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◮
Any �nite semigroup embeds in a 2-generator semigroup (BH

Neumann, 1960)
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in TX = Tn, where n = |S1|. Write

S1 = {α
0
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, · · · , αn−1

}, where α
0

= ι, the identity mapping in

Tn. We embed S in T ≤ PTZ where Z = X × {0, 1, 2, · · · , n},
where we also put αn = α

0

.

(x , i)·α = (x ·αi , 0) (0 ≤ i ≤ n), (x , i)·β = (x , i+1) (0 ≤ i ≤ n−1).

Then α = α2

and βn+1 = 0, the empty map.

Put λ = βnα; then λ = ι|X×{0}. Let γi = λβiα ∈ T ; then

(x , 0) · γi = (x , 0) · λβiα = (x , 0) · βiα = (x , i) · α = (x · αi , 0),

and so αi 7→ γi is a monomorphism of S1

into T .
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Theorem

(in MAlister, Stephen & Vernitski) Tn may be embedded in a

2-generator subsemigroup T of Tn+1

.

Theorem

(Margolis) A �nite semigroup S may be embedded in a 2-generated

semigroup T that is a Rees matrix semigroup T = M(S) over S
with a yli group adjoined as a group of units.

In both ases, the ontaining semigroup T is regular, so any �nite

semigroup S embeds in a regular, �nite 2-generator semigroup T .

Also Margolis shows that any (�nite) n-generated semigroup

embeds in a (�nite) semigroup generated by n + 1 idempotents.

Hene any �nite semigroup S embeds in a �nite semigroup

generated by 3 idempotents.

Any semigroup (�nite or not) generated by 2 idempotents has at

most 6 idempotents and no 3-element hain. (Benzaken and Mayr)

haraterised all suh semigoups.
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What is the next number in the sequene,

0, 1, 3, 7, · · ·?

It of ourse goes:

0, 1, 3, 7, 12, 20, 30, 44, 65, 80, 96, · · ·

De�nition

The MC sequene of non-negative integers begins m
0

= 0 and

mi > mi−1

is least suh that there are no repeated di�erenes

between any pairs in the sequene.

The onstrution for 2-generator semigroups has one prinipal

generator, α, ontaining opies of all mappings in S ≤ PTX ; dom α
and ran α onsist of n opies of X ; the seond generator β moves

us around that yle. The domain intervals are sparsely plaed so

that produts with multiple fators of α are de�ned for one interval

at most. The MC property ensures that unwanted produts do not

arise - the main subsemigroup of T is a Rees-matrix semigroup over

S with identity matrix.
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S1 = {α
0

, α
1

, · · · , αn−1

} ≤ PTX , α
0

= ι;
Z = X × {0, 1, 2, · · · ,m

2n−1

}, put m = 1+m
2n−1

.

The generator β simply yles (mod m) around the opies of X :

(x , i) · β = (x , i + 1) (0 ≤ i ≤ m
2n−1

)

The prinipal generator α satis�es α2 = 0 and ats only on the

intervals X × {mn+j}:

(x ,mn+j ) · α = (x · αj ,mj) (0 ≤ j ≤ n− 1)

◮
Struture of T = 〈α, β〉:
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1
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m⋃
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Corollary

Let S be a �nite monoid with E (S) ≤ S . Then S may be

embedded in a �nite monoid T = 〈α, β〉 as above suh that E (T )
is a submonoid satisfying the same semigroup identities as E (S).
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The Ingredients

S1 = {α
0

, α
1

, · · · , αn−1

} is as before but S is now assumed

regular: let α′
i denote a �xed inverse of αi . The yle β is formally

de�ned as before but, writing α′
i also as αi+n we de�ne the

prinipal generator α as the self-inverse mapping:

(x ,mt) · α = (x · αt±n,mt±n) (0 ≤ t ≤ 2n − 1)

subsript signs are + or − aording as 0 ≤ t ≤ n − 1 or

n ≤ t ≤ 2n − 1.
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Struture of T = 〈α, β〉

Theorem

Again T is a disjoint union, T = Hβ ∪ Dα ∪ T
1

but here

Dα = {βrαǫβs : ε = 1, 2} is a regular D−lass with assoiated

prinipal fator isomorphi to the Brandt semigroup

M0[Z
2

,m,m, Im];

T
1

= {λi ,j ,k} ∪ {0} (0 ≤ i ≤ n − 1, 0 ≤ j , k ≤ m − 1}

E (T ) = E ∪ F ∪ {ι, 0} where

E = {λ(e, i , i) : e ∈ E (S), 0 ≤ i ≤ m − 1},

F = {βjα2β−j : 0 ≤ j ≤ m − 1}
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Corollary

(MAlister, Stephen and Vernitski) Every �nite inverse semigroup

may be embedded is a �nite 2-generated semigroup that is an

inverse semigroup.
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