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→ Lecture by I. Perugia
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h-FEM: ➥ minimum
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u(x) = exp(iωx), ω = 40 .

← Galerkin solution, p.w. linear FE on
equidistant mesh

Phase error of Galerkin solution

= Numerical dispersion

Principal cause of h-FEM discretization error in wave propagation
(at medium & high frequencies)
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☎
✆Fixed “no. of points per wavelength” is not enough !

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 6 / 54



Wave Propagation: The Pollution Effect (II)

Helmholtz BVP + polynomial C0-FE Galerkin discretization

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 7 / 54



Wave Propagation: The Pollution Effect (II)

Helmholtz BVP + polynomial C0-FE Galerkin discretization

typical error behavior for h-refinement:

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 7 / 54



Wave Propagation: The Pollution Effect (II)

Helmholtz BVP + polynomial C0-FE Galerkin discretization

lo
g(
‖u
−

u h
‖ ω

)

best approximation

ω1
ω2 ≫ ω1
ω3 ≫ ω2

− log(ωh)

typical error behavior for h-refinement:

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 7 / 54



Wave Propagation: The Pollution Effect (II)

Helmholtz BVP + polynomial C0-FE Galerkin discretization

lo
g(
‖u
−

u h
‖ ω

)

best approximation

ω1
ω2 ≫ ω1
ω3 ≫ ω2

− log(ωh)

typical error behavior for h-refinement:

“Energy” norm:

‖u‖2
ω = |u|21 + ω2 ‖u‖2

0 .

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 7 / 54



Wave Propagation: The Pollution Effect (II)

Helmholtz BVP + polynomial C0-FE Galerkin discretization

lo
g(
‖u
−

u h
‖ ω

)

best approximation

ω1
ω2 ≫ ω1
ω3 ≫ ω2

− log(ωh)

typical error behavior for h-refinement:

“Energy” norm:

‖u‖2
ω = |u|21 + ω2 ‖u‖2

0 .

delayed onset of
asymptotic convergence !

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 7 / 54



Wave Propagation: The Pollution Effect (II)

Helmholtz BVP + polynomial C0-FE Galerkin discretization

lo
g(
‖u
−

u h
‖ ω

)

best approximation

ω1
ω2 ≫ ω1
ω3 ≫ ω2

− log(ωh)

typical error behavior for h-refinement:

“Energy” norm:

‖u‖2
ω = |u|21 + ω2 ‖u‖2

0 .

delayed onset of
asymptotic convergence !

I. BABUŠKA AND S. SAUTER, Is the pollution effect of the FEM avoidable
for the Helmholtz equation?, SIAM Review, 42 (2000), pp. 451–484.

Y. DU AND H.-J. WU, Preasymptotic error analysis of higher order FEM
and CIP-FEM for Helmholtz equation with high wave number, Tech. Rep.
arXiv:1401.4311 [math.NA], 2014

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 7 / 54



Pollution Effect: Remedy for Classical h-FEM

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 8 / 54



Pollution Effect: Remedy for Classical h-FEM

Setting: C0-hp-FEM on quasi-uniform families of meshes

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 8 / 54



Pollution Effect: Remedy for Classical h-FEM

Setting: C0-hp-FEM on quasi-uniform families of meshes

Ω polygonal (2D) or ∂Ω analytic (nD)

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 8 / 54



Pollution Effect: Remedy for Classical h-FEM

Setting: C0-hp-FEM on quasi-uniform families of meshes

Ω polygonal (2D) or ∂Ω analytic (nD)

Idea: Curb dispersion by mildly coupling p to ω

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 8 / 54



Pollution Effect: Remedy for Classical h-FEM

Setting: C0-hp-FEM on quasi-uniform families of meshes

Ω polygonal (2D) or ∂Ω analytic (nD)

Idea: Curb dispersion by mildly coupling p to ω

★

✧

✥

✦

Theorem. ∃ C, C1, C2 independent of mesh, data, wavenumber ω:

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 8 / 54



Pollution Effect: Remedy for Classical h-FEM

Setting: C0-hp-FEM on quasi-uniform families of meshes

Ω polygonal (2D) or ∂Ω analytic (nD)

Idea: Curb dispersion by mildly coupling p to ω

★

✧

✥

✦

Theorem. ∃ C, C1, C2 independent of mesh, data, wavenumber ω:

ωh
p
≤ C1

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 8 / 54



Pollution Effect: Remedy for Classical h-FEM

Setting: C0-hp-FEM on quasi-uniform families of meshes

Ω polygonal (2D) or ∂Ω analytic (nD)

Idea: Curb dispersion by mildly coupling p to ω

★

✧

✥

✦

Theorem. ∃ C, C1, C2 independent of mesh, data, wavenumber ω:

ωh
p
≤ C1

and
p ≥ C2 logω

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 8 / 54



Pollution Effect: Remedy for Classical h-FEM

Setting: C0-hp-FEM on quasi-uniform families of meshes

Ω polygonal (2D) or ∂Ω analytic (nD)

Idea: Curb dispersion by mildly coupling p to ω

★

✧

✥

✦

Theorem. ∃ C, C1, C2 independent of mesh, data, wavenumber ω:

ωh
p
≤ C1

and
p ≥ C2 logω

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 8 / 54



Pollution Effect: Remedy for Classical h-FEM

Setting: C0-hp-FEM on quasi-uniform families of meshes

Ω polygonal (2D) or ∂Ω analytic (nD)

Idea: Curb dispersion by mildly coupling p to ω

★

✧

✥

✦

Theorem. ∃ C, C1, C2 independent of mesh, data, wavenumber ω:

ωh
p
≤ C1

and
p ≥ C2 logω

⇒ ‖u − uN‖ω ≤ C inf
vN∈VN

‖u − vN‖ω .
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ψz = piecewise linear “hat function” associated with vertex p

Plane wave directions
dk := (cos(2πk/p), sin(2πk/p))T , k = 0, . . . ,p − 1.

I. BABUŠKA AND J. MELENK, The partition of unity method, Int. J. Numer.
Methods Eng., 40 (1997), pp. 727–758.
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Variational problem on skeleton space X :=
∏

T∈Th

L2(∂T ) of FE mesh Th

Seek ~X := (X1, . . . ,XN) ∈ X : a( ~X , ~Y) = f (~Y) ∀~Y ∈ X ,

a( ~X , ~Y) :=
N∑

j=1

{∫

∂Tj

Xj Ȳj dV −
∑

m

∫

Σj,m

XmF̄j(Yj) dV

}
, f (~Y) :=

N∑

j=1

gF̄j(Yj) dV .
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O. CESSENAT AND B. DESPRÉS, Application of an ultra weak variational
formulation of elliptic PDEs to the two-dimensional Helmholtz equation,
SIAM J. Numer. Anal., 35 (1998), pp. 255–299.
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O. CESSENAT AND B. DESPRÉS, Application of an ultra weak variational
formulation of elliptic PDEs to the two-dimensional Helmholtz equation,
SIAM J. Numer. Anal., 35 (1998), pp. 255–299.

Convergence theory: Estimates for ‖u − uX ‖L2(∂Ω)
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Ultra-Weak Variational Formulation (II)

Idea: Xj , Yj from Trefftz functions: −∆v − ω2v = 0
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Ultra-Weak Variational Formulation (II)

Idea: Xj , Yj from Trefftz functions: −∆v − ω2v = 0

Trial/test space for the original ultra-weak formulation:

Xj ,Yj ∈ (iω|∂Tj
±∇ · nj |∂Tj

)
︸ ︷︷ ︸
impedance trace operators

PWp(Tj) .
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✬

✫

✩

✪

plane wave space:

PWp := Span {x 7→ exp(iωd j · x)}p
j=1,

p ∈ N =̂ no. of plane wave directions
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Xj ,Yj ∈ (iω|∂Tj
±∇ · nj |∂Tj

)
︸ ︷︷ ︸
impedance trace operators

PWp(Tj) .

✬

✫

✩

✪

plane wave space:

PWp := Span {x 7→ exp(iωd j · x)}p
j=1,

d j =

(
cos( 2π

p (j − 1))
sin( 2π

p (j − 1))

)
, j = 1, . . . ,p .

p ∈ N =̂ no. of plane wave directions
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Ultra-Weak Variational Formulation (III)
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(2008), pp. 166–185.
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Helmholtz model for continuous-wave ultrasound transmission, IEEE Trans.
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T. HUTTUNEN, M. MALINEN, AND P. MONK, Solving Maxwell’s equations using the
ultra weak variational formulation, J. Comp. Phys., 223 (2007), pp. 731–758.
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propagation in anisotropic media, J. Computational Mathematics, 25 (2007),
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(PW)DG: Derivation (I)

C. GITTELSON, R. HIPTMAIR, AND I. PERUGIA, Plane wave discontinuous
Galerkin methods: Analysis of the h-version, Math. Model. Numer. Anal.,
43 (2009), pp. 297–331.
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Helmholtz BVP: −∆u − ω2u = f in Ω ,
∇u · n − iωu = g on ∂Ω .
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Helmholtz BVP: −∆u − ω2u = f in Ω ,
∇u · n − iωu = g on ∂Ω .

first order system: iωσ = ∇u in Ω ,

iω u −∇ · σ =
1
iω

f in Ω ,

iωσ · n − iω u = g on ∂Ω .

+ partitioning Th = {T} of Ω into cells (→ generalized FE mesh)

← test & i.b.p. locally on T ∈ Th∫

T
iωσ · τ dV +

∫

T
u∇ · τ dV −

∫

∂T
u τ · n dS = 0 ,

∫

T
iω u v dV +

∫

T
σ · ∇v dV −

∫

∂T
σ · n v dS =

1
iω

∫

T
f v dV ,

for all τ ∈ H(div;T ), v ∈ H1(T ).
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(PW)DG: Derivation (II)
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(PW)DG: Derivation (II)
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∫
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iω u v dV +
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σ · ∇v dV −

∫

∂T
σ · n v dS =

1
iω

∫

T
f v dV ,

for all τ ∈ H(div;T ), v ∈ H1(T ).

Replace: H(div;T ) → Σh(T ) =̂ trial/test space for cell fluxes
H1(T ) → Vh(T ) =̂ local trial/test space for u
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∫

∂T
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∫

T

f vh dV ,

for all τ h ∈ Σh(T ), vh ∈ Vh(T ).

+ numerical fluxes ûh, σ̂h · n on cell interfaces
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Trefftz DG
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ûh τ h · n dS = 0 ,

∫

T

iω uh vh dV +

∫

T

σh · ∇vh dV −
∫

∂T

σ̂h · n vh dS =
1
iω

∫

T

f vh dV ,

for all τ h ∈ Σh(T ), vh ∈ Vh(T ).

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 17 / 54



Trefftz DG

∫

T

iωσh · τ h dV +

∫

T

uh∇ · τ h dV −
∫

∂T
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∫

T

f vh dV ,

for all τ h ∈ Σh(T ), vh ∈ Vh(T ).

Use local Trefftz-type trial spaces: (−∆− ω2)Vh(T ) = 0 ∀T ∈ Th .
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Vh(T ) = 0 ∀T ∈ Th .
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Concrete choice: Vh(T ) = PWp

Vh(T ) = 0 ∀T ∈ Th .

← assume ∇hVh(T ) ⊂ Σh(T )

∫
∂T ûh∇vh · n dS −

∫
∂T iωσ̂h · n vh dS =

∫
T f vh dx ∀vh ∈ Vh(T ) .
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f vh dV ,

for all τ h ∈ Σh(T ), vh ∈ Vh(T ).

Use local Trefftz-type trial spaces: (−∆− ω2)

Concrete choice: Vh(T ) = PWp

Vh(T ) = 0 ∀T ∈ Th .

← assume ∇hVh(T ) ⊂ Σh(T )

∫
∂T ûh∇vh · n dS −

∫
∂T iωσ̂h · n vh dS =

∫
T f vh dx ∀vh ∈ Vh(T ) .

A skeleton variational formulation!
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DG: Numerical fluxes

D. ARNOLD, F. BREZZI, B. COCKBURN, AND L. MARINI, Unified analysis
of discontinuous Galerkin methods for elliptic problems, SIAM J. Numer.
Anal., 39 (2002), pp. 1749–1779.

Conservative & consistent fluxes (commonly used in polynomial DG):

Interior penalty (IP) DG: penalty parameter

ûh = {uh} , σ̂h = {∇uh} − α [uh] .

Mixed DG:

ûh = {uh}+ γ · [uh]− β [σh] , σ̂h = {σh} − α [uh]− γ [σh] .

Local DG (LDG):

ûh = {uh} − β [uh] , σ̂ = {σh} − β [uh]− α [σh] .

DG notations: [·] =̂ jump·normal, {·} =̂ average
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DG: Numerical fluxes

Our favorite choice: primal DG numerical fluxes (on faces):

iωσ̂h =





{∇huh} − α iω [uh] on F I
h,

∇huh − (1− δ) (∇huh + iωuhn − gRn) on FR
h ,

[∇huh − α iω uhn on FD
h ] .

ûh =





{uh} − β (iω)−1 [∇huh] on F I
h,

uh − δ
(
(iω)−1∇huh · n + uh − (iω)−1gR

)
on FR

h ,

[0 on FD
h ] .

DG notations: [·] =̂ jump·normal, {·} =̂ average
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DG: Numerical fluxes

Alternative choice: mixed DG numerical fluxes (on interior faces)

σ̂h = {σh} − α [uh]− γ [σh] ,

ûh = {uh}+ γ [uh]− β [σh] .

R. HIPTMAIR AND I. PERUGIA, Mixed plane wave discontinuous Galerkin
methods, Springer LNCSE 70, 2009, pp. 51–62.

DG notations: [·] =̂ jump·normal, {·} =̂ average
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Our favorite choice: primal DG numerical fluxes (on faces):

iωσ̂h =





{∇huh} − α iω [uh] on F I
h,
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[∇huh − α iω uhn on FD
h ] .

ûh =





{uh} − β (iω)−1 [∇huh] on F I
h,

uh − δ
(
(iω)−1∇huh · n + uh − (iω)−1gR

)
on FR

h ,

[0 on FD
h ] .

DG notations: [·] =̂ jump·normal, {·} =̂ average

Flux parameters: α, β > 0 , 0 < δ < 1
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DG: Numerical fluxes

Our favorite choice: primal DG numerical fluxes (on faces):

iωσ̂h =





{∇huh} − α iω [uh] on F I
h,

∇huh − (1− δ) (∇huh + iωuhn − gRn) on FR
h ,

[∇huh − α iω uhn on FD
h ] .

ûh =





{uh} − β (iω)−1 [∇huh] on F I
h,

uh − δ
(
(iω)−1∇huh · n + uh − (iω)−1gR

)
on FR

h ,

[0 on FD
h ] .

DG notations: [·] =̂ jump·normal, {·} =̂ average

Flux parameters: α, β > 0 , 0 < δ < 1

Remark. α = 1/2 , β = 1/2 , δ = 1/2 ➢ UWVF !
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DG: Numerical fluxes

Our favorite choice: primal DG numerical fluxes (on faces):

iωσ̂h =





{∇huh} − α iω [uh] on F I
h,

∇huh − (1− δ) (∇huh + iωuhn − gRn) on FR
h ,

[∇huh − α iω uhn on FD
h ] .

ûh =





{uh} − β (iω)−1 [∇huh] on F I
h,

uh − δ
(
(iω)−1∇huh · n + uh − (iω)−1gR

)
on FR

h ,

[0 on FD
h ] .

DG notations: [·] =̂ jump·normal, {·} =̂ average

Flux parameters: α, β > 0 , 0 < δ < 1

Remark. α = 1/2 , β = 1/2 , δ = 1/2 ➢ UWVF !

α = a
p

ωh log p
, β = b

ωh log p
p

, δ = d
ωh log p

p
“classical”
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DG: Variational Problem (I)

Local variational problem (T =̂ cell of the mesh): uh ∈ PWp

∫

T
∇uh · ∇vh − ω2uhvh dV −

∫

∂T
(uh − ûh)∇vh · n dS

−
∫

∂T
iωσ̂h · n vh dS =

∫

T
f vh dV ∀vh ∈ PWp .
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DG: Variational Problem (I)

Local variational problem (T =̂ cell of the mesh): uh ∈ PWp

∫

T
∇uh · ∇vh − ω2uhvh dV −

∫

∂T
(uh − ûh)∇vh · n dS

−
∫

∂T
iωσ̂h · n vh dS =

∫

T
f vh dV ∀vh ∈ PWp .

+ generalized “UW fluxes”:
(boundary fluxes ignored)

σ̂h =
1
iω
{∇huh} − α [uh] ,

ûh = {uh} −
β

iω
[∇huh] .

α, β > 0 .
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DG: Variational Problem (I)

Local variational problem (T =̂ cell of the mesh): uh ∈ PWp

∫

T
∇uh · ∇vh − ω2uhvh dV −

∫

∂T
(uh − ûh)∇vh · n dS

−
∫

∂T
iωσ̂h · n vh dS =

∫

T
f vh dV ∀vh ∈ PWp .

+ generalized “UW fluxes”:
(boundary fluxes ignored)

σ̂h =
1
iω
{∇huh} − α [uh] ,

ûh = {uh} −
β

iω
[∇huh] .

α, β > 0 .

+ “DG magic formula”

∑

T∈Th

∫

∂T

∂u
∂nT

v dS =

∫

Fh

{∇u} [v ] dS +

∫

F I
h

[∇u] {v} dS .

✎ notation: Fh/F I
h =̂ edges/interior edges of Th
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PWDG: Variational Problem (II)

Trefftz DG: global variational problem

uh ∈ Vh: ah(uh, vh)− ω2(uh, vh) = (f , vh) + {boundary terms} ∀vh ∈ Vh .
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PWDG: Variational Problem (II)

Trefftz DG: global variational problem

uh ∈ Vh: ah(uh, vh)− ω2(uh, vh) = (f , vh) + {boundary terms} ∀vh ∈ Vh .

ah(u, v) :=(∇hu,∇hv)0,Ω −
∫

F I
h

[u] ·
{
∇hv

}
dS −

∫

F I
h

{∇hu} · [v ] dS

−
∫

FR
h

δ u∇hv dS −
∫

FR
h

δ∇hu · n v dS −
∫

FD
∇hu · n dS

+
i
ω

∫

F I
h

β [∇hu]
[
∇hv

]
dS +

i
ω

∫

FR
h

δ∇hu · n∇hv · n dS

+i
∫

F I
h

α [u] · [v ] dS + iω
∫

FR
h

(1− δ)u v dS

+iω
∫

FD
αuv dS .
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[
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+i
∫

F I
h

α [u] · [v ] dS + iω
∫

FR
h

(1− δ)u v dS

+iω
∫

FD
αuv dS .

α, β > 0, 0 < δ < 1 ⇒ uh 7→ | Im ah(uh,uh)| is a norm on Vh
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PWDG: Variational Problem (II)

Trefftz DG: global variational problem

uh ∈ Vh: ah(uh, vh)− ω2(uh, vh) = (f , vh) + {boundary terms} ∀vh ∈ Vh .

ah(u, v) :=(∇hu,∇hv)0,Ω −
∫

F I
h

[u] ·
{
∇hv

}
dS −

∫

F I
h

{∇hu} · [v ] dS

−
∫

FR
h

δ u∇hv dS −
∫

FR
h

δ∇hu · n v dS −
∫

FD
∇hu · n dS

+
i
ω

∫

F I
h

β [∇hu]
[
∇hv

]
dS +

i
ω

∫

FR
h

δ∇hu · n∇hv · n dS

+i
∫

F I
h

α [u] · [v ] dS + iω
∫

FR
h

(1− δ)u v dS

+iω
∫

FD
αuv dS .

α, β > 0, 0 < δ < 1 ⇒ uh 7→ | Im ah(uh,uh)| is a norm on Vh

existence/uniqueness of solutions of discretized problem
R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 20 / 54



What Next ?

1 Motivation: Classical FEM – Approximation Challenges

2 Operator Adapted Trial Spaces

3 Trefftz-Discontinuous Galerkin Discretization

4 h-Version of PWDG: Convergence

5 p-Version of PWDG: Convergence

6 hp-PWDG: A Priori Error Estimates

7 Miscellaneous Issues and Open Problems
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PWDG h-Version: 2D Numerical Experiments (I)

h-version: increase resolution by (uniform) mesh refinement

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 22 / 54



PWDG h-Version: 2D Numerical Experiments (I)

h-version: increase resolution by (uniform) mesh refinement
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PWDG h-Version: 2D Numerical Experiments (I)

h-version: increase resolution by (uniform) mesh refinement
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Observation: algebraic convergence for h→ 0, rate =

{
(p − 1)/2 , if f = 0 ,
1 , if f 6= 0 .
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h-PWDG a Priori Estimates: Tools

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 23 / 54



h-PWDG a Priori Estimates: Tools

Challenge: Plane wave space PWp not invariant under affine pullback!
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R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 23 / 54



h-PWDG a Priori Estimates: Tools

Challenge: Plane wave space PWp not invariant under affine pullback!

T

0 1

T̂
e γ

Φ

α0α0
ê

wavenumber ω

wavenumber hTω
Needed: ω-uniform
(inverse/trace) estimates

✬

✫

✩

✪

ω-uniform inverse trace estimate:

‖w‖0,∂T ≤ Ch
− 1

2
T ‖w‖0,T ∀w ∈ PWp, ∀ω ,

C = C(p) > 0 depending on shape-regularity.
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Challenge: Plane wave space PWp not invariant under affine pullback!
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wavenumber ω

wavenumber hTω
Needed: ω-uniform
(inverse/trace) estimates

Tool: ω → 0-stable basis
of PWp: approximate circular
waves

Crucial: For ω → 0: PWp ≈ {degree (p − 1)/2 harmonic polynomials} (2D)
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wavenumber ω

wavenumber hTω
Needed: ω-uniform
(inverse/trace) estimates

Tool: ω → 0-stable basis
of PWp: approximate circular
waves

Crucial: For ω → 0: PWp ≈ {degree (p − 1)/2 harmonic polynomials} (2D)

‖(Id −QPW )u‖ℓ,T ≤ Ch2−ℓ
T (ωhT + 1)ℓ(|u|1,T + ω2 ‖u‖0,T ) ∀u ∈ H2(T ).

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 23 / 54



h-PWDG a Priori Estimates: Tools

Challenge: Plane wave space PWp not invariant under affine pullback!

T

0 1

T̂
e γ

Φ

α0α0
ê

wavenumber ω

wavenumber hTω
Needed: ω-uniform
(inverse/trace) estimates

Tool: ω → 0-stable basis
of PWp: approximate circular
waves

Crucial: For ω → 0: PWp ≈ {degree (p − 1)/2 harmonic polynomials} (2D)

‖(Id −QPW )u‖ℓ,T ≤ Ch2−ℓ
T (ωhT + 1)ℓ(|u|1,T + ω2 ‖u‖0,T ) ∀u ∈ H2(T ).

C. GITTELSON, R. HIPTMAIR, AND I. PERUGIA, Plane wave discontinuous
Galerkin methods: Analysis of the h-version, Math. Model. Numer. Anal.,
43 (2009), pp. 297–331.
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h-PWDG a Priori Estimates: Duality Technique
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h-PWDG a Priori Estimates: Duality Technique

A. SCHATZ, An observation concerning Ritz-Galerkin methods with
indefinite bilinear forms, Math. Comp., 28 (1974), pp. 959–962.
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h-PWDG a Priori Estimates: Duality Technique

A. SCHATZ, An observation concerning Ritz-Galerkin methods with
indefinite bilinear forms, Math. Comp., 28 (1974), pp. 959–962.✛

✚

✘

✙
Lemma. With C > 0 depending only on shape regularity and p

‖u − uh‖DG ≤ C inf
vh∈Vh

‖u − vh‖DG+ .
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A. SCHATZ, An observation concerning Ritz-Galerkin methods with
indefinite bilinear forms, Math. Comp., 28 (1974), pp. 959–962.✛

✚

✘

✙
Lemma. With C > 0 depending only on shape regularity and p

‖u − uh‖DG ≤ C inf
vh∈Vh

‖u − vh‖DG+ .

‖v‖2
DG := ‖∇hv‖2

0,Ω + ω−1
∥∥∥β1/2 [∇hv ]

∥∥∥
2

0,FI

h

+
∥∥∥α1/2 [v ]

∥∥∥
2

0,FI

h

+ ω2 ‖v‖2
0,Ω ,

‖v‖2
DG+ := ‖v‖2

DG + ω
∥∥∥β−1/2 {v}

∥∥∥
2

0,FI

h

+
∥∥∥a−1/2h1/2 {∇hv}

∥∥∥
2

0,FI

h

.

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 24 / 54



h-PWDG a Priori Estimates: Duality Technique

A. SCHATZ, An observation concerning Ritz-Galerkin methods with
indefinite bilinear forms, Math. Comp., 28 (1974), pp. 959–962.✛

✚

✘

✙
Lemma. With C > 0 depending only on shape regularity and p

‖u − uh‖DG ≤ C inf
vh∈Vh
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h-PWDG a Priori Estimates: Duality Technique

A. SCHATZ, An observation concerning Ritz-Galerkin methods with
indefinite bilinear forms, Math. Comp., 28 (1974), pp. 959–962.✛

✚

✘

✙
Lemma. With C > 0 depending only on shape regularity and p

‖u − uh‖DG ≤ C inf
vh∈Vh

‖u − vh‖DG+ + Cω sup
0 6=wh∈Vh

|(u − uh,wh)|
‖wh‖0,Ω
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attack with duality estimates

‖v‖2
DG := ‖∇hv‖2

0,Ω + ω−1
∥∥∥β1/2 [∇hv ]

∥∥∥
2

0,FI

h

+
∥∥∥α1/2 [v ]

∥∥∥
2

0,FI

h

+ ω2 ‖v‖2
0,Ω ,

‖v‖2
DG+ := ‖v‖2

DG + ω
∥∥∥β−1/2 {v}

∥∥∥
2

0,FI

h

+
∥∥∥a−1/2h1/2 {∇hv}

∥∥∥
2

0,FI
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−∆ϕ− ω2ϕ = wh in Ω,
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|(u − uh,wh)| ≤ C ‖u − uh‖DG ‖ϕ−Qωϕ‖DG+ + |(f −Qωf , ϕ−Qωϕ)| .
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|(u − uh,wh)| ≤ C ‖u − uh‖DG ‖ϕ−Qωϕ‖DG+ + |(f −Qωf , ϕ−Qωϕ)| .

Qω =̂ L2(Ω)-orthogonal projection onto Vh (piecewise definition)
+ ω-explicit elliptic lifting estimates (M. Melenk 1995)
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with a,d > 0, b ≥ 0, independent of h.✬

✫

✩

✪

There is c0 > 0 such that, provided that ω2h ≤ c0 ,the following a priori error
estimate holds true: (uh =̂ PWDG solution, p = p(q) “equispaced” d j )

‖u − uh‖DG ≤ Ch
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)
,

with a constant C > 0 independent of the mesh and wave number ω.
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Assumption on numerical flux parameters:

α = a/ωh, β = bωh, δ = dωh , 0 < δ < 1
2

with a,d > 0, b ≥ 0, independent of h.✬

✫

✩

✪

There is c0 > 0 such that, provided that ω2h ≤ c0 ,the following a priori error
estimate holds true: (uh =̂ PWDG solution, p = p(q) “equispaced” d j )

‖u − uh‖DG ≤ Ch
(
|u|2,Ω + ω2 ‖u‖0,Ω + [c0(h + c0)]

1/2 ‖f − Pωf‖0,Ω

)
,

with a constant C > 0 independent of the mesh and wave number ω.

Pollution effect ?Remark. f ≡ 0⇒ asymptotic convergence O(hq)
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h-PWDG: Numerical Experiments (II)
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cylindrical wave solution
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PWDG variant PWDG2

p = 5

Oberservation (f ≡ 0): ‖u − uh‖ ∼ (ωh)
p−1

2 + ω(ωh)p−1 for h→ 0

pollution error !

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 26 / 54



Recall: The Pollution Effect

Local (low order FD, FEM, FV, DG) discretization of Helmholtz BVP:

lo
g(
‖u
−

u h
‖ ω

)

best approximation

ω1
ω2 ≫ ω1
ω3 ≫ ω2

− log(ωh)

✁ typical error behavior for
h-refinement:

“Energy” norm:

‖u‖2
ω = |u|21 + ω2 ‖u‖2

0 .

delayed onset of
asymptotic convergence !
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h-PWDG: Numerical Experiments (II)
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ω = 128
ω = 64
ω = 32
ω = 16
ω = 8

Ω =]0,1[2

cylindrical wave solution

quasi-uniform meshes

PWDG variant PWDG2

p = 5

Observation (f ≡ 0):

‖u − uh‖ ∼ (ωh)
p−1

2 +ω(ωh)p−1

pollution error !

(Numerical) dispersion analysis in:

C. GITTELSON AND R. HIPTMAIR, Dispersion analysis of plane wave
discontinuous Galerkin methods, Tech. Rep. 2012-42, SAM, ETHZ. To
appear in IJNME.
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h-PWDG: Numerical Dispersion (I)
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h-PWDG: Numerical Dispersion (I)
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Discrete Bloch-wave analysis
on infinite lattice meshes

→ ωh(θ) =̂ numerical wave number
(for propagation in direction θ)

✁ ω − ωh (imaginary and real part,
triangular lattice mesh)

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 29 / 54



h-PWDG: Numerical Dispersion (I)

Discrete Bloch-wave analysis
on infinite lattice meshes

→ ωh(θ) =̂ numerical wave number
(for propagation in direction θ)

✁ ω − ωh (imaginary and real part,
triangular lattice mesh)

Observed:

Numerical dispersion
+

numerical dissipation
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h-PWDG: Numerical Dispersion (II)

triangular mesh (h = 1):

p ∈ {3,5,7,9,11}:
|ωh − ω|
|ω| ∼ ωp−1

square mesh (h = 1):

|ωh − ω|
|ω| ∼ qp, 0 < q < 1
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What Next ?

1 Motivation: Classical FEM – Approximation Challenges

2 Operator Adapted Trial Spaces

3 Trefftz-Discontinuous Galerkin Discretization

4 h-Version of PWDG: Convergence

5 p-Version of PWDG: Convergence

6 hp-PWDG: A Priori Error Estimates

7 Miscellaneous Issues and Open Problems
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Model Problems

0 ΩD

Ω

ΓD
ΓR

uinc

full model problem

0

Ω
ΓR

uinc

simplified model problem

Frequency domain models for acoustic wave propagation

Helmholtz equation:
−∆u − ω2u = 0 in Ω ,

u = 0 on ΓD , ∇u · n − iωu = g on ΓR ,

with wave number ω > 0.
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PWDG p-Version: Numerical Experiments
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PWDG p-Version: Numerical Experiments

Square, ω = 10, h = 1/
√

2, L2-norm of errors:
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PWDG p-Version: Numerical Experiments
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Numerical instability for high p!
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Quasi-Optimality
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Quasi-Optimality

Recall PWDG linear variational problem:

uh ∈ Vh: ah(uh, vh) = ℓ(vh) ∀vh ∈ Vh .

with (ΓD = ∅)

ah(u, v) =
∫

FI

h

[∇u] {v} −
∫

FI

h

[u] ·
{
∇hv

}
dS −

∫

FI

h

{∇hu} · [v ] dS

−
∫

FB

h

δ u∇hv dS −
∫

FB

h

(1− δ)∇hu · n v dS

+
i
ω

∫

FI

h

β [∇hu]
[
∇hv

]
dS +

i
ω

∫

FB

h

δ∇hu · n∇hv · n dS

+ iω
∫

FI

h

α [u] · [v ] dS + iω
∫

FB

h

(1− δ)u v dS , α, β, δ > 0 .

[F I
h =̂ interior faces , F I

h =̂ boundary faces]
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Quasi-Optimality

Recall PWDG linear variational problem: local Trefftz space

uh ∈ Vh: ah(uh, vh) = ℓ(vh) ∀vh ∈ Vh .
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Quasi-Optimality

Recall PWDG linear variational problem: local Trefftz space
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with (ΓD = ∅)
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∫
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h

[u] ·
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∫
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∫

FI

h

α [u] · [v ] dS + iω
∫
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(1− δ)u v dS , α, β, δ > 0 .

[F I
h =̂ interior faces , F I

h =̂ boundary faces]

Vh := {v ∈ L2(Ω) : v |T ∈ PWpT ∀T ∈ Th}✬

✫

✩

✪

Plane wave space:

PWp := Span {x 7→ exp(iωd j · x)}p
j=1,

d j =

(
cos( 2π

p (j − 1))
sin( 2π

p (j − 1))

)
, j = 1, . . . ,p .

p ∈ N =̂ no. of plane wave directions

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 34 / 54



Quasi-Optimality

Recall PWDG linear variational problem: local Trefftz space

uh ∈ Vh: ah(uh, vh) = ℓ(vh) ∀vh ∈ Vh .

with (ΓD = ∅)

ah(u, v) =
∫

FI

h

[∇u] {v} −
∫

FI

h

[u] ·
{
∇hv

}
dS −

∫

FI

h

{∇hu} · [v ] dS

−
∫

FB

h

δ u∇hv dS −
∫

FB

h

(1− δ)∇hu · n v dS

+
i
ω

∫

FI

h

β [∇hu]
[
∇hv

]
dS +

i
ω

∫

FB

h

δ∇hu · n∇hv · n dS

+ iω
∫

FI

h

α [u] · [v ] dS + iω
∫

FB

h

(1− δ)u v dS , α, β, δ > 0 .

[F I
h =̂ interior faces , F I

h =̂ boundary faces]

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 34 / 54



Quasi-Optimality

Recall PWDG linear variational problem: local Trefftz space

uh ∈ Vh: ah(uh, vh) = ℓ(vh) ∀vh ∈ Vh .

Coercivity:

Im{ah(uh,uh)} = ‖uh‖2
Fh

&
Continuity:

|ah(uh, vh)| ≤ 2 ‖vh‖Fh
‖uh‖F+

h
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&
Continuity:
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DG-norms: ‖w‖2
Fh

:=ω−1
∥∥∥β1/2 [∇hw ]N

∥∥∥
2

0,F I
h

+ ω
∥∥∥α1/2 [w ]N

∥∥∥
2

0,F I
h

+ b.t.

‖w‖2
F+

h
:= ‖w‖2

Fh
+ ω

∥∥∥β−1/2 {w}
∥∥∥

2

0,F I
h

+ ω−1
∥∥∥α−1/2 {∇hw}

∥∥∥
2

0,F I
h

+ ω
∥∥∥δ−1/2w

∥∥∥
2

0,∂Ω
.
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p-PWDG: “Simple” Duality Estimates

Goal: can estimate ‖u − uh‖Fh
➣ want estimate ‖u − uh‖L2(Ω)
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Goal: can estimate ‖u − uh‖Fh
➣ want estimate ‖u − uh‖L2(Ω)

A. BUFFA AND P. MONK, Error estimates for the ultra weak variational
formulation of the Helmholtz equation, Math. Mod. Numer. Anal., 42
(2008), pp. 925–940 (→ for UWVF)
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R. HIPTMAIR, A. MOIOLA, AND I. PERUGIA, Plane wave discontinuous
Galerkin methods for the 2D Helmholtz equation: Analysis of the
p-version, SIAM J. Numer. Anal., 49 (2011), pp. 264–284.

Duality technique (ΓD = ∅): for any local Trefftz function w

‖w‖2
0,Ω =

∑

T∈Th

(w ,−∆ϕ− ω2ϕ)0,T
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∇ϕ · n − iω ϕ = 0 on ∂Ω .

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 35 / 54



p-PWDG: “Simple” Duality Estimates

Goal: can estimate ‖u − uh‖Fh
➣ want estimate ‖u − uh‖L2(Ω)

A. BUFFA AND P. MONK, Error estimates for the ultra weak variational
formulation of the Helmholtz equation, Math. Mod. Numer. Anal., 42
(2008), pp. 925–940 (→ for UWVF)

R. HIPTMAIR, A. MOIOLA, AND I. PERUGIA, Plane wave discontinuous
Galerkin methods for the 2D Helmholtz equation: Analysis of the
p-version, SIAM J. Numer. Anal., 49 (2011), pp. 264–284.

Duality technique (ΓD = ∅): for any local Trefftz function w

‖w‖2
0,Ω =

∑

T∈Th

(w ,−∆ϕ− ω2ϕ)0,T
{ −∆ϕ− ω2ϕ = w in Ω,
∇ϕ · n − iω ϕ = 0 on ∂Ω .

“DG magic formula”:

∑

T∈Th

∫

∂T

∂u
∂nT

v dS =

∫

Fh

{∇u} [v ] dS +

∫

F I
h

[∇u] {v} dS .

i.b.p.
≤
∫

F I
h

([∇hw ]N ϕ− [w ]N · ∇ϕ)dS +

∫

FB
h

(∇hw · n + iωw)ϕ dS
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∥∥∥
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Scale invariant trace inequality:

‖ϕ‖2
0,∂T ≤ C(h−1

T ‖ϕ‖
2
0,T + hT ‖∇ϕ‖2

0,T ) , ∀ϕ ∈ H1(T ) .
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0,Ω ≤ C(α−1, β−1) ‖w‖Fh

·
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T∈Th
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ωh−1

T ‖ϕ‖
2
0,T + ω ‖ϕ‖0,T |ϕ|1,T +
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(Uniform) “Star-Shapedness”

xThT

BρhT (xT )

T

∃ 0 < ρ0 < ρ ≤ 1
2 : for all T ∈ Th there is a “center” xT such that

◮ BρhT (xT ) ⊂ T
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(Uniform) “Star-Shapedness”

xThT

BρhT (xT )

Bρ0hT (xT )

T

∃ 0 < ρ0 < ρ ≤ 1
2 : for all T ∈ Th there is a “center” xT such that

◮ BρhT (xT ) ⊂ T
◮ T is star-shaped w.r.t. Bρ0(xT )
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p-PWDG: “Simple” Duality Estimates (II)

Setting: No scatterer ΓD = ∅, ΩR convex
flux coefficients α, β, δ independent of p, h
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·
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2
1,T + ω−1 |ϕ|1,T |ϕ|2,T

}) 1
2
.

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 37 / 54



p-PWDG: “Simple” Duality Estimates (II)

Setting: No scatterer ΓD = ∅, ΩR convex
flux coefficients α, β, δ independent of p, h

‖w‖2
0,Ω ≤ C ‖w‖Fh

·
(∑

T∈Th

{
ωh−1

T ‖ϕ‖
2
0,T + ω ‖ϕ‖0,T |ϕ|1,T +

ω−1h−1
T |ϕ|

2
1,T + ω−1 |ϕ|1,T |ϕ|2,T
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.✛

✚

✘

✙
Theorem. stability estimates [MELENK 2D, CUMMINGS&FENG 3D]:
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✚

✘
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Theorem. stability estimates [MELENK 2D, CUMMINGS&FENG 3D]:

∃C1(Ω),C2(Ω) > 0:

{
|ϕ|1,Ω + ω ‖ϕ‖0,Ω ≤ C1 ‖w‖0,Ω ,

|ϕ|2,Ω ≤ C2(1 + ω) ‖w‖0,Ω .
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flux coefficients α, β, δ independent of p, h
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✚

✘

✙
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.
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depends on “quasi-uniformity” of Th

depends on star-shapedness

Estimates explicit in ω!

(Constants must not depend on ω)
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p-PWDG: “Simple” L2-Estimates

Set w := u − uh ← a Th-piecewise Trefftz function!
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) 1
2 ‖w‖Fh
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(
ω−1h−1 + ωh

) 1
2 inf

vh∈Vh

‖u − vh‖F+
h

by quasi-optimality
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✣

✜

✢
Theorem. (2D finite regularity P.W. approximation estimates)

inf
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2 hk−1/2
(

log(p)
p

)k− 1
2

‖u‖k+1,ω,Ω .
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Postprocessed PWDG-Solution

? Estimates in stronger “non-skeleton” norms
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Postprocessed PWDG-Solution

? Estimates in stronger “non-skeleton” norms

P =̂ H1(Th)-orthogonal projection onto space of degree-p C0-finite element
functions!

➣ uh → Puh = “postprocessing”

← [by duality estimate]✗

✖

✔

✕
With C > 0 depending only on Ω, shape-regularity, and ωh

‖∇P(u − up)‖2
0,Ω ≤ C

(
ω2 ‖u − up‖2

0,Ω + (ωh)−1 ‖u − up‖2
Fh

)
.
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With C > 0 depending only on Ω, shape-regularity, and ωh

‖∇P(u − up)‖2
0,Ω ≤ C

(
ω2 ‖u − up‖2

0,Ω + (ωh)−1 ‖u − up‖2
Fh

)
.

✗
✖

✔
✕‖∇ (u − P(up))‖0,Ω ≤ C (diam(Ω) + ω−1)hk−1

(
log(p)

p

)k−1/2

‖u‖k+1,ω,Ω .
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p-PWDG: Non-Uniform Meshes
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uinc

0 ΩD

ΩR

ΓD
ΓR

Estimate of ‖u − uh‖0,Ω for
model problem

?
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p-PWDG: Non-Uniform Meshes

Estimate of ‖u − uh‖0,Ω for
model problem

?
◮ ΩD 6= ∅: Ω not convex
◮ ΓD non-smooth
◮ Th locally refined

R. HIPTMAIR, A. MOIOLA, AND I. PERUGIA, Trefftz discontinuous
Galerkin methods for acoustic scattering on locally refined meshes, Appl.
Num. Math., 79 (2013), pp. 79–91.

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 40 / 54



p-PWDG: L2-Estimates on Non-uniform Meshes (I)

Idea: locally varying flux parameters
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Idea: locally varying flux parameters
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hf
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h
hf
, δ|f ∼

h
hf
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(f =̂ face of Th)
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(f =̂ face of Th)
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◮ quasi-uniform at ΓR ⇒ ensure 0 < δ ≤ 1

2

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 41 / 54



p-PWDG: L2-Estimates on Non-uniform Meshes (I)

Idea: locally varying flux parameters

α|f ∼
h
hf
, β|f ∼

h
hf
, δ|f ∼

h
hf
.

(f =̂ face of Th)

Assumptions on meshes Th (↔ dependence of constants)

◮ uniform star-shapedness
K

Br

hk
xk

Bs

◮ uniform local quasi-uniformity
◮ quasi-uniform at ΓR ⇒ ensure 0 < δ ≤ 1

2

Assumption on geometry: scatterer ΩD uniformly star-shaped

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 41 / 54



p-PWDG: L2-Estimates on Non-uniform Meshes (II)✬

✫

✩

✪

Theorem. Refined ω-explicit lifting theorem:
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p-PWDG: L2-Estimates on Non-uniform Meshes (II)✬

✫

✩

✪

Theorem. Refined ω-explicit lifting theorem:

−∆ϕ− ω2ϕ = f in Ω, ∇ϕ · n ± iωϕ = g on ΓR , ϕ = 0 on ΓD
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✫

✩

✪

Theorem. Refined ω-explicit lifting theorem:

−∆ϕ− ω2ϕ = f in Ω, ∇ϕ · n ± iωϕ = g on ΓR , ϕ = 0 on ΓD

⇒ |∇ϕ| 1
2+s,Ω . (1 + dΩω)(d

1
2−s
Ω ‖f‖0,Ω + d−s

Ω ‖g‖0,ΓR
) + ‖g‖s,ΓR

.

(dΩ = diam(Ω))
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.

for some s = s(Ω) > 0. (dΩ = diam(Ω))✛

✚

✘

✙
Lemma. Refined scale invariant trace estimate:

‖v‖2
0,∂T . h−1

T ‖v‖
2
0,T + h2s

T |v | 12+s,T ∀v ∈ H
1
2+s(T ) .
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Lemma. Refined scale invariant trace estimate:

‖v‖2
0,∂T . h−1

T ‖v‖
2
0,T + h2s

T |v | 12+s,T ∀v ∈ H
1
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Duality technique ➥ for all Th-piecewise Trefftz functions:

‖w‖0,Ω ≤ CdΩ(ω
− 1

2 h− 1
2 + d

1
2−s
Ω ω

1
2 hs) ‖w‖Fh

.

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 42 / 54



p-PWDG: L2-Estimates on Non-uniform Meshes (II)✬

✫

✩

✪

Theorem. Refined ω-explicit lifting theorem:

−∆ϕ− ω2ϕ = f in Ω, ∇ϕ · n ± iωϕ = g on ΓR , ϕ = 0 on ΓD

⇒ |∇ϕ| 1
2+s,Ω . (1 + dΩω)(d

1
2−s
Ω ‖f‖0,Ω + d−s

Ω ‖g‖0,ΓR
) + ‖g‖s,ΓR

.

for some s = s(Ω) > 0. (dΩ = diam(Ω))✛

✚

✘
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Lemma. Refined scale invariant trace estimate:

‖v‖2
0,∂T . h−1

T ‖v‖
2
0,T + h2s

T |v | 12+s,T ∀v ∈ H
1
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independent of global quasi-uniformity
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What Next ?

1 Motivation: Classical FEM – Approximation Challenges

2 Operator Adapted Trial Spaces

3 Trefftz-Discontinuous Galerkin Discretization

4 h-Version of PWDG: Convergence

5 p-Version of PWDG: Convergence

6 hp-PWDG: A Priori Error Estimates

7 Miscellaneous Issues and Open Problems
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2013-31, SAM, ETH Zürich, 2013.

0 ΩD

ΩR

ΓD
ΓR

2D geometric setting: Ω := ΩR \ ΩD

ΓR : (analytic) artificial truncation
boundary

ΩD: sound-soft scatterer
star-shaped w.r.t. 0

−∆u − ω2u = 0 in Ω ,

∇u · n − iωu = g on ∂ΩD ,

u = 0 on ∂ΩR .
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Galerkin methods: Exponential convergence of the hp-version, Report
2013-31, SAM, ETH Zürich, 2013.

0 ΩD

ΩR

ΓD
ΓR

2D geometric setting: Ω := ΩR \ ΩD

ΓR : (analytic) artificial truncation
boundary

ΩD: sound-soft scatterer
star-shaped w.r.t. 0

−∆u − ω2u = 0 in Ω ,

∇u · n − iωu = g on ∂ΩD ,

u = 0 on ∂ΩR .

ΓD = piecewise analytic, finitely many corners

g = analytic function ΓR 7→ C (← trace of incident wave)
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C =̂ set of corners of ΓD (# = nC , positions cj )

Distance product function: Φ(x) :=
∏

j |x − cj |✤

✣

✜

✢
Theorem. If g analytic, then solution u has analytic continuation to

N (u) :=
⋃

x

{
y ∈ R

2: |y − x | < Φ(y)
4e(ω + 1)nc

}
.
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{
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2: |y − x | < Φ(y)
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}
.

x
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corner point

✁ Width of local region of analyticity
∼

distance from nearest corner

+ estimates for ‖Dαu‖∞ inside disks of
analyticity

J. M. MELENK, hp-finite element methods for singular perturbations,
LNCSE vol. 1796, Springer 2002.
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T ∈ Th: analytic neighborhood Tη := {x ∈ R
2 : dist(T ,x) < ηhT}✬

✫

✩

✪

PWp spanned by p = 2q + 1 equispaced plane waves
u ∈W 1,∞(Tη), −∆u − ω2u = 0, analytic in Tη

inf
vp∈PWp

‖u − vp‖∞,T ≤(1 + (hTω)
6)e2hTω

(
e−bq +

1 + (hTω)
q+1

(c0(q + 1)
q
2 )

)

·
(
‖u‖∞,Tη

+ hT ‖∇u‖∞,Tη

)
,
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T ∈ Th: analytic neighborhood Tη := {x ∈ R
2 : dist(T ,x) < ηhT}✬

✫

✩

✪

PWp spanned by p = 2q + 1 equispaced plane waves
u ∈W 1,∞(Tη), −∆u − ω2u = 0, analytic in Tη

inf
vp∈PWp

‖u − vp‖∞,T ≤(1 + (hTω)
6)e2hTω

(
e−bq +

1 + (hTω)
q+1

(c0(q + 1)
q
2 )

)

·
(
‖u‖∞,Tη

+ hT ‖∇u‖∞,Tη

)
,

C, c0 > 0 and b > 0 depend only on star-shapedness of T and η.

PW approximation converges exponentially in no. of directions!
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hp-PWDG: Approximation Policy

☞ p-appromximation

far from corners
(analytic estimates)

☞ h-approximation

close to corners
(finite regularity estimates)

T. P. WIHLER, P. FRAUENFELDER,
AND C. SCHWAB, Exponential
convergence of the hp-DGFEM for
diffusion problems, Comput. Math.
Appl., 46 (2003), pp. 183–205.

= same approximation policy as for polynomial FEM/DG
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hp-PWDG Duality Estimates

Assumption on meshes:

◮ uniform star-shapedness of cells
K
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hk
xk
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◮ uniform local quasi-uniformity

Assumptions on flux parameters α, β, δ:

➥ enter mesh skeleton norm ‖·‖Fh
➥ crucial for estimates

mesh skeleton norm:

‖w‖2
Fh

:= ω−1
∥∥∥β1/2 [∇hw ]N

∥∥∥
2

0,F I
h

+ ω
∥∥∥α1/2 [w ]N
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2

0,F I
h

+ b.t.
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◮ uniform local quasi-uniformity

Assumptions on flux parameters α, β, δ:
◮ β > 0, 0 < δ ≤ 1

2 fixed globally

◮ local penalty parameters α|f ∼
h
hf

➥ enter mesh skeleton norm ‖·‖Fh
➥ crucial for estimates

[Hs duality arguments + scale-invariant trace inequalities]

‖w‖0,Ω .
(
∣∣F I

h

∣∣+ |ΓR |)d2
Ω

|Ω|

(
1

ωhmax
+ dΩω + (dΩω)

3
)
‖w‖Fh

for any Th-p.w. Trefftz function w . (|F I
h| =̂ length of interior edges)
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★

✧

✥

✦

Lemma. ∃η > 0 independent of u and L (but not of ω!) such that u is
analytic in

Tη := {x ∈ R
2: dist(T ,x) < ηhT} ,

for all T ∈ T

dist(T , C) ∼ hT
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★

✧

✥
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Lemma. ∃η > 0 independent of u and L (but not of ω!) such that u is
analytic in

Tη := {x ∈ R
2: dist(T ,x) < ηhT} ,

for all T ∈ T outside the corner layer.

dist(T , C) ∼ hT

∃η > 0: : ∀L ∈ N, ∀T ∈ TL \ LL
L: : u analytic in Tη .
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∃η > 0: : ∀L ∈ N, ∀T ∈ TL \ LL
L: : u analytic in Tη .

PWDG trial space = Span{p(L) := 2⌈L1+ǫ⌉ equidistant plane waves per cell}

No. of local PW directions increases with level L
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1
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L
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Approximation in corner layer

➣ for T ∈ LL
L use “P1 ⊂ PWp” for

hT → 0

➥ small hT controls error★

✧

✥

✦

Theorem. With all constants independent of the number L of layers

‖u − uh‖L2(Ω) ≤ C(ǫ)exp
(
−bN

1
2+ǫ

L

)
,

NL =̂ number of d.o.f. = dimension of trial space VL

! Practical hp-PWDG: vulnerable to plane wave instability!
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What Next ?

1 Motivation: Classical FEM – Approximation Challenges

2 Operator Adapted Trial Spaces

3 Trefftz-Discontinuous Galerkin Discretization

4 h-Version of PWDG: Convergence

5 p-Version of PWDG: Convergence

6 hp-PWDG: A Priori Error Estimates

7 Miscellaneous Issues and Open Problems
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✁ dependence of
dispersion (—),
dissipation (—) on
propagation direction
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vanish in directions d j of
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E. GILADI AND J. KELLER, A hybrid numerical asymptotic method for scattering
problems, J. Comp. Phys., 174 (2001), pp. 226–247. [PUM]

T. BETCKE AND J. PHILLIPS, Approximation by dominant wave directions in plane
wave methods, Preprint University College London, UK, 2012. [PWDG]
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wave tracking strategy for efficiently solving mid- and high-frequency Helmholtz
problems, Comput. Methods Appl. Mech. Engrg., 276 (2014), pp. 473–508. [LSQ]
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➊ estimate error e(x) := u(x)− uh(x)

➋ extract dominant local direction in e:

d̃e := Re
1
|T |

∫

T

∇e
iωe

dV , de :=
d̃e∣∣∣d̃e

∣∣∣
.

➌ Add x 7→ exp(iωde · x) to plane wave basis on T

R. Hiptmair (SAM, ETH Zürich) PWDG Durham Symposium, July 2014 52 / 54



Adaptivity: Numerical Experiment
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gence

More efficient than
standard plane wave
space

However,

Convergence rates de-
teriorates as resolution
increase

Stability issues (near
linear dependence of
basis functions)
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THANK YOU
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