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ABSTRACT

We describe a method for Bayesian augmentation of Bayes linear models, intro-
ducing a graphical model, termed a Bayes linear/Bayes (BLB) graphical model,
where the data nodes are all fully specified, whilst the parameters of the model
are only partially specified. The connections of the data to the parameters are
also fully specified. The propagation of a single data observation is considered
and revised expectations and variances obtained for the parameters using a mix-
ture of conditioning and Bayes linear belief adjustment. Propagation of data
from multiple nodes is then developed and a local computation algorithm, devel-
oping upon that of Goldstein & Wilkinson (2000), for the global revision of the
BLB model given. The method is illustrated by an example of partition testing
in software.

1 Introduction - a simple example

Consider the following example. We have two random quantities of interest, B; and Bs. By
has two possible outcomes, —1 and 1 which we judge to be equally likely to occur. Bj is
continuous on the interval [0,1] and we assert that E(B2) = 1/2 and Var(B2) = 1/20. A
judgement is made that Cov(By,B2) = 1/18. The full probability specification for B; may
be viewed as equivalent to specifying the second-order structure of the collection of random
quantities Bi,p = {€B,,1, €B,,2}, where Ep, 1 is the event that By = —1 and £p, » the event
that B; = 1. Notice that the given covariance between B; and By does not allow us to deduce
the covariance between &g, 1 and Bz nor that between £p, 2 and Bs.

Suppose that a third random quantity, Ds, is to be observed and following its observation
we would like to revise our beliefs over the collection B = {B;, B2}. D; can take the
possible values —1, 0 and 1 and we are willing to make the following conditional probability
specification for Ds:

P(Dy = —1|B; = -1) =0.5; P(D; =0|By = 1) =0.5; P(D; =1|B; = -1)=0; (1)
P(Dl = _]-lBl = 1) = 0; P(Dl = OlBl = 1) = 05, P(D1 = 1|Bl = 1) = 05 (2)

Thus, the full joint probability distribution of Bi, D1 may be calculated. The marginal
specification for D; may be viewed as the specification of the second-order structure of the
collection D1, p = {€p,,1, €Dy 2, Epy,3}, Where Ep, 1 is the event that D; = —1, Ep, 2 the
event that D; = 0 and &p, 3 the event that D; = 1. We are only willing to make a partial
specification between D; and Ba, declaring that Cov(Dy p,B2) = (—1/72 0 1/72)T.



How might we revise our beliefs over B following the observation of D;? Note that since
only the full joint probability specification between B; and D; is specified, a full posterior
analysis of B, via Bayes theorem, is not possible. There is, however, a full second-order
specification between B and D; p and so a Bayes linear analysis, see Goldstein (1999) for
an overview of the approach, is possible. The advantage of this approach is that we may
restrict our attention to those random quantities we are explicitly interested in revising in
the light of new information, in this example the collection B following the receipt of Dy,
and a full specification is not required. This approach, however, does not fully utilise the
information available to us in our prior specification. In particular, our adjusted variances
over B do not depend upon the actual value of D; observed. The conditional specification of
D given By, see equations (1) and (2), show that if D; = +1 then By = D; with certainty
and we’d like to revise the variance of B; down to zero to reflect this. In terms of Bs, it is
as if we observed both D; and B;. If D; = 0, then since Cov(Ep, 2,B2) = 0, we’d expect
this observation to have no impact upon our beliefs about B,. Similarly, the symmetry of
equations (1) and (2) lead us to a similar impression about B;. Is there a systematic way
we can capture this intuition without making any further specifications? Can we make use
of the doctrine of Bayes linear methods whilst allowing modifications to the adjustments to
better utilise the prior specification?

2 The geometric interpretation of expectation

Consider a general collection of random quantities, B = {Bi, B, ...}, of interest. We treat
expectation as primitive and for each B; € B we specify directly the prior expectation,
E(B;). We follow the development of de Finetti (1974, 1975) and construct the linear space
(B) consisting of all finite linear combinations of the elements of B with the unit constant,
By, added. A typical element of (B) is thus X = by + >, byBs,, where {vy,vs,...} is a
general finite set of integers and by = byBy-

We view (B) as a vector space by considering each B; as a vector and linear combinations,
X, of random quantities as the corresponding linear combinations of vectors. Thus, (B) is
the space of all quantities whose expectation is uniquely determined from the specification
of expectations for all of the random quantities contained in B. Having fixed the linear
structure, we add the geometric framework by forming the inner product space [B] from the
minimal closure of (B) by imposing the following inner product and norm for X, Y € (B)

(X,Y) = Cov(X,Y); (3)
IXI* = Var(X). (4)

The inner product space is defined over the closure of the equivalence classes of random
quantities which differ by a constant. For example, the quantities X and X* = X — E(X)
are equivalent in this representation. We may then follow the convention of standardising
each random quantity by subtracting its prior expectation. We also restrict attention to
random quantities, X, with E(X?) < oo. The inner product space [B] is termed a belief
structure; see Goldstein (1986a). Two subspaces [B*] and [B'], are orthogonal, written
[B*] L [BY], if every element of the collection B* is uncorrelated with every element of the
collection Bt.

The belief structure construction allows you to restrict specification to whatever subspace
of the full probabilistic structure you deem relevant. For example, it may contain only
those random quantities that you are interested in revising beliefs about in the light of
new information. A discrete probability space over a collection of random quantities, B,



may be represented by imposing the inner product and norm, equations (3) and (4), over the
collection, Bp, of indicator functions for the elementary events of B. A continuous probability
specification is represented by letting Bp be the collection of all functions of B which are
square-integrable with respect to the prior measure f over B and then constructing the inner
product over the linear space (Bp).

If B is finite, say B = {Bi, ..., B, }, then we consider B to be the r x 1 vector [By ...B,]t.
Our expectation statements are collected together as the r x 1 vector E(B), and the inner
product space [B] is represented by the 7 x r matrix Var(B). For typical elements X =
bo +bTB,Y = by + bTB, we have E(X) = by + bT E(B) and Cov(X,Y) = bTVar(B)b.

3 Bayes linear methods

Suppose that we are to receive the values of a data collection, D = {Dy, D2, ...} and the re-
ceipt of this information will cause us to revise the values of the expectations and covariances
we had assigned for the elements in (B).

The most familiar revision of beliefs is the full posterior analysis using conditioning and
Bayes theorem. For the collection of random quantities B, and observed data D we construct
the covariance inner product, or belief structure, over the linear space (Bp UDp) and denote
it by [Bp UDp]. For any X, Y € (Bp), E(X) is revised to the conditional expectation,
E(X|D), and, Cov(X,Y) is revised to the conditional covariance, Cov(X,Y|D). We may
summarise this adjustment as the replacement of the covariance inner product, [Bp] with
the conditional covariance, which we denote by [Bp|D].

An alternative approach, involving the analysis of limited aspects of the full probability
structure, is to calculate our adjusted beliefs using Bayes linear methods. For any X, Y
€ (B), E(X) is replaced by the adjusted expectation, Ep(X), and Cov(X,Y’) is replaced by
the adjusted covariance, Covp(X,Y). Ep(X) may be viewed as the orthogonal projection
of X into [D], and Varp(X) the squared orthogonal distance from X to [D]. If B = {By,
..., B.}and D = {Dy, ..., Ds} then we may compute

Ep(B
Varp(B

) E(B) + Cov(B,D)Varf (D)(D — E(D)); (5)
) = Var(B) — Cov(B,D)Vart(D)Cov(D, B), (6)
where A' represents the Moore-Penrose generalised inverse of A. For typical elements X =
bo + bIB, Y = by + bTB € (B), we have Ep(X) = by + bYEp(B) and Covp(X,Y) =
bTVarp(B)b. We view this revision of beliefs as the replacement of [B] by the adjusted
covariance, which we denote [B/D;].

Suppose that we are willing to give a full probability specification for our data, D, and
also the full joint distribution between B* C B and D. Then, we are able to to construct
[B%|D] but not [Bp|D]. Even if we can construct [B/Dp], this update does not utilise the
additional information we obtain about B* from the full specification between B* and D.
In the next section we clarify the types of models we are interested in which have differing
levels of prior specifications and then go on to suggest methods to incorporate all the prior
information into our belief revisions.

4 Augmented Bayes linear/Bayes graphical models

Our approach centres around exploiting structure within B to help us incorporate different
amounts of prior information into our belief revision. In particular, we are thinking about
structure that can be examined by a generalised conditional independence (g.c.i.) property,



(-AL-)|-. The g.c.i. property was introduced by Smith (1989) as an extension of the work on
probabilistic independence by Dawid (1979, 1980).

A collection of g.c.i. statements may be represented as a graphical model. A graphical
model is a directed graph G = (V, E). V = {A;,..., A} is the collection of nodes, where
each A; represents a collection of random quantities. E represents the collection of edges.
If (A;, A;) € E then there is a directed arc from A; to A;. We term A; a parent of A;
and A; a child of A;. The collection {A; : (A;, A;j) € E} is the collection of parents of
Aj, written pa(A;). The collection {A; : (A, A;) € E} is the collection of children of A;,
written ch(A;).

Definition 1 The directed acyclic graph, G = (V,E), is a g.c.i. graphical model if, for any
Ai, Aj €V, we have (A; 1L A;)|pa(A;), unless A; is a descendent of A;.

The most familiar example of a g.c.i. graphical model is the Bayesian graphical model (see
for example, Pearl (1988), Lauritzen (1996), Cowell et al. (1999)). Here, the g.c.i. relation
is taken to be probabilistic conditional independence, denoted (-1Lp-)|-. For a general node,
A;, we specify the conditional density function f(a;|pa(a;)) if pa(A;) # 0. If pa(A;) = 0
then the marginal density function, f(a;), of A; is specified.

Goldstein & Wilkinson (2000) introduced a further example of a g.c.i. graphical model:
the Bayes linear graphical model. The g.c.i. relation is taken to be belief separation. If
[X], [V], [Z] are three belief structures, then we say that Z separates X' from Y, written
(X 1LgY)|Z, if for all X € [X], Y € [V],

Covz(X,Y) = 0. (7

Goldstein (1990) showed that belief separation was a g.c.i. statement. If X', ), Z are finite
then equation (7) may be expressed as the requirement that

Cov(X,Y) = Cou(X,Z)Var'(2)Cou(Z,)). (8)

On a Bayes linear graphical model, for a general node, A;, we specify E(A;), Var(A;) and
Cov(A;i,pa(A;)). Goldstein & Wilkinson (2000; p313) show that it is equivalent to specify
Epqaa,)(Ai) and Varp, a,)(A;i) drawing a direct comparison between the specifications made
in a Bayes and Bayes linear graphical model.

In this paper, we introduce a third type, which we term an augmented Bayes linear /Bayes
graphical model.

Definition 2 An augmented Bayes linear/Bayes (BLB) graphical model, G = (V, E), is a di-
rected acyclic graph whose nodes, V, may be separated into two collections, B = {By,...,B,}
and D = {Ds,...,Ds}. Certain nodes are joined by directed arcs, restricted to the three con-
ditions

1. For any D; € D there is a single node B; € B such that pa(D;) = B;.
2. For any D;j # Dy, we have pa(D;) N pa(Dy) = 0.
3. For any D; € D, we have ch(D;) = 0.

For each B; € B we specify E(B;), Var(B;) and Cov(B;,pa(B;)). For each Dj € D we
specify f(d;,pa(d;)) and let Djp be the collection of nodes required to express f(d;) as
a belief structure and set Dp = szlD-7p. For any nodes A;, A; € BUDp we assert
(AillLsAj)|pa(A;), unless Aj is a descendent of A;.



Consider a node D; € D with pa(D;) = B;. In the augmented BLB graphical model, the full
joint probability distribution of D; and B; is specified and the implied belief structure has
base B; pUD; p. The separation statements of Definition 2 allow us to evaluate Cov(X,Y’) for
all X € (B), Z € (Dj,p). However, we cannot evaluate Cov(X, Z) for all X € (B), Z € (B; p)
since, for example, we only directly specify Cov(B;, pa(B;)) and so cannot construct the belief
structure with base B; p U pa(B;). The belief structure with base B U Dp is fully specified
but there is no other random quantity, which is linearly independent with this collection and
whose mean and variance we have specified in Definition 2, which we can add to this base
and maintain a fully specified belief-structure. In particular, notice that [B; p UD; p] is not
a subspace of [BU Dp].

5 Revising our beliefs following the observation of a sin-
gle node

We are interested in revising our beliefs over B following observation of nodes in the collection
D. Initially, we restrict attention to the observation of a single node D; € D and our proposed
method of revising our expectations and variances over B is given in Definition 3.

Definition 3 In an augmented BLB graphical model we define the revised expectation of
any X € (B) following the observation of D; to be the quantity

E(X||D;) = E(Es;(X)|Dj), 9)

where B; = pa(D;). For any X, Y € (B) we define the revised covariance of X and Y
following the observation of D; to be the quantity

Cov(X,Y||D;) = Coup,(X,Y)+ Cov(Ep,(X), Eg,(Y)|D;). (10)

Our motivation for the revisions given in Definition 3 is intuitive rather than formal.
Suppose we consider adjusting our beliefs using Bayes linear methods. Following the obser-
vation of D; p for any X € (B) we assign the adjusted expectation Ep, ,(X) and for any
X,Y € (B) we assign the adjusted covariance Covp, , (X,Y’). Notice that since ch(D;) =0
then we have (B1LgD; p)|B; and so we can exploit local computation to calculate our ad-
justed quantities. Utilising equations (16) and (17) of Goldstein & Wilkinson (2000), we
have, for any X,Y € (B),

EDj,P(X) = EDJ',P(EBJ'(X))§ (11)
Covp, ,(X,Y) = Coup,(X,Y) + Covp, ,(Ep,;(X), Ep;(Y)). (12)

We may calculate our adjusted quantities by performing calculations between D; p and B;
and then between B; and B. However, the calculation involving D; p and B; does not fully
utilise the full probability specification between D; and B;. In particular, we have additional
information about the reliability of Ep, p(B;) given by Var(B;|D;). In a similar spirit to
the variance modified linear Bayes estimator developed by Goldstein (1979, 1983), a natural
generalisation of equations (11) and (12) to incorporate the benefits of performing a full
posterior analysis of B; given D; is to use Bayes conditioning for the calculations between
D;,p and B; rather than Bayes linear calculations. This leads directly to equations (9)
and (10). Notice how if X € (B;) then E(X || D;) = E(X|D;) and if X,Y € (B;) then
Cov(X,Y || D;) = Cov(X,Y|D;).

An alternative interpretation is to notice that since for all X € (B), Ep, ,(X) is the
orthogonal projection of X into [D; p] and [D; p] is the belief structure representation of



a full probability measure then, see for example Cambanis (1982), Ep, ,(X) is also the
conditional expectation of X given Dj, that is

Ep, »(X) = E(X|D;) = E(X || D;). (13)
Thus, E(X || Dj) is the conditional expectation for all X € (B). It will not, in general, be

the case that Ep,(X) = E(X|B;). Now, equation (11) may be obtained by decomposing X
into two orthogonal components,

X = Eg,(X)+{X - Eg,(X)}, (14)

and observing that the assertion that (B1LsD; p)|B; implies that for all X € (B),Y € (D; p),
Cov(X — Ep,;(X),Y) = 0. If a full probability specification had been made between B and
D; then we could use equation (14) to calculate Var(X|D;) as

Var(X|D;) = Var(Ep;(X)|D;)+ Var(X — Ep,;(X)|D;) +
2Cov(Ep,(X), X — Ep,(X)|D;)  (15)
= Var(Bp,(X)|D;) + E{X — Ep,;(X)}?|D;) +

2E(Ep; (X){X — Ep;(X)}D;),  (16)

(
where equation (16) follows from equation (15) by applying equation (13). Now if X ¢ (B;)
then our specification is not sufficiently detailed to allow us to compute E({X —Eg, (X)}?|D;)
and E(Ep,(X){X — Ep,(X)}|D;). However, observe that

E(E({X - E5,(X)¥’|Dy)) = E({X - Bp;(X)}*) (17)
= Varg;(X), (18)
and
E(E(Ep;(X){X - Ep;(X)}|D;)) = E(Ep;(X){X - Ep;(X)}) (19)
—  Cov(Eg,(X), X — Bg, (X)) (20)
= 0, (21)

so we can calculate the expectations of E({X —Eg, (X)}?|D;) and E(Eg, (X){X —Eg,(X)}|D;)
from our prior specifications. A plausible approximation to Var(X|D;) is Var(Eg, (X)|D;)+
Varg,;(X). We could view equation (10) as an approximation to Cov(X,Y|D;) given only a
limited specification between B and D;.

We may consider Cov(X,Y || D;) to be either a natural generalisation of Covp; ,(X,Y)
to incorporate a more detailed partial prior specification, given only a partial prior specifi-
cation, an approximation to Var(X,Y|D;). Observe that

E(COU(EBj (X)7EB]' (Y)|DJ)) =
E(EBj (X)EBj (Y)) - E(EDJ‘,P (EBj (X))EDj,P (EBj (Y))) (22)

= E(Ep,;(X) — Ep, ,(Ep;(X))Ep,(Y) — Ep, ,(Ep;(Y))) (23)
= COUDj,P (EBj (X)7 EBJ' (Y))7 (24)

where equation (23) follows from the fact that since Ep, , is the projection operator, for any
V,W € (B), Cov(V — Ep, ,(V),Ep, ,(W)) = 0. Taking the expectation of equation (10),
and using equation (24) we find that

E(Cov(X,Y|D;)) = E(Cov(X,Y || D;)) = Coup, . (X,Y). (25)



We view the belief revision in Definition 3 as for each X,Y € (B) replacing E(X) by E(X ||
D;) and Cov(X,Y) by Cov(X,Y || D;). Our prior beliefs were collected into the belief
structure [B] and we collect our revised beliefs together as the belief structure [B || D;].

The revision of our prior specifications over the linear space (B) have been defined in
Definition 3 through the use of the separation statement (B1LsD; p)|B;. We now investigate
whether this definition is consistent in the sense that if collections A = {A;y,..., A}, C =
{C1,...,Cs} C B are such that (A1lLsD; p)|C can we perform local computations so that the
revision of A by D, p is obtained via calculations between D; p and C and between C and A?
If so, how are these calculations performed? Also, we wish to explore when belief separation
is preserved following the revision of belief. We shall make use of the following lemma; the
proof is in the appendix.

Lemma 1 Let A = {Ay,..., A}, C = {C1,...,Cs}, F = {F1,...,Fi} be three collections
of random quantities from B.

1. If (AlLsD; p)|C then (AlLsB;)|C, where B; = pa(D;).
2. If (ALLsF)|C U Dj p then either (ALLsD; p)|C or (F1LsD; p)|C.

The following theorem shows that we can perform local computations to obtain the revision
of belief; the proof is in the appendix.

Theorem 1 Suppose collections A = {A1,..., A}, C = {C1,...,Cs} C B are such that
(AlLsD "P)|C, then:

(i) E(A[D;) = E(Ec(A) | Dj); (26)
(i) Var(A|Dj) = Varc(A) + Var(Ec(A) || Dj); (27)
(iii) Cov(C,A || D;) = Couv(C,Ec(A) || Dy); (28)

Theorem 1 is the analogous theorem to Theorem 4 of Goldstein & Wilkinson (2000). Theorem
1 allows us to make use of the separation statement (ALLsD; p)|C to perform a revision of
belief step between D; and C, a collection of beliefs for whom the path between them on
the moral graph contains a mixture of fully specified and partially specified nodes since
(C1LsDj p)|B;, and a Bayes linear adjustment between C and A, a pair with only a partial
specification made between them. We now consider when separations in [B] are preserved in
[B || D;j]- We have the following theorem; the proof is in the appendix.

Theorem 2 Suppose we have three collections, A = {A1,..., A}, C = {C1,...,Cs}, F =
{F,.... 7} C B such that (ALLgF)|C and that we denote the respective revised (by D;)
belief structures as [A || D;], [C || Dj], [F || Dj]. If, additionally, (ALLsF)|C U D; p then
([A | DI Ls[F | D;DIIC | Dj], that is

Cow(A,F||D;) = Cou(A,C | Dj)Vart(C || D;)Cou(C,F || D;)- (29)

Notice from Theorem 1 of Goldstein & Wilkinson (2000) that if we view our augmented BLB
graphical model as a Bayes linear graphical model, then ([A/D; p]lLs[F/D; p))|[C/D;,p]-
The belief structure [B || D;] preserves the same separations as [B/D; p]. We consider our
modification to be the replacement of [B/D; p] by [B || D;], a structure which incorporates
the additional information provided by the full specification between D; and B; but maintains
the same separations as the Bayes linear adjustment. If we additionally wanted to observe



quantities in B, we may perform Bayes linear adjustments on the structure [B || D;]. Suppose
we wish to observe the collection C = {C;,...,Cs} C B and perform Bayes linear adjustment
of [B || Dj] following the observation of C, where we have also revised our beliefs about
C by D;. We denote the adjusted mean and variance for any X in (B) by E¢|p,(X) and
Vare|p,(X). We have the following corollary to Theorem 1.

Corollary 1 Suppose collections A = {A1,..., A}, C = {C1,...,Cs} C B are such that
(.AJ.LS'Dj,p)|C, then:

(i) Ecyp,(A) = E(Al D) + Covu(A,C || D;)Var!(C || D;)(C — E(C || D;)

= Ec(A); (30)
(ii) Vareyp;(A) = Var(A || D;) — Cou(A,C || Dj)Var! (C || D;)Cou(C, A || D;)
= Varc(A). (31)

Corollary 1 shows that [[A || D;]/[C || D;]] = [A/C] and is reassuring: if (AlLsD; p)|C then
we would expect to gain no further information about A by revising by both D; and C than
if we just revised by C; the relationship between A and C is Bayes linear. The modified
revision of B by D; rather the Bayes linear adjustment does not affect our understanding of
the separations in the augmented BLB graphical model.

5.1 The introductory example revisited

The abstract motivational example of Section 1 may be viewed as an augmented BLB model
with three nodes, By, By and D, and two directed arcs, (B1,D1) and (Bi,B:). We may
easily verify that (B, 1LgDs,p)|Bi. Following the observation of D;, we revise our beliefs
over B = {B1, B>} using equations (9) and (10). We find that

Dy
E(B|[Dy) = ( ); (32)
%+11—8’D1
1-D2 L _1p2
Var(B||Dy) = ( ! 18 1871 ) (33)
s~ w07 %~ mDi

Observe how our intuition outlined in Section 1 is captured. If D; = 0 then Var(B ||
D; = 0) = Var(B), reflecting the uninformative nature of this observation. If D; = +1
then Var(B:1||D1 = £1) = 0 and Cov(By,B:||D1 = £1) = 0, whilst Var(B,||D; = £1) =
Varg,(B1). In Section 1, we argued that an observation of D; = +1 was equivalent to
observing both D; and B;. The separability statement (B2 L sD; p)|B1 implies that By is
sufficient for this revision and so once more our intuition is captured. The belief revision of
the variances given by equation (10) allows us a systematic way of capturing our intuition
without requiring further specification.

6 Partition testing

Software testing is performed to reduce the risk to the producer and the user of releasing a
poor quality product. Typical quantities of interest concern the reliability of the software.
Test managers have to determine what subset of all possible inputs should be selected for
testing in order to maximise the quality of the software constrained by the cost and the time
of testing. Rees et al. (2001) gives a discussion of software testing in industry, focusing upon
the problems faced by test managers and the difficulties of testing. In partition testing,



the input domain I is partitioned into k disjoint subdomains, I;, ..., I such that each
member of the subdomain is judged to have the same effect upon the system. Typical
[REFS] assumptions include the judgement that test results for inputs in one subdomain
provide no information about the test results for inputs in any of the other subdomains and
that, within the same subdomain, all inputs yield either all correct outputs or all incorrect
outputs. Coolen et al. (2001) proposed the use of Bayes linear methods in partition testing.
This approach does not require the two assumptions outlined above (although they can
be modelled) and makes explicit use of the expert knowledge held by the software testers.
Letting X 4; be the value of the ith input in the I;th subdomain and X, = {X 1, X2, ...} be
the total collection of values for the potential inputs for the I,th subdomain, then partition
testing may be considered as the scenario where the collections X7, ..., X are judged to be
co-exchangeable. As defined by Goldstein (1986a), this requires that the joint second-order
specification for each X,, X} to be invariant under permutation; that is

E(Xgi) = py Vg,is (34)
Var(Xg) = dg Vg,i; (35)
Cov(Xgi,Xg;) = c¢q9 Vg,i # J; (36)
Cov(Xgi, Xnj) = cgn Vg # hyi, J. (37)

Assuming a potentially infinite number of available inputs in each subdomain, we may apply
the representation theorem of Goldstein (1986a) to write

Xgi = M(Xg)+Ri(Xg)a (38)

where the R;(X,) are mutually uncorrelated with mean zero. They are also uncorrelated
with each M(X,). M(X,) is constructed as

M(X,) = lim iZXg,-, (39)

ng—00 Ng Pl

with the limit in mean square and so can be regarded as the underlying population mean
for the I th subdomain. R;(X,) is then the discrepancy from M (X,) for the ith input in
I,. Coolen et al. (2001) consider the situation of binary test results setting X,; = 0 if the
ith input in the I,th subdomain gives the correct corresponding output and Xy = 1 if the
corresponding output is incorrect. In this simplification we have that dy = pg(1 — pg).

In this 0 — 1 framework, M(X,) may be viewed as the underlying average proportion
of failures in the I,th subdomain and so the collection of values M(X) = {M(X,), ...,
M(X)} is a fundamental collection of random quantities of interest, as linear combinations
of the M(X,) may be viewed as measures of the reliability of the software, for example,
the overall total proportion of failures. Observe from the representation theorem, equation
(38), and the fact that the R;(X,) are mutually uncorrelated, that if M(X,) was known,
each X ; may be viewed as an independent Bernoulli trial with probability M(X,) of being
a failure; see Goldstein (1994; Section 14.2) for a discussion on the analogous situation of
coin tossing. Thus, given M(X,), we may think of the tests in the I,th subdomain to be
binomial sampling.

In the assertion of the co-exchangeable model, it is the covariances between each M (X,)
and M(X}) that provides the ability to learn about inputs in other subdomains from ob-
served inputs in a subdomain of interest. Typically, testers have a thorough knowledge about
the effects of particular test cases but a weaker knowledge about the relationships between
different test cases. This knowledge may be reflected by, having specified a co-exchangeable



model, a willingness of the testers to expand their beliefs about the individual subdomains
by expressing a full probability distribution for each M(X,). If this is the case, we may
think of the co-exchangeable model corresponding to an augmented BLB graphical model as
we now explain.

Suppose that in the I;th subdomain we consider performing n, tests. The collection of
these measurements Dy p = {X,1, ..., Xgn, } form a partition and the co-exchangeable spec-
ification yields the separation statements, for each g,h =1,...,k, g # h, (M(X)1LsDy p)|
M(X,) and (DppllsDy p)|M(X,). If, in addition to introducing the co-exchangeable
model, we are willing to give a full probability specification for each M(X,) then since
tests in the I;th subdomain, given M(X,), may be viewed as binomial sampling, we have
thus specified the full joint probability distribution between M(X,) and D, p for each
g- Thus, the collection of nodes M(X) U {U’;:ng,p}, with the separation statements,
(M(X)1LgD, p)M(X,) and (Dp pllsD, p)|M(X,) form an augmented BLB graphical
model.

For simplicity of exposition, we shall assume that the prior distribution for each M (X,)
is Beta(ay, f,) as this is the standard conjugate prior distribution for binomial sampling.
Performing ng, tests in the I;th subdomain and observing z, incorrect outputs gives the
posterior distribution of M(X,), M(X,)|D,, to be Beta(ay +x4, By +ny —x,). For software
testing, we assume that, if a fault is found testing is halted and the fault repaired and a
fresh test suite designed. Thus, we assume that all the observed test outcomes are correct,
so that each z, = 0.

In parallel with Coolen et al. (2001), we choose the triangle classification problem as an
illustrative example. The input is three positive integers A > B > C and the output should
be whether the integers form the sides of a triangle and if they do, what kind of triangle
they form. In Example 1, Coolen et al. (2001) consider a partition into five subdomains:

1. (A< B)V (B < () (illegal order)

(A>B+C)A(A>B>C) (not a triangle)

2. A > B+ C) A (B =C) (not a triangle)

(A = B = () (equilateral)
3. (A =B > () (isosceles)
{ (A>B=C)A (A< B+ () (isosceles)
(

4. (A>B>C)A
5{(A>B>(J)

A (A% = B2 4+ C?) (right scalene)

A? < B? 4+ C?) (acute scalene
(
(A2 > B? + C?) A (A < B + C) (obtuse scalene)

> >

(A>B>0C)

These five subdomains are themselves a further partition of the nine subdomains taken by
Weyuker & Ostrand (1980). We first specify our expectations and variances over the vector
M(X) = (M(X1),...,M(X5))T. We take the same prior specification as Coolen et al.
(2001) and so assert E(M(X)) = (1/5, 1/5, 3/10, 2/5, 1/2)T and

4 1 3 1 1

125 500 1000 250 200

1 13 1 1

500 125 1000 250 200
3 _1r 3 1 1

Var(M(X)) = 1000 1000 200 250 200 (40)

1 1 1 1 1

250 250 250 50 100

1 1 1 1 1

200 200 200 100 40
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From these we may fit the Beta distributions with the same means and variances. For
example, M(X;) is assigned the Beta(19/5, 76/5). Suppose that we consider observing
tests in only a single subdomain. Using equations (9) and (10) we calculate our revised
expectations and covariances. The revised expectations are equivalent to the Bayes linear
expectations and so we shall not dwell upon them here. The revised variances may be
expressed as follows:

25n1 (646 + 58n1 + n?)

Var'(M(X) || D)) = 19076 1 57 Esq1+ Var ' (M(X)); (41)
Vo M) o) = ZRE IR g, Lya ey (@)
Var '(M(X) || D) = 100”;%? e ") gyt Var (MX); (43)
Var-'(M(X) || Ds) = 25"4(2126;2;4?‘;21 )“L " g Varr (MX); (44)
Var '(M(X) || Ds) 4"5(891(;4?822; ") By 5 + Var  (M(X)); (45)

where Es; denotes the 5 x 5 matrix whose only non-zero entry is the (j,j)th entry, which
is 1. The form of equations (41) - (45) is a direct consequence of separation statements
(M(X)1LsDy p)|M(X,) for each g = 1,...,5. As we argued, we may view Var(M(X) ||
D,) to be a sensible modification of Varp, , (M(X)) to allow for the additional information
provided by conditioning between D, and M (X,) and so we should compare the two variance
matrices. Considering the first subdomain, we find:

Var(M(X) || D1) = Varp, ,(M(X)) =

—19n1(ny + 14)
125(19 + n1)(n? + 39n1 + 380)

(46)

QU N 0w = =
e oot Gleo G| i
Bl Slee Rl oo ooreo
Slovsim 5w ool o=
25t lon Rl Eler ooten

so that for all sample sizes, Var(M(X) || D1) < Varp, ,(M(X)). Indeed, we may readily
find that for all g and all ny, Var(M(X) || Dy) < Varp, , (M(X)). This is not surprising.
The Bayes linear adjusted variance effectively averages across all sample outcomes and so,
since seeing all tests to be successes in a Binomial sample with the initial priors has a small
probability, attaches little weight to the variance attached with the data outcome. However,
in our revised variances, we can take the conditional variance Var(M(X,)|D,) and use this
to alter the weightings for the other Var(M(X)|D,).

7 Linking the revisions; belief transforms

Goldstein (1991) describes a general approach to the comparison of an original inner product
over a collection, B, over quantities of interest and a derived quadratic form over these
random quantities.

Definition 4 (Bachman & Narici (2000; Section 20.4)) A symmetric psd sesquilinear func-
tional on a linear space (B) is any real-valued functional, g, satisfying, for all X, Y, Z in

11



(B) and numbers a, b,

9(X,Y) = g(¥,X); (47)
9(X,X) > 0 (48)
9(aX +bY,7) = ag(X,Z)+bg(Y,Z). (49)

A real inner product space is an example of a symmetric psd sesquilinear functional; notice
that, unlike a real inner product spaces, such functionals allow non-zero elements to have zero
norm. Thus, if g relates to a covariance, we may have quantities in (B) with zero variance.
If there is a constant k for which |g(X,Y)| < k|| X ||| Y || for all X, Y in (B) then g is
said to be bounded and k is the norm of the functional. Notice that, for observation of data
D = d, conditioning, Cov(X,Y|D = d), and Bayes linear adjustment, Covp(X,Y), are two
examples of bounded symmetric psd sesquilinear functionals.

Theorem 3 (Bachman & Narici (2000; Section 21.1)) A necessary and sufficient condition
for g to be a bounded symmetric psd sesquilinear functional over the Hilbert space (B) is that
g is of the form

9(X,Y) = (X,8Y), (50)
where S is a bounded self-adjoint operator over (B), with norm equal to the norm of g.
Goldstein (1991) uses this construction in making the following definition.

Definition 5 The bounded self-adjoint operator S defined by equation (50) is termed the
belief transform for (-,-) associated with g. The complementary belief transform T is defined
by T =1— S, where I is the identity operator over (B).

Typically, we shall take (-,-) to be the covariance inner product. If B is finite, consisting of r
quantities B;, we construct S as follows. (-,-) is represented by the matrix Var(B). We form
the r x r matrix U whose (4, j)th element is g(B;, B;). The representation of S is S(B) =
Vart(B)U. For a general Y = by + b7 B, we have SY = BTS(B)b.

The most familiar belief transform is in the Bayes linear setting when g(X,Y’) = Covp (X,
Y). The belief transform is denoted by Sp and the matrix representation of Sp is

Sp(B) = Var'(B){Var(B) — Cov(B,D)Var' (D)Cov(B,D)}. (51)

The complementary belief transform to Sp is termed the resolution transform, written Tp.
Goldstein (1981) introduces and studies the properties of Tp, revealing that, for each X €
(B), Tp(X) is the point in [B] which is closest to Ep(X) so that Tp(X) = Ep(Ep(X)). Tp
itself may be considered as a belief transform via the functional

RCovp(X,Y) = Cov(X,Y) —Covp(X,Y) = Cov(X,Tp(Y)). (52)

When we want to explicitly designated the space over which Sp and Tp are operating, we
write the respective transforms as Sg,p, T,p-

The importance of Sp is that it essentially transforms the original belief structure [B]
into the adjusted belief structure [B/D]. In our revision of [B] into [B || D;] in Section 5, the
quadratic form for the revision is Cov(X,Y || D;), see equation (10). Cov(X,Y || D; = d;)
is the sum of two bounded symmetric psd sesquilinear functionals on (B) and so is one itself.
Thus, from Theorem 3, there is a bounded self-adjoint operator Sp|p, satisfying, for each
X, Y in (B),

Coo(X,Y | D;=d;) = Cou(X,Sgyp,(Y¥))- (53)

12



We term Sp|p, the revised belief transform, with matrix representation Sg|p, (B) = Var'(B)
Var(B || Dj = dj). The complimentary revised belief transform is Tz p, = I—Sp)p,, termed
the revised resolution transform. Notice that whilst

RCou(X,Y || Dj =dj) = Cov(X,Y)—Cov(X,Y || D;j =d;) = Cov(X,Tp)p,(Y)), (54)

it is possible that RVar(X || D; = d;) < 0 and so RCov(X,Y || D; = d;) is not a symmetric
psd sesquilinear functional.

Sp|p; transforms the original belief structure into [B || D;]. We consider local computa-
tion properties of the transforms; we have the following corollary to Theorem 1.

Corollary 2 Suppose collections A = {A1,..., A}, C = {C1,...,Cs} C B are such that
(ALLsD; p)|C, then for allY in (A):

(i) Sap;Y) = Sasc(Y) + Ea(Se)p, (Ec(Y))); (55)
(i) Tap,(Y) = Ea(Te)p,(Ec(Y))). (56)

Notice that Corollary 2 permits the calculation of Sg|p;, T|p,; by setting A = B and
C = Bj.

We may calculation equations (9) and (10) by computing the pair { E(B || D;), Sp|p, (B)}-
To calculate this pair, since (B1LsD;, p)|B;, it is sufficient to calculate the evidence message

{EB; | D;) = E(B,|D;), Sg, v, (B;) = Var'(B;)Var(B;|D;)}. (57)

Consider the Bayes linear adjustment of B following the observation of D; p. To calculate
the pair {Ep, ,(B), Sp/p; »(B)}, equations (16) and (19) of Goldstein & Wilkinson (2000)
show that it is sufficient to calculate the evidence message {Ep, . (B;), Ss,/p,»(Bj)}. By
comparing equation (26) with equation (16) of Goldstein & Wilkinson (2000) and equation
(56) with equation (19) of Goldstein & Wilkinson (2000): the only difference between the
calculation of { E(B || D;), Sg|p,(B)} and {Ep;, ,,(B), Sg/p, » (B)} is in the evidence message
received. Given the evidence message, they are computed in an identical fashion. The
consistency of equations (9) and (10) allows us to calculate locally and once more, given the
evidence message, these computations are identical to those in the Bayes linear adjustment.

8 Revising our beliefs following the observation of a
data collection

Suppose we now consider revising our beliefs over B following observation of nodes in the
collection D* = {D(y), ..., D(yy} where D* C D. We assume that the nodes in B are suitably
labelled so that pa(D;) = B; and we let D* = U‘;-':ID(j), p- In Section 5 we discussed the
revision of B following the observation of a single node D;, see Definition 3. The proposed
revision involved exploiting local computation techniques noting that (B1LsD; p)|B;. The-
orem 1 and Corollary 2 illustrated that the revision given in Definition 3 provided a way to
embed full conditioning into the Bayes linear model over B by utilising the separating node
B; = pa(D;j). For the D* notice that (B1LsDp)|B*, where B* = U‘J?IZIBU). This suggests a
similar approach for the revision of B following the observation of D*: we perform the re-
vision using calculations between the pair {D*, B*} and between the pair the pair {B*, B}.
The pair {B*, B} are partially specified so that we may advocate a Bayes linear calculation
between this pair; the pair {D*, B*} involves a mixed level of specification and we consider
a suitable revision of this pair.

13



Definition 6 In an augmented BLB graphical model we define the revised expectation of
any X € (B*) following the observation of D* to be the quantity

7

E(X (DY) = 3 B(Shp,, S5 1o+ (X) [ D), (58)
where
Speyp(X) = (D Sheyp,,, — (s = DDI(X). (59)
j=1

For any X, Y € (B*) we define the revised covariance of X andY following the observation
of D* to be the quantity

Cov(X,Y || D*) = Cov(X,Sp«p+(Y)). (60)

To motivate this definition, consider three belief structures [X], [V], [£] with the property
that (¥ 1L sY)|Z. It can be shown that equivalent representations of equations (20) and (21)
of Goldstein & Wilkinson (2000) are, for all Z € (Z),

Szixy(Z) = (St +5SL,,—D(2); (61)
Ez/xuy(Z) = EX(SfZ/XSZ/XUy(Z)) + Ey(sfz/ySZ/Xuy(Z))- (62)

Now, on the augmented BLB graphical model, if D°, D° C D with D° N D° = ( then
(DS LLgDY)|B*. If we are performing the Bayes linear adjustment of [B*] following the
observation of D%, then we may adjust our beliefs via repeated use of equations (61) and
(62) using any subsets of D* we desire. In particular, setting Dy = UleD(j) then we
have (Dpy,plLlsD41))|B* for each k& = 2, ..., s’ — 1 and so we may first merge the
revisions by D(;) and Dy), and then merge the revisions by Djy} and D(3), and so on.
By decomposing each Sp«/p,, ,(-) and Epy, ,(-), we can see that we have Sp«/ps (X) =

(Ci=1 She o,y » —(" = DDNX) and Epy (X) = S5_, By (Sh. jp, , Spe /03, (X)) for any
X in (B*). To perform this adjustment we only require the sets { Ep,,, ,(B*), Sp+/p;, » (B*)}
for each j =1, ..., s. Noting that (B*1LsD(;) p)|B;, all that is required to calculate each
{ED(j),P (B*), SB*/D(j),p (B*)} is [B] and {ED(j),P (B(j))a SB(J')/,D(J‘)’P (B(]))}

In Section 5 we showed that [B || D(;)] has the same structure, in terms of its separations,
as [B/Dy;),p] but incorporates the additional information provided by the full probability
specification between D;) and Bj). Consequently, the same applies for the subspaces so
that [B* || D(;)] has the same structure as [B*/D(;y p]. A natural way to incorporate this
additional information at each pair {B;), D(; } in the revision of [B*] by D* is to replace each
set {Ep;, , (B*), S5 /p ) » (B*)} by {E(B* || D(j)), Sp-p(B*)}. This leads to equations (58)
- (60). Recall, from equation (13), that each E(B* || D(;)) = Ep;, , (B*) so that, in a spirit
similar to Goldstein (1979, 1983), equations (58) - (60) may be viewed as variance modified
Bayes linear estimates for (B*).

Definition 7 In an augmented BLB graphical model we define the revised expectation of
any X € (B) following the observation of D* to be the quantity

E(X|[D*) = E(Ep-(X) | D), (63)

For any X,Y € (B) we define the revised covariance of X and Y following the observation
of D* to be the quantity

Cov(X,Y||D*) = Covp-(X,Y)+ Cov(Eg-(X),Ep-(Y) || D*). (64)
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Notice the similarity between Definition 3 and Definition 7. In Definition 3, we have
(BLLsD;)|B;. For the Bayes linear adjustment of [B] by D; p it is sufficient to known
[B] and the evidence pair {Ep, ,(B;), Sp,/p, »(B;j)} and the revised adjustment of Defini-
tion 3 may be viewed as the modified Bayes linear adjustment, obtained by replacing the
evidence pair to {E(B; || D;), Sp;|p,(B;)}: this evidence is absorbed into B using Bayes
linear calculations. The same applies to the revision as described in Definition 6. We have
(B1LsD%)|B*. The Bayes linear adjustment of [B] following observation of D% requires only
the evidence message {Eps, (B*), Sp+/p; (B*)} and [B]. We modify the evidence message
to {E(B* || D*), Sp+p-(B*)} and absorb it into [B] using Bayes linear calculations. In a
similar vein to Theorem 1 and Corollary 2 we may obtain the following theorem; the proof
is similar to Theorem 1 noting that if (ALlLsD%)|C then (AL sB°)|C.

Theorem 4 Suppose collections A = {A1,..., A}, C = {C1,...,Cs} C B are such that
(ALLsD3})|C, then:

(i) E(A|D*) = E(Ec(A) || D); (65
(i) Var(A|D*) = Varc(A) + Var(Ec(A) || D*); (66
(iii)) Cov(C,A || D*) = Cou(C,Ec(A) || D); (67
(i) Sup-(V) = Sase(V) + Ea(Sepp- (Be(Y))) YY € (B). (68

~— ~— — ~—

It should be noted that we have not defined how to revise any Dj, € D following the
observation of D;. If we do not wish to observe D; then we could treat the collection D; p
as a member of B. If however, having observed some D* C D we were to later observe Dy, a
sequential update of the form [[B || D*]/[Dy,p || D;]] may not be the best way to utilise the
specifications made in Definition 2 and will not equal [B || D* U Dy]. To see this, consider
D* = D;. Notice that whilst the belief structure [By, p] is specified, if W € (B, p), we cannot
obtain Cov(W,Y) for all Y € (D; p). In particular, we cannot deduce Cov(B3,Y). Thus,
revisions by D; can only occur on the belief structure [By]. Revision of By, by Dy, having first
revised everything by D; can only use the second-order structure of the relationship between
By and Dyi. In contrast, equations (58) - (60) do utilise the full probabilistic between each
B; and D;.

8.1 Local computations for the revision

We commented that the revision provided by Definition 7 may be viewed as modifying the
evidence into [B*] and absorbing this using Bayes linear methods. Theorem 4 shows that
this revision is consistent for separations on the augmented BLB graphical model. The
modified evidence, {E(B* || D*), Sp-|p+(B*)}, is obtained, see Definition 6, by taking the
evidence at each B(;), {E(Bg) || D)), SpyIp,, (B())}s and absorbing it into B* using a
Bayes linear calculation. The net result of our calculations is that we compute the modified
evidence, for each j =1, ..., s', {E(B; | D)), SB(J.)”D(J.)(B(]-))} and absorb it into B using
Bayes linear calculations. The consistency of Bayes linear adjustment and Theorems 4 and
Theorems 5 of Goldstein & Wilkinson (2000) coupled with Definition 7 and Theorem 4 gives
us the following theorem; equations (69) and (70) follow from equations (61) and (62) and
equations (71) and (72) by inverting equations (69) and (70). Notice that if (D} 1sD%)|A
then (B*1LgB°)|A.
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Theorem 5 If D°, D° C D, A C B are such that (D3 1LsD3)|A then

() Saypepe(A) = (Shype(4) + Sk pe (A) = DT (69)
(#) ET(A[D°,D°) = (E"(A|D°)SYpo(A) + ET(A | D°)STy 10 (A)
—E"(A))Sajpe,pe(A); (70)
(i) Sappe = (Saypepe (A = 8T pe (A) + D' (71)
(iv) E'(A|D°) = (E'(A[ D°,D°)S gpe,pe (A)
—E"(A || D°)Shype (A) + BT (A)Saype-  (72)

Notice, in particular, that since (D% 1LgD%)|B, we may obtain the equivalent definitions to
equations (63) and (64) that

’

E'"B|DY) = (3 E"BIDy)Shp, B) (' = )ET(B)Ssyp- (B),  (73)

Jj=1

where
Ssip-(B) = (3 Shyp,,, (B) — (s = DDT(X). (74)
and so Var(B || D*) = Var(B)Sg|p- (B).

9 Local computation for revision of the junction tree

Theorem 4 and Theorem 5 provide us with a method of calculating the belief revision using
a local computation algorithm. The following algorithm is a straightforward modification of
the local computation algorithm for global adjustment of the junction tree given in Section
3.4 of Goldstein & Wilkinson (2000). The algorithm is based on the junction tree for the
moral graph of the augmented BLB graphical model of Definition 2. Jensen (1996), for
example, provides details about the construction of the junction tree for the moral graph.
Notice that, as a consequence of conditions 1. - 3. of Definition 2, each D; appears in a single
node on the junction tree, that node being {D;, B;}. We denote the nodes of the junction
tree by Ji, ..., Jy, where u > s + 1. We may label the nodes so that for j =1, ..., s, J; =
{Dj, B;}. Thus, if t > s then J; C B. If J, and J; are connected on the junction tree with
separator W, then we let U, = J,. \ W,y and Uy = J; \ Wy, so that (U, 1LgUy)|W,¢. Notice
that each W,y C B. At each node Jy, t > s, we store E(J;) and Var(J;). A current value for
the revised belief transform S(J;) = Sy, p+(J;) and revised expectation A(J;) = E(J; || D*)
are also stored, where initially D* = () and so S(J;) = I and A(J;) = E(J). Later, D* C D.

Theorems 4 and 5 provide the basis for a local computation algorithm for the revision of
B by D as we now explain.

9.1 Entering evidence

For each j =1, ..., s at the node J; we store A(J;) = E(B; || D;) and S(J;) = Sg;|p,(B;)-
Note that if J; is connected to J; then Wy = J; N Jy = B;.
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9.2 Absorption

Suppose that the evidence {E(J; || D)), Sy, p;,(Jt)} is obtained by node J;, which
has current revision information A(J;) = E(J; || D*) and S(J;) = Sy, p-(Jt). Now
(D(i),pLLsD;),p)|Jy and using equations (69) and (70), Sy, b+, (Jt) and E(J; || D*, D(;)
are calculated and these replace the old values of S(J;) and A(J;): the new evidence Dy is
said to have been absorbed into the revision.

9.3 Message-passing

When requested for a message, a node Ji, for t > s, will compute V(J;) = Var(J,)S(J;)
and then return the message {A(J;), V(J;)} to the caller. For the nodes Jj, for j < s, we
return the evidence message {A(J;), S(J;)}-

9.4 Processing a collect-phase message

The structure of the junction tree for the augmented BLB graphical model means that
the only nodes that receive messages are the Jy for t' > s. If Jy receives the mes-
sage {E(J; || D*), Var(J; || D*)} from J¢, t > s, then Jp first extracts the marginals
E(Wy || D*) and Var(Wy || D*) where Wy = J; N Jy We then compute Sy, |p= (Wi ) =
Vart Wy )Var(Wy || D*). If Jy receives the message {A(J;), S(J;)} from J;, t < s,
then A(J;) = E(Wy || D*) and S(J;) = Sw,,,|p-(Wi). On the collect-phase we have
(Jyr ILsDE)| Wiy, so we use (65) and (68) to compute the message {E(Jy || D*), Sy, o+ (Jy)}
ready for absorption by Jy.

9.5 Processing a distribute-phase message

On the distribute-phase the message {E(J; || D*, D°), Var(J; || D*,D°)} is received by the
node Jy from the node J;. D° represents the information already absorbed by Jy and D* the
extra information to be absorbed into Jyr. Jy first extracts the marginals E(W,y || D*, D°)
and Var(Wyy || D*,D°) and then computes Sw, ,p+,pc(We) = Vart (Wi )Var(Wy ||
D*,D°). In the distribute phase, we have (D* 1L gD°)|Wyy and so utilise equations (71) and
(72) to form the message {E(Jy || D*), Sy, p+(Jr)} ready for absorption by Jy.

9.6 Collection and distribution of evidence
9.6.1 Collecting evidence

From the Jy, t' > s, pick an arbitrary root node and send it the message CollectEvidence.
When a node, J; receives this message, it sends the message to each of its other neighbours
and processes and absorbs each message in turn. If ¢ < s, the message {A(Jy), S(Jy)} is
returned to the caller, whilst if ¢ > s, the message {A(J;), V(J¢)} is returned to the caller.

Upon completion of the collect phase, the revision at each node represents the revision
by all nodes lower, with respect to the root node, than it in the junction tree. Notice that
the nodes J; for each j = 1, ..., s have no node lower than them. We now delete each J;
from the junction tree and operate a distribute phase on the junction tree with nodes Jsy1,

ey Sy
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Tested  E(M(X) D) E(M(X2) D) EM(Xa) D) BMXa) D) E(M(Xs) [ D)

Prior 0.200000 0.200000 0.300000 0.400000 0.500000
I 0.190000 0.197500 0.296250 0.395000 0.493750
I, 1> 0.187757 0.187757 0.292654 0.390206 0.487757
I, —1I3 0.184047 0.184047 0.272238 0.385033 0.481291
I, -1y 0.178454 0.178454 0.266899 0.353908 0.466241
I —1Is 0.170551 0.170551 0.259356 0.338036 0.421556

Table 1: Revised expectations for single successful test in the specified subdomains.

9.6.2 Distributing evidence

The message DistributeEvidence is sent to the root node. The node J; should, on receipt of
this message, process and absorb any message, and to all of its other neighbours pass the
message DistributeEvidence {A(J;), V(J¢)}.

Upon completion of the distribute phase, each node on the junction tree has been revised
by the total evidence, D.

10 Partition testing example revisited

We return to the partition testing example of Section 6. A junction tree representation of
the augmented BLB model consists of k& + 1 nodes: M(C) and the pairs {D,, M(X,)} for
each g =1, ..., k. The k separators are the nodes M(X,). We consider taking observations
in various subdomains and revise our beliefs over the M(C). Theorems 4 and 5 show that
we need only calculate the evidence messages {E(M (X)) || Dy), Sam(x,)|p,(M(Xy))}. The
assumption is made that each M(X,) is Beta(ay,, 8,) and we follow the convention that we
observe n, tests in the I;th subdomain and observe z, = 0 incorrect outputs; that is, each
observed test outcome is correct. Then, E(M(Xy) || Dy) = (ay/(0y + betag + ny)) and

Smx,m, (M(Xg) = Varl(M(Xy))Var(M(X,) || Dy) (75)

_ (ag + Bg)*(ag + By + 1) (By +1y) (76)
(ag + By + ng)2(ag + By +ng + :l)ﬂg7

and these evidence messages may be absorbed into B.

We now consider the explicit example where our prior beliefs over [M(C)] are the same as
in the first example of Coolen et al. (2001), see equation (40). We consider the effect where
a single input is tested per subdomain. To show the comparisons between observations
in different subdomains, we illustrate this by first considering a single input in the first
subdomain, and then add in an additional observation in the second subdomain, then the
third and so on.

The results of our analysis is shown in Table 1 and Table 2. Notice how, because of
the positive correlations, observing successful tests reduces our uncertainty in all of the sub-
domains. We now consider comparing the revised quantities with the Bayes linear adjusted
quantities. The results are shown in Table 3 and Table 4. Notice how each VD(M(X,)) is
negative, the revised variances are all smaller than the analogous adjusted variances. As we
pointed out in our analysis of the single subdomain observation, this is not surprisingly. Our
ability to condition avoids us having to average the variance across all possible data points
and the conditional variance for observing a test success is smaller than the Bayes linear
version. This is carried through when we merge our observation. Contrast this with the
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Tested  V(M(X1)[[D) VIM(X2)[[D) VIM(X3)[[D) VIM(X4)[[D) V(M(Xs)][D)

Prior 0.008000 0.008000 0.015000 0.020000 0.025000

I 0.007329 0.007958 0.014906 0.019832 0.024738
I,1> 0.007293 0.007293 0.014815 0.019671 0.024486
I, —1I3 0.007242 0.007242 0.013250 0.019571 0.024329
I, — 14 0.007175 0.007175 0.013190 0.017520 0.023850
I —1Is 0.007104 0.007104 0.013125 0.017232 0.021564

Table 2: Revised variances for single successful test in the specified subdomains.

Tested ED(M(X1)) ED(M(X2)) ED(M(X3)) ED(M(X1)) ED(M(Xs))

I 0.000000 0.000000 0.000000 0.000000 0.000000
Iy, 1> 0.000103 0.000103 0.000062 0.000082 0.000103
I, - I3 0.000317 0.000317 0.000401 0.000279 0.000349
I — 14 0.006644 0.006644 0.000806 0.000823 0.000810
I, —1Is 0.001125 0.001125 0.001348 0.001516 0.001309

Table 3: Differences between the revised expectations and the adjusted expectations for single
successful test in the specified subdomains, ED(M(X,)) = E(M(X,) || P)— Ep,(M(X,)).

Tested  VD(M(X1)) VD(M(X3)) VD(M(X3)) VD(M(Xa)) VDM(X3))

I -0.000271 -0.000017 -0.000038 -0.000068 -0.000106
I, 1> -0.000284 -0.000284 -0.000074 -0.000131 -0.000205
I, - I3 -0.000298 -0.000298 -0.000583 -0.000161 -0.000252
I — 14 -0.000307 -0.000307 -0.000589 -0.000588 -0.000341
I, —1I5 -0.000298 -0.000298 -0.000579 -0.000560 -0.000279

Table 4: Differences between the revised variances and the adjusted variances for sin-
gle successful test in the specified subdomains, VD(M(X,)) = Var(M(X,) || D)-
Varp, (M(X,)).
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observation that the revised means are all slightly larger than the corresponding adjusted
means.
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Appendix

Proof of Lemma 1 - We consider separations on the relevant moral graphs, see Lauritzen
et al. (1990), constructed from the augmented BLB graphical model where the node D;
represents the collection of random quantities D; p. For three collections of nodes of in-
terest, X, YV, Z, we denote the moral graph constructed over these nodes as Gy (X, Y, Z).
Gum (X, Y, Z) is constructed by restricting G to the nodes X, Y, Z and all their ancestors
and all the arcs between the nodes in this restricted collection. We draw an arc between any
two nodes that share a child but are not currently joined and then drop all arrows to form
Gu (X, Y, Z). If the nodes of Gy (X,), Z) are the same as G then we tern Gy (X,Y, Z) the
full moral graph, written Gy;.

The first statement is trivial by the observation that since pa(D;) = B; and ch(D;) = 0,
the moral graph Ga (A, Dj,C) is the moral graph Gar (A, B;,C) with the addition of the node
D; and an arc between B; and D;.

The second statement is trivial if B; € C and so we consider the case where B; is not
a member of C. If neither (AlLsD; p)|C nor (F 1 sD; p)|C then there is a node Ap, € A
such that there is a path on Gu (A, Dj,C) between Ap; and D; which does not intersect C
and there is a node Fp, € F such that there is a path on Gy (F,D;,C) between Fp, and
D; which does not intersect C. Since any path to D; must pass through Bj, there is a path
Ap; to Bj on G (A, Dj,C) which does not intersect C U D; and there is a path Fp; to B;
on Gy (F,Dj,C) which does not intersect C U D;. Both of these paths are available on the
moral graph G (A, F,C UD;) and so we can combine these two paths to show there is a
path between Ap, and Fp; on Gar(A, F,CUD;) which does not intersect CUD; p. This is a
contradiction to the statement that (A1LsF)|C UD; p and so the second statement follows.
O

Proof of Theorem 1 - From the first statement of Lemma 1, we have that (AlLsD; p)|C
= (AlLsB;)|C. Now,

E(A|D;) = E(Ep(A)D;) (77)
= E(Ep,(Ec(A)|D;) (78)
= E(Ec(A) [ D)), (79)
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where equation (78) follows from equation (16) of Goldstein & Wilkinson (2000) since
(AlLsB;)|C.

Var(A | D;) = Varg,(A)+ Var(Ep,(A)|Dj) (80)

= Varc(A) + Varp,(Ec(A)) + Var(Ep, (Ec(A))|D;) (81)

= Varc(A) +Var(Ec(A) || Dy), (82)

where equation (81) follows from equations (16) and (17) of Goldstein & Wilkinson (2000)

since (AlLsB;)|C.

Cou(C, Al D;j) = Coup(C,A) + Cov(Eg,(C), Ep; (A) || D;) (83)
= Coup;(C, Ec(A)) + Cov(Ep; (C), Ep; (Ec(A))|D;) (84)
= Cou(C, Ec(A) || Dj), (85)

where equation (84) follows from equations (16) and (18) of Goldstein & Wilkinson (2000
since (AlLsB;)|C. m|

~—

Proof of Theorem 2 - If (A1l sF)|CUD;,p then we may assume, without loss of generality,
that (A1lLgD; p)|C; see the second statement of Lemma 1. Applying equation (28), we have

CoAC I D;) = Coo(Ee(A),C I Dy) (36)
= Cov(A,C)Vart(C)Var(C | D;). (87)

Thus,

Cov(A,C || Dj)Vart(C || Dj)Cov(C,F || D;) =

Cov(A,C)Vart(C)Cou(C, F || D) (88)
= Cou(A, C)VarT(C){CovB]. (C,F)+ Cov(Eg,(C), Ep;(F)|Dj)} (89)
= Cov(A,C)Var'(C){Cov(C,B;)Var'(B;)(Cov(B;, Eg, (F)|D;) — Cov(B;, F)) +

Cou(C, F)}. (90)

Now, since (A1LgF)|C then we have Cov(A,C)Vart(C)Cov(C,F) = Cov(A,F). Addition-
ally, since (AlLsD; p)|C then, from the first statement of Lemma 1, we have (AlLsB;)|C
and thus Cov(A,C)Vart(C)Cov(C,B;) = Cov(A, B;). Substituting these two into equation
(90) and rearranging gives

Cov(A,C || Dj)Var' (C || Dj)Cov(C,F || D;) =
Covg, (A, F) + Cov(A, B;)Vart (B;)Cov(B;, Es, (F)|D;j) (91)

= Coug; (A, F) + Cov(Ep, (A), Ep,; (F)|Dj) (92)
= Cov(A, F || Dy), (93)
and hence the result. O
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