 =̂ super-twistor rep. )

R12(z3)R13(z2)R23(z1) = R23(z1)R13(z2)R12(z3)

with the kernel

R12(z) ◦ g(Z1,Z2) =

∫
d4|4(Z3,Z4)R(z;Z1,Z2,Z3Z4) g(Z3,Z4)

and make the Graßmannian inspired ansatz

R(z;Z) =

∮
dc13 dc14 dc23 dc24

c13 c24 (c13c24 − c14c23)
F (C(2,4); z) δ

(4|4)(C(2,4) · Z)

[20/29]



A spectral parameter for scattering amplitudes II

Yang-Baxter equation yields solution : F (C(2,4); z) =

(
c13 c24

(c13c24 − c14c23)

)z

Assumptions:
Partial integrations w/o boundary terms
Physical helicities on all legs: ci ◦ R(z;Z) = 0

Integrating we find the four-point R-matrix

R4(z) =

2

labeled 3

R12(z3)R13(z2)R23(z1) = R23(z1)R13(z2)R12(z3) ,

where z1, z2, and z3 = z2 − z1 are spectral parame-
ters. The well-known R-matrices acting on the tensor
product of the fundamental and super-twistor spaces
are given by

RA
i3,B(z) = z δA

B + (−1)BJA
i B ,

where JA
i B = ZA

i
∂

∂ZB
i

are the generators of a twistor rep

of gl(4|4) and (−1)A encodes grading. Then the Yang-
Baxter equation is a linear equation for the R-matrix
R12(z) intertwining two super-twistor representations.

Let us call R(z) the integral kernel of R12(z). We
look for a solution of the Yang-Baxter equation in Graß-
mannian form, namely

R(z) =

∮
dc13dc14dc23dc24

c13c24(c13c24 − c14c23)
F (C; z)δ4|4(C(2,4)·Z) ,

where we introduced the function F (C; z). This func-
tion is uniquely determined by the Yang-Baxter equa-
tion together with the requirement that all particles
have physical helicities. One finds

F (C; z) =

(
c13c24

c13c24 − c14c23

)z

.

Hereafter, we will refer to R(z) as the four-point har-
monic R-matrix. After specifying the integration over
the c-variables, this is essentially the kernel of the one-
loop R-matrix of the N = 4 spin chain of [8]! Excitingly,
for z "= 0, R(z) can also be interpreted as a deformation
of the n = 4 and k = 2 expression in (1). Similar but
more complicated deformations exist for any n and k as
we will discuss in the following.

In this letter we focus on the superamplitudes of N =
4 SYM but a similar calculation can be done for any
representation of gl(n|m) that can be written in terms
of one family of oscillators – the so-called generalized
one-row reps (see e.g. [9]). The result applies to more
general integrable chains and is related to the harmonic
action of their Hamiltonians described in [10]. We defer
the construction to a separate paper [11].

III. THREE-POINT R-MATRICES

In very recent work it is demonstrated that the per-
turbative integrand of scattering amplitudes at arbi-
trary loop order naturally decomposes into basic cubic
building blocks [5]. Encouragingly, this remains true
under our deformation. In particular, one can find de-
formed three-point vertices which may subsequently be
recombined into the R-matrix we found in the previous
section. As in the undeformed case [5], there are two
distinguished objects R•(z1, z2) and R◦(z1, z2), which
give deformations of the MHV and MHV three-point
amplitudes, respectively. They satisfy the following
bootstrap equations depicted in Fig. 1, similar to but

different from the Yang-Baxter equation of the previous
section

R•(z1, z2)R13(0)R23(z1) = z1R13(0)R•(z1, z2) ,

R23(z1)R13(0)R◦(z1, z2) = z1R◦(z1, z2)R13(0) . (2)

An additional set of equations is obtained by replac-
ing space 1 with space 2, leading to a second spectral
parameter z2.

1

1

2
3

=

1

1

2

3
1

1

2
3 =

1

1

2

3

FIG. 1: Bootstrap equations for the three-point R-matrices.

Once the integral kernels R•(z1, z2) and R◦(z1, z2)
are defined one finds the following solutions to (2) in
the Graßmannian form

R•(z1, z2) =

∮
dc1dc2

c1c2

1

cz1
1 cz2

2

δ4|4(C(2,3) · Z) ,

R◦(z1, z2) =

∮
dc1dc2

c1c2

1

cz1
1 cz2

2

δ4|4(C(1,3) · Z) .

After integration, the three-point R-matrices take, un-
der the constraint z1+z2+z3 = 0, a Z3-symmetric form
strikingly similar to conformal field theory correlators

R•(z1, z2) =
δ4(pαα̇)δ8(qαA)

〈1 2〉1+z3〈2 3〉1+z1〈3 1〉1+z2
,

R◦(z1, z2) =
δ4(pαα̇)δ4(q̃A)

[1 2]1+z3[2 3]1+z1 [3 1]1+z2
, (3)

where we use the standard helicity spinor representa-
tions of momentum and super-charges (see e.g. [12]).

Again in generalization of an important insight of [5],
one has to now glue four three-point R-matrices with
appropriate spectral parameters (see Fig. 2) in order to
reproduce the result for the four-point R-matrix of the
last section. Exactly as in the undeformed case in [5],
it is important to stress that the R-matrix depicted in
Fig. 2 is tree-level as opposed to one-loop.

3

4 1

2

z

FIG. 2: Four-point R-matrix from three-point R-matrices.

It may be confusing that in our construction the
three-point R-matrices depend on two spectral param-
eters as opposed to the one parameter of the four-point
R-matrix. The reason is that for the latter we addition-
ally assumed that all external particles have physical
helicities. It is easy to check that when one makes this
further assumption, solutions to (2) cease to exist. In
order to obtain a non-trivial result one has to relax this
condition. It is then possible to find an interpretation

=
δ(4)(p) δ(8)(q)

〈12〉〈23〉〈34〉〈41〉
(s
t

)z

A spectral parameter deformation of the MHV4 amplitude!

Symmetries:

J (0)AB ◦ R4(z) = 0 , J (1)AB ◦ R4(z) = −z
4∑

i=1

(−1)i J
(0)
i
AB ◦ R4(z)

Hence z-deformed level-one generator: with αi = z (−1)i leaves R4(z) invariant

[21/29]



3-point R-matrices I

Is there a similar deformation for the “atoms” of on-shell diagramatics?

Postulate bootstrap equations:

Spectral parameter in the amplitude world [Ferro, TL, Meneghelli, Plefka, Staudacher]

We deform 3-point amplitudes in the following way

R• =
δ4(P)δ8(Q)

〈12〉1−z3 〈23〉1−z1〈31〉1−z2
, R◦ =

δ4(P)δ4([12]ηA3 + [23]ηA1 + [31]ηA2 )
[12]1+z3 [23]1+z1 [31]1+z2

with z1 + z2 + z3 = 0

Relation to integrability –R• and R◦ satisfy the bootstrap equation

3

1

2
F =

3

1

2

F
3

1

2
F =

3

1

2

F

For instance

R•(J3)AB(z3δBC + (−1)B(J2)CB) = z3(J1)ACR•

Interpretation of z’s: they are central charges (helicities) of particles

Ci R• =
zi
2

R• , Ci R◦ =
zi
2

R◦ ,

where Ci = 1
2 (λi∂λi − λ̃i∂λ̃i

− ηi∂ηi) + 1

Central charge is conserved in each vertex
Tomasz !ukowski (Humboldt University) 14.02.2013 10 / 21

Spectral parameter in the amplitude world [Ferro, TL, Meneghelli, Plefka, Staudacher]

We deform 3-point amplitudes in the following way

R• =
δ4(P)δ8(Q)

〈12〉1−z3 〈23〉1−z1〈31〉1−z2
, R◦ =

δ4(P)δ4([12]ηA3 + [23]ηA1 + [31]ηA2 )
[12]1+z3 [23]1+z1 [31]1+z2

with z1 + z2 + z3 = 0

Relation to integrability –R• and R◦ satisfy the bootstrap equation

3

1

2
F =

3

1

2

F
3

1

2
F =

3

1

2

F

For instance

R•(J3)AB(z3δBC + (−1)B(J2)CB) = z3(J1)ACR•

Interpretation of z’s: they are central charges (helicities) of particles

Ci R• =
zi
2

R• , Ci R◦ =
zi
2

R◦ ,

where Ci = 1
2 (λi∂λi − λ̃i∂λ̃i

− ηi∂ηi) + 1

Central charge is conserved in each vertex
Tomasz !ukowski (Humboldt University) 14.02.2013 10 / 21

e.g. z2 (z1 + J1)R•(z1, z2) = R•(z1, z2) (z1 + J3) (z2 + J2)

Solution yields spectral parameter deformed 3-point vertices

R•(z1, z2) =
δ4(P ) δ8(Q)

〈12〉1+z3〈23〉1+z1〈31〉1+z2
=̂

∮
dc1dc2

c1+z1
1 c1+z2

2

δ4|4(C(2,3) · Z)

R◦(z1, z2) =
δ4(P ) δ4([12]ηA3 + cyclic)

[12]1+z3 [23]1+z1 [31]1+z2
=̂

∮
dc1dc2

c1+z1
1 c1+z2

2

δ4|4(C(1,3) · Z)

Reminds of 3pt functions in CFT! (Rewrite 〈12〉1+z3 = 〈12〉h1+h2−h3)

[22/29]



3-point R-matrices II

R•(z1, z2) =

Spectral parameter in the amplitude world [Ferro, TL, Meneghelli, Plefka, Staudacher]

We deform 3-point amplitudes in the following way

R• =
δ4(P)δ8(Q)

〈12〉1−z3 〈23〉1−z1〈31〉1−z2
, R◦ =

δ4(P)δ4([12]ηA3 + [23]ηA1 + [31]ηA2 )
[12]1+z3 [23]1+z1 [31]1+z2

with z1 + z2 + z3 = 0

Relation to integrability –R• and R◦ satisfy the bootstrap equation

3

1

2
=
3

1

2

3

1

2
F =

3

1

2

F

For instance

R•(J3)AB(z3δBC + (−1)B(J2)CB) = z3(J1)ACR•

Interpretation of z’s: they are central charges (helicities) of particles

Ci R• =
zi
2

R• , Ci R◦ =
zi
2

R◦ ,

where Ci = 1
2 (λi∂λi − λ̃i∂λ̃i

− ηi∂ηi) + 1

Central charge is conserved in each vertex
Tomasz !ukowski (Humboldt University) 14.02.2013 10 / 21

R◦(z1, z2) =

Spectral parameter in the amplitude world [Ferro, TL, Meneghelli, Plefka, Staudacher]

We deform 3-point amplitudes in the following way

R• =
δ4(P)δ8(Q)

〈12〉1−z3 〈23〉1−z1〈31〉1−z2
, R◦ =

δ4(P)δ4([12]ηA3 + [23]ηA1 + [31]ηA2 )
[12]1+z3 [23]1+z1 [31]1+z2

with z1 + z2 + z3 = 0

Relation to integrability –R• and R◦ satisfy the bootstrap equation

3

1

2
=
3

1

2

3

1

2
F =

3

1

2

F

For instance

R•(J3)AB(z3δBC + (−1)B(J2)CB) = z3(J1)ACR•

Interpretation of z’s: they are central charges (helicities) of particles

Ci R• =
zi
2

R• , Ci R◦ =
zi
2

R◦ ,

where Ci = 1
2 (λi∂λi − λ̃i∂λ̃i

− ηi∂ηi) + 1

Central charge is conserved in each vertex
Tomasz !ukowski (Humboldt University) 14.02.2013 10 / 21

Interpretation of spectral parameters:
Central charges or deformed helicities of external legs

ci ◦ R• =
zi
2
R• , ci ◦ R◦ =

zi
2
R◦ ,

recall ci = 1
2(λi∂λi − λ̃i∂λ̃i − ηi∂ηi) + 1 = hi − 1

Central charge conservation at each vertex: z1 + z2 + z3 = 0

May now build arbitrary z-deformed amplitudes via on-shell digrams =̂
higher-point R-matrices with unphysical or physical helicities of external and
internal legs.

Connects and generalizes the on-shell diagram construction

[23/29]



Plabic diagrams and deformation of any scattering amplitude

Solution to tree-level BCFW recursion: Dictionary [Postnikov]

Deformation for any scattering amplitude

Solution to the tree-level BCFW recursion:

k

. . .
2
1

n n-1 k+1. . .

Dictionary [Postnikov]

↔
!

↔

↔

Number of c’s equals the number of faces of the diagram above. Another parametrisation

of the Grassmanian integrand

An,k =

∫ (n−k)k∏

i=1

dfi
fi

k∏

a=1

δ4|4
(

n∑

i=1

cai(f1, . . . , f(n−k)k)Zi

)

Deformations of tree amplitudes can be easily written using face variables
dfi
fi

−→ dfi
f 1+zi
i

For loop amplitude

A!−loop
n,k = Atree-level

n,k

∫ 4!∏

i=1

dfi
fi

Tomasz !ukowski (Humboldt University) 14.02.2013 17 / 21

Number of c’s equals number of faces of the diagram above. Alternative
parametrisation of the Graßmannian integrand

A(tree)
n,k =

∫ (n−k)k∏

i=1

dfi
fi

k∏

a=1

δ4|4
(

n∑

i=1

cai(f1, . . . , f(n−k)k)Zi
)

Deformations of tree amplitudes can be easily written using face variables

dfi
fi
−→ dfi

f1+zi
i

Harmonic R-matrix R(tree)
n,k depends on k (n− k) spectral face parameters

[24/29]



Spectral parameter deformed MHVn amplitude

Relevant on-shell graph following plabic diagram dictionary

[25/29]



Spectral parameter deformed MHVn amplitude

Deformed MHVn amplitude (setting z0 = 0):

Rn,2 = An,2
(〈23〉
〈13〉

)z13 n∏

i=4

( 〈i− 1 i〉〈1 i− 2〉
〈i− 2 i− 1〉〈1 i〉

)z1 i n∏

i=3

( 〈1 i〉
〈1 i− 1〉

)z2 i

Is superconformal and Yangian invariant J
(1)
a ◦ Rn,2 = 0 provided

z2 j + z1 j−1 − z2 j−1 − z1 j+1 = 0

Reduces # of spectral parameters for Rn,2 to n− 1.

Incidentally the same restrictions arise for “square move” of on-shell diagram to
be valid for spectral deformed case

[26/29]



An atomistic view of the Yang-Baxter equationAn atomistic view of the Yang-Baxter equation
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Loop amplitudes and spectral regularization

Idea: Use spectral parameter as regulator! Posibility to stay in 4d with a
symmetry respecting regulator

Concrete construction: BCFW recursion relation + unphysical helicities on
external legs hi = {4ε̄, 4ε̄,−4ε̄,−4ε̄}

R(1-loop)
4,2 (ε̄) =

Loop amplitudes and spectral regularisation [Ferro, TL, Meneghelli, Plefka, Staudacher]

We want to stay in four dimensions for a symmetry respecting regulator – harmonic

R-matrices are manifestly superconformally invariant because they ca be written as

Grassmannian integrals

Solution: BCFW recursion relation + unphysical helicities

A1-loop
4,2 =

3 4

2 1

0

−2ε̄

ε̄ 0−4ε̄ 3ε̄ 4ε̄

0

−2ε̄

Leads to

A1-loop
4,2 = Atree-level

4,2 st
∫
d4q (〈34〉[21])−4ε̄

q2(1−ε̄)(q+ p1)2(1−ε̄)(q+ p1 + p2)2(1−ε̄)(q− p4)2(1−ε̄)
.

Reminiscent of analytic regularisation

Tomasz !ukowski (Humboldt University) 14.02.2013 19 / 21

= Atree
4,2 st

∫
d4q

(〈34〉[21])−4ε̄

q2(1−ε̄)(q + p1)2(1−ε̄)(q + p1 + p2)2(1−ε̄)(q − p4)2(1−ε̄)

= Atree
4,2

(〈12〉
〈43〉

)4ε̄ [(s/t)2ε̄

ε̄2
− 1

2
log2(s/t)− 7

6
π2

]

Superconformal invariant: J
(0)
a ◦ R(1-loop)

4,2 (ε̄) = 0

[28/29]



Summary and Outlook

Summary

Introduced spectral parameters zi for amplitudes solving Yang-Baxter and
bootstrap equation in the Graßmannian language

Mathematical interpretation of zi: Central charges;
Physical interpretation of zi: Unquantized, complex helicities of particles

Presented initial evidence for the use of zi as a symmetry preserving regulator
for the one-loop 4-point amplitude

Presented deformed MHVn amplitude Rn,2.

Yangian invariance restricts # of spectral parameters

Outlook: Plenty of open questions

Embarrassment of riches: What is the role of multiple spectral parameters?

NkMHV story, is there a s[ectral parameter deformed version of BCFW?

Not all choices for zi yield IR-finite one-loop amplitude. Non-physical helicities
are needed for external legs. Organizing principle?

Higher loops?
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