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SUMMARY

We adopta Bayeslinear approacho tackle designproblemswith mary variablescross-classifiedn

mary ways.We investigatedesignsvherewe wish to sampleindividualsbelongingto differentgroups,
exploiting the powerful propertiesof the adjustmenbf second-ordeexchangeableectors. The types
of informationwe gain by samplingareidentifiedwith the orthogonalcanonicaldirections. We shav

how we may expressthesedirectionsin termsof the differentfactorsof the model. This allows usto

solve a seriesof lower dimensionalproblems throughwhich we may identify the differentaspectof

our adjustedeliefswith thedifferentaspect®f the choiceof design)eadingbothto qualitative insights
andquantitatie guidancefor the optimal choiceof design.

Keywords: BAYES LINEAR METHODS; SECOND-ORDEREXCHANGEABILITY; CANONICAL
DIRECTIONS; CANONICAL RESOLUTIONS; OPTIMAL DESIGN.

1. INTRODUCTION

Experimentabesignwith mary variablescross-classifieth mary waysis a challengingprob-
lem for Bayesanalysis.Typically, we wantto make inferencesaboutvariouscombinationsof
the elementsof the model, but it is unlikely thatall combinationswill be equallyimportant.
Differentobjectveswill leadto differentchoicesof optimum(for examplein termsof variance
reductionfor thequantitiesof interest).Often, it is difficult for formal designcriteriato capture
all of our aims, so that we needto have heuristicinsightsinto the typesof informationthat
eachdesigncorveys. Further introducingfully specifiedprior beliefsover a complex model
may be a difficult elicitation problem,andmay alsomake the optimal choiceof designhighly
complex computationally Therefore,our aimsareto i) simplify the elicitation requirements
i) tamethe computationaproblemsfor the designchoiceiii) provide qualitative insightsinto
the effectivenessof the different choicesof design. We argue that a Bayeslinear approach
providesa platform for achieving theseaims. We proceedasfollows. We motivate our ap-
proachthrougha simple example, beforebriefly reviewing Bayeslinear methods. We then
formalisethe ideasexhibited in the first example,shaving how we may simplify mary de-
signsof interestby decomposinghe designinto smallersubspacesyverwhichtheadjustment
hasthe samequalitative features.We concludewith anexampleillustratinghow we make the
simplifications.
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2. EXAMPLE 1 - LEARNING ABOUT MEAN COMPONENTS

Supposehat we have two collectionsof individuals,on eachof whom we wish to make the
sametwo measurementsThus, we could think of a clinical trial whereeachpatientreceves
one of two treatments.Denotethe measurement®r the sth individual in the gth treatment
group by the vector X; = [X1;, ngi]T. We considerthat individualsreceving the same
treatmentare second-ordeexchangeabl@nd co-exchangeablacrosstreatmentsdefinedas
follows. Let B;,7 = 1,2,... bea (potentially)infinite sequencef randomvectors,thenthe
collectionB3y, B, . . . is second-ordeexchangeabld thesecond-ordespecifications invariant
underpermutationj.e. if

EBi)=p Var(B)=V  Cou(B;,B))=C  Vi#] (1)

Goldstein(1986)derivedthefollowing representatiotheoremfor second-ordeexchangeable
randomvectors.We may introducethe vector M (B), representinghe underlyingmeancom-
ponentsandthe mutually uncorrelatedrectorsR; (B), R2(B), . . . representingheindividual
residualsirom the mean,andwrite B; = M (B) + R;(B) for eachi. Two second-ordeex-
changeableollections, 3] andB; aretermedco-exchangeablé thejoint second-ordespec-
ification is invariantunderpermutation,.e. if eachcollectionis second-ordeexchangeable
and Cou( }‘i,B;‘j) doesnot dependon ¢ or j. Supposethat B, B;, ... area sequencef
co-exchangeableexchangeablesystems wherewe write B, = M(B}) + R;(B;). Gold-
stein(1986)shavedthatall of theresidualvectors,;R ; (B}), aremutuallyuncorrelatedindare
alsouncorrelatedvith all of the underlyingmeancomponentectors, M (B;). Second-order
exchangeabilitythereforeproducesmodelprior specificatiorthrougha smallnumberof spec-
ifications over obsenable quantities,whilst also not placingtoo harsha constraintupon our
beliefs. Approachewia symmetricattitudesto the datamaybefoundin Dawid (1988).

We usetherepresentatiotheorento write X ,; = M(X,)+R;(X,), whereCov(M(X,),
R;(Xp)) = 0, Vg, h,j andCov(R;(X,), R;j(Xs)) = 0, Vg, h, i, j (exceptwhenbothg = h
andi = j). We thenneedto specifyCov(M(X,), M(X}3)) = Cyp andVar(R;(X,)) = E,.
Supposéhatwe make thefollowing specificatiorfor thesecovarianceandvariancematrices:

Cov(M(Xy), M(X4)) = Ygn (Z 3) Var(Ri(X,)) = (165 165> (2)

wherevy,;, = 1if g = h, and+y,;, = ~ otherwisefor —1 < v < 1. From eachgroup,we
wish to take a sampleof sizen. Constructhevectorof samplemeansX () = [Ya)l,fa)Q]T

Wheref(n)g = % Yo X,4i, andusethis to learnaboutlinear combinations/;; M (X11) +
l1aM(X12) + laiM(X21) + 12aM(Xs2), of the underlyingmeanquantities. Thus, we may
be interestedn the differencesbetweentreatmentdor a particularmeasurementhe overall
treatmeneffects,the differencedetweerthe measurementsnoverall averageandsoon.

We shalluseBayedinearfitting (seesection3). For agenerafuantity3, andobseneddata
vectorD, we may obtainthe adjustedvarianceV arp(B). Equivalently, the adjustedvariance
is the posteriorvarianceif thejoint distribution of all of our quantitiesis multivariatenormal.
Simple,scale-freemeasuresf the effect of anadjustmentponB aregivenby theresolution,
Rp(B), orequivalently RRp(B), theresolutionratio:

_Varp (B)
Var(B)

_ Var(B) = Varp(B)

Rp(B) = RRp(B) = Varp(B) (3)

Thus,if Rp(B) is nearzero,then,relative to our prior knowledgeabout, we do not expect
the sampleto be informative for B. A valueof Rp(B) closeto onesuggestshatthe sample
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is expectedto be highly informative for B. Likewise,if RRp(B) is very large,thenwe expect
the sampleto be highly informative. Typically, we may usesucha summaryto aid the choice
of optimal samplesizesfor designproblemswherevariancereductionof certainquantitiesof
interestis viewedasa benefit,balancedagainsthe costof the sample.

We shall focus attentionuponthe sum, S, = M(X,41) + M(X,2), andthe difference,
Dy = M(X41) — M(Xy2), of the variablesfrom eachgroup. Form the collectionsS =
{S1,S2} andD = {Dj, Dy}. Let (S), (D) bethe collectionsof linear combinationsof the
elementof S, D respectiely. It canbe checledthatevery elementn S is uncorrelatedvith
every elementn D. We consideffirst the effect of the adjustmenbf elementsn (S) by X ,,),
for asampleof sizen. Tablel summarisesheadjustment.

Table1. Resolutiongor thecomponentsf (S), adjustingby X ).

guantity resolution(samplesizen)
13n(1+
St =51+ 5 Ab(n) = 13n(15—’y)1)21
S_ =51 —5 A_(n) = o)

—(n) = 1Bp{l—)+21
(147)(1g ) (1=7)(ly ~lp)?
51+ 125 2(l%+2rylllg+l%))\ n) 2B+l lp+i3) (™

The two combinationsS, and.S_ areuncorrelatedandthe resolutionfor eachelement,
1151 + 1255, of (S) maybefoundasaweightedaverageof theresolutionsor thesetwo quan-
tities. For all n, thelargestresolutionis A, ,, correspondingo quantitiesproportionalto S,
andthesmallestresolutionis A_,,y correspondingo quantitiesproportionalto S—. Hencewe
expectto learnmostaboutquantitiesin (S) thatarehighly correlatedwith S, andleastfor
thosequantitieshighly correlatedwvith S_. Noticethatsincethis featuredoesnotdependupon
the samplesize,the underlyingfeaturesof the adjustmentithin (S) remainthe samefor all
samplesizes.Obsene therole playedby the parametery. Asy — 1, we learnprogressiely
lessaboutthe differencedbetweenthe meansof the variablesacrosstreatments.Notice that
~v = 1 correspondso a correlationof onebetweerthe treatments Similarly, asy — 0, then
A_(n) = Ag(n)» @andwe learnequallyin thetwo directions.A valueof v = 0 correspondso
thetwo treatmentdeinguncorrelated.

We now considetthe effect of theadjustmenfor theelementof (D). Table2 summarises
theadjustment.

Table 2. Resolutiongor thecomponentsf (D), adjustingbyY(n).

guantity resolution(samplesizen)

_ _ _5n(149)
Dy =D+ D Hi(n) = Salie)10

_ _ _5n(1—y)
D_=D; - D, B(n) = 5n(1=7)+9

(14+7)(I1 +g)? (1=7)(11 —19)?
hD1 + 12Dy 22+ 27y lg+3) " T + 22429111y +3) " (1
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Thekey pointto obsene hereis thattheadjustmenbver (D) is essentiallthe sameasthat
over (S), with X replacedby u, sothateachof the commentghatwe madewhendiscussing
(S) remainvalid for elementsn (D).

We remarkfurtherthattheratio RRy(n) (S+)/RR7(n)(S_) ={1+~}/{1 —~} remains

thesamefor all choicesf matricesn (2). Additionally, notethatRRy( )(D+)/RRy( )(D_) =
RRy( ) (S4) /RRy( ) (S-) sothatthisratioremainsonstanaicrosghetwo coIIections.ChangI

ing thematricesin (2) only changesS,, S_, D, D_ to four otherquantitiessharingthesame
featuresasthosedescribedabove, with the ratio of resolutionratiosfor thesequantitiesstill
givenby {1+ 7}/{1 —~}.

If we considerageneraklementy” = 3 M(X11) + laM(X12) + I3M(X21) + 1aM(X92)
andwish to examinethe effect of theadjustmentponit, then:

~ Cou(Y, 842Xy + Cov(Y, 8 )*A_(n) + Cov(Y, Dy )2 iy (ny + Cov(Y, D) iy
X(n) N Cov(Y,54)?2+ Cou(Y,S5-)?>+ Cov(Y,D4)? 4+ Cov(Y, D_)?

sothateachresolutionmay be expressedisa weightedaverageof the resolutionsof the four
guantitieswe discussegbreviously.

Hence we decompos¢he structureof thedesignto separateéhe probleminto uncorrelated
spaceghat sharethe sameproperties.Within eachspacewe find uncorrelatedlirectionsthat
summarisehe typesof informationwe expectto learn,both for quantitieswithin that space,
andalsofor a generalquantitywhenthedirectionsfrom eachspacearecollectedtogether We
seehow suchdecompositiongasethe taskof picking effective designs.For example,if our
primarygoalis to choosesamplesizesto achiese specificvariancereductionsthenexamination
of thesespaceshavshow we mayassestheeffectsof differentsamplesizes.Theseproperties
applyto awide classof complex designproblemsaswe now explain.

3. BAYESLINEAR METHODSAND CANONICAL STRUCTURE

In situationswheremeaningfulfull prior specificationis difficult, the Bayeslinear approach
may be usedas an alternatve approachpasedon partial prior specification. The elicitation
is simplified throughthe needfor only a second-ordespecification. An overvien of the
methodologymay be found in Farrov & Goldstein(1993), whilst Goldstein(1994, 1997)
concentratesipon foundationalaspects.In a typical analysis,we obsenre a datacollection
D = [D1,Ds,...,D,)7, andwish to evaluatethe effect of this vectoruponthe expectations
andvariancesof avector3 = [By, B, ..., B,]T of interest.For ary B, the adjustedexpecta-
tion, Ep(B), andadjustedvariance Varp(B), arecalculatedas:

Ep(B) = E(B) + Cov(B,D)Var(D) (D — E(D)) (4)
Varp(B) = Var(B) — Cov(B,D)Var(D)!Cov(D, B) (5)

whereVar(D)' is the Moore-Penrosgeneralisednverseof Var(D). Note that whilst no
distributionalassumptionaremade the adjustmentf expectationsandvariancesorresponds
to the respectre conditionalsif the joint probability distribution of all the quantitiesis multi-
variatenormal. For ary finite set, B, of quantitieswe let (B) representhespaceof all linear
combinationsof the elementsof B. We saythattwo spaces(B), (B) areorthogonalwritten
(B) L (B), if every elemenbf B is uncorrelatedvith every elementof .
Goldstein(1981)consideredhe effect of the adjustmenof (1), andshovedthatfor ary
A € (B), therewasa setof canonicaldirectionsZ = (71, ..., Z,) C (B) with corresponding
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canonicalresolutionsl > A1 > A2 > ... > A, > 0 which satisfiedthe following properties.
The Z; have expectation0, aremutually uncorrelatedandarescaledto have prior variancel.
EachA maybeexpressedis A = Z;Zl Cov(A, Z;)Z;, andtheresolutionexpressedhs

Yi=1(1 = Xj)Cov(A4, Z;)?

RD(A) =1- Var(.A) (6)

Hence constrainedy beinguncorrelatevith (71, . .., Z;), Z;11 is theelementof (B) max-
imising the resolution. Thus, we expectto learnmostaboutelementsof (B) having strong
correlationswith the directionswith largeresolutions.

As thecanonicaldirectionspinpointthetypesof informationwe mayreceve by sampling,
the strengthof this information being quantifiedby the canonicalresolutions,we cangain
insightsinto the benefitsof differentdesignsy comparingthe canonicalstructuresanddeter
mining which is mostinformative for the mostimportantdirectionsof interest. Goldstein&
Wooff (1997)adoptsuchanapproacHor choosingsamplesizesin balancediesigns.

Goldstein& Wooff (1998)considerthe canonicalstructurefor the underlyingmeancom-
ponentsbroughtaboutby a second-ordeexchangeablesampleof sizen. The canonicaldi-
rectionsarethe samefor all samplesizes,andif X is a canonicalresolutionfor a sampleof
sizel correspondingo directionW, then\,,) = nA/{nA + (1 — )} is a canonicalresolu-
tion for a sampleof sizen correspondindo the samedirection. As the canonicaldirections
do not dependuponthe samplesize,the underlyingqualitatve featuresof the adjustmentre
not affectedby samplesize. Therefore|t is straightforvardto usethe values,) to simplify
designquestiondor which the samplesize hasto be determinedo achiere specificvariance
reductionsof combinationsof the underlyingmeancomponentsin the next section,we shall
generalisehis propertyfor a wide classof complex designs.Goldstein& Wooff (1998)also
shavedthatin a predictve analysisfor future obsenables,equivalentresultsapply. Thereare
alsosimilarimplicationsfor predictive analysisin this paper

4. GROUPEDMULTIVARIATE EXCHANGEABLE SYSTEMS
4.1. Specificatiorof the system

We considerdesignswherethe datacan be classifiedas comingfrom oneof gg groups. For
eachindividual, we wish to measureéhe samesetof v, variables.Let X,; = [X1; .. .ngoi]T
bethevectorof measurement®r thesth individualin the gth group.We considetthatindivid-
ualswithin the samegrouparesecond-ordeexchangeableandthatthey areco-exchangeable
acrosgyroups.Thus,following Goldstein(1986),we maywrite eachX j; asthesumof anun-
derlying meancomponentector M(X,), andanuncorrelatedesidualvectorspecificto the
individual, R;(X,), thatis X, = M(X,) + Ri(X,). We make the following specifications
for the M(X,)’s andthe R;(X,)’s. Fromthesewe may deducethe varianceand covariance
specificationgor the X ;’s.

Cov(M(Xy), M(X})) = agnC Vg, h (7)
Cou(M(X), Ry(Xp)) = 0¥g.hj ®)
Cou(Ri(X,), R;(Xn) = { o7 T2 Ml ©)

whereC, FE aregeneralyy x vy positive semi-definitematriceswith (v, w)th entries(C),, =
cowr (E)vw = evw respectrely. Let A bethe gg x go matrix with (g, h)th entry (4),, =
agpn, andlet B bethe go x go diagonalmatrix with (g, g)th entry (B),, = B,. By letting
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I = [lh...14]" andconsideringVar (37", lpM(Xy,)) = col” Al for ¢,y # 0 we seethat
A mustbe positive semi-definite.For simplicity of exposition,in this paperwe shallassume
thatthe matricesof interestareof full rank. Specifically C, E, A arepositive definiteandfor
eachg, 8, > 0. Asin Goldstein& Wooff (1998),if we do not have invertibility, we obtain
correspondingesultsover the linear spanof the columnsof the matricesthat we construct
below.

Second-ordero-exchangeabilityasintroducedby Goldstein(1986),requireghatwe spec-
ify Cov(M(Xy), M(X})) = Cgr, andVar(Ri(X,)) = E4. All othercomponentsreuncor
related. Notice that the resultsthat we shall develop are concernedwith designswherethe
covariancematricesfor the underlyingmeancomponentsare proportional,and the residual
variancematricesare also proportional. This reflectsthe judgementhatto the level of spec-
ification we arewilling to make, beliefsover the residualcomponentscrossgroupsare ex-
changeablelp to a scalefactor andthereis a generalisedorm of scaledexchangeabilityfor
therelationshipdetweerthe meancomponents.

4.2. Adjustingthe meancomponents

We wish to take a sampleof sizen, > 0 from the gth group. Collectthe samplesizestogether
into the matrix N = diag(ni, - .., ng,). As demonstratecth Goldstein& Wooff (1998),the
resultingsamplemeanvectorsX ), = % S, X, areBayeslinear sufiicient for adjust-
ing the underlyingmeancomponents.From the vector of meancomponentspecificto the
gth group, M(X,) = [M(Xg1) ... M(Xgy,)]", we form the columnvectorof all the mean
componentsM(X) = [M(X1)T ... M(X,,)T]". Welet (M(X)) denotethe collectionof
all linearcombinationf the elementof M (X). We now considerseparatelyhe analysisof
variablesandof groups,asfollows.

Definition 1. Theunderlyingcanonicalvariable directionsare definedas the columnsof
the matrix Y = [¥1...Y,,] solving the genealised eigervalue problemCY = (C +
E)Y®, whee ® = diag(¢1, - - -, $y,) is the matrix of eigervalues. Y is chosenso that
YTCY =1, YT(C + E)Y® = I. Theorderedeigervaluesl > ¢, > ... > ¢,, > 0 are
termedtheunderlyingcanonicalvariableresolutions.

(We are ableto chooseY in the statedform through standardresultson simultaneous
diagonalisatiorof matrices seefor exampleTheoremV'1.1.15 of Stewart & Sun(1990)). To
motivatethis definition, consideradjustingthe meancomponent®f a singlegroup, g, from a
sample,of sizen,, dravn purely from that group. In this case,the canonicaldirectionsare
given by (1/\/@)}/STM(X9), for s = 1,...,vp, with correspondingcanonicalresolutions
givenby ngaggds/{ngageds + (1 — ¢s)B}-

Definition 2. The underlyingcanonicalgroup directionsare definedas the columnsof
the matrix W = [W1 ... W, ] solvingthe generlisedeigernvalueproblemAW = (A +
N-'BYWW¥, whee ¥ = diag(v1, . . ., Vgo) 1S the matrix of eigervalues.W is chosenso
that WIAW = I, WI'(A+ N™'B)YWU = I. Theorderedeigervaluesl > 1y > ... >
1y, > 0 are termedthe underlyingcanonicalgroupresolutions.

To motivate this definition, consideradjustingthe meancomponentgelating to the vth
variablefrom a sampleof sizen, from the gth groupfor g = 1,...go which measuresnly
the vth variablefor eachindividual. The canonicaldirectionsfor this adjustmentregivenby
(1//Cn)WFM(X,), for d = 1,..., v, whereM(X,) = [M(X1,) ... M(Xy)]" is the
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vectorof meancomponentspecificto the vth variable. The correspondinganonicalresolu-
tionsaregivenby c,, g/ {cwa + (1 — Pg)ew }-
We now shaw that the canonicalvariable and group analysiscompletelydeterminethe

adjustmenbf thefull collection M (X) by the vectorof samplemeansX (), WhereY(N) =
[Yal)l .. .Yago)gO]T. We have thefollowing theoremihe proofis in theappendix.
Theorem 1. Theadjustmenbf M(X) byY( ) satisfieghefollowing properties

1. Theeexistu, go-dimensionalincorrelatedsubspaces,zi), - . - , (Zy,) of (M (X)).
Foreat s, Z, = {YJ M(X1),..., YT M(Xy,)}.

2. Thecanonicaldirectionsfor theadjustmenin ead (Z;) sharethesameco-odinate
representation,and are given by the columnsof the matrix Z, = [Zy5... Zgos], whee

Zgs = W] Z,.
3. ThecollectionZ = {Zy} ford = 1,...,90, s = 1,..., v, are the canonical
directionsof the completeadjustmentvith canonicalresolutiongyivenby

_ ¢d¢s
Yads + (1 — Ya)(1 — ¢s)

4. Theresolutionratio for the canonicaldirectionsis givenby:

Ads _ Y o bs
1—Xgs 1—g 1—¢s

This theoremtells us mary thingsaboutour adjustment.Most importantly, it illustrates
how we may simplify the design. We breakdown the vggy X vggo probleminto oneproblem
of sizevy x vg andanotherof sizegg x gg. Not only is this a greatadvantagecomputationally
but the two problemsalsohave interpretabldforms. The vy x vy problemconsistsof finding
the underlyingcanonicalvariablestructure;the gy x go of finding the underlyingcanonical
groupstructure. Notice that beyond being positive definite,no othersymmetryrequirements
areplacedon either A or B, whilst thereis alsono requiremenbf balance.

Obsere thatif ¢, > ¢, theng, > A;y. Likewise,if g > 9y, thendg > Ayp,.
Changinghesamplesizeonly effectsWW andW¥, sothattheimpactof changinghesamplesize
may be easilyseen.Thus,we canseehow we may choosehe samplesizesto optimisemary
differentdesigncriteriain termsof quantitiesof interestin the M(X); for examplewe may
chooseN'’s to learnaboutthe mostimportantgroup contrasts.Notice alsothatwe caneasily
assesthesensitvity of thedesignto theproportionalityparameterg asimilarway by merely
looking attheresultingimpacton W andW.

The elegant featuresof the adjustmentof exchangeablesectorsshowvn in Goldstein&
Wooff (1998)arealsofoundin the balancedlesign:

)\ds

RRX( N (Z4s) =

Corollary 1. If N = nl, thenthe canonicaldirectionsare the samefor all n, and if

Ads(1) = Yay®s/{va)ds + (1 — ¥qa))(1 — ¢5)} are the canonicalresolutionsfor a
sampleofsizen = 1, so¥y solvesAW = (A+ B)W V¥ y), thenthecanonicalresolutions

andresolutionratio for generl n are givenby:

Yaq) bs

nAds(1) y y
L=ty 11— s

n— 1Az +1

(10)

Ads(n) = ( RRY(n)(st) =n

Thus,in asimilar vein,we mayuse(10) to simplify designproblemsfor choosingsample
sizesto achieve specificvariancereductions For example,we have thefollowing corollary:
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Corollary 2. Thesamplesizen in ead grouprequiredto achievea proportionatevariance
reductionof s for Zys, isn > {x/(1 — £) (1 — Ags(1))/Aas(1) - If theminimalcanonical
resolutionfor n = 1is )\min = wminqﬁmin/{@bmin(bmin + (1 - wmin)(l - ¢min)}| thena
SampleSiZEOf {’i/(l - H)}{(l - )\min)/)‘min} = {"'7/(1 o ""/)}{(1 - ¢mm)/¢mm}{(1 -
Gmin)/Pmin}, roundedup, in eat group is the minimumsamplewhich is suficient to
achievea proportionatevariancereductionof « for everyelemenof (M (X)).

5. EXAMPLE 2 - ILLUSTRATING THE THEOREM

We illustratethe theoremcomputationallywith anexamplesimilarin spirit to Examplel. We
wish to take the sametwo measurementsom eachindividual, in atrial whereeachindividual
recevesone of four treatments.We considerthat individuals receving the sametreatment
are exchangeableand that they are co-exchangeablecrosstreatmentgroups. In line with
the developmentof the previous section,we considersituationswherethe prior covariance
matricesfor the underlyingmeancomponentsare proportional,and the residualcovariance
matricesarealsoproportional. Thus,in the notationof that sectionwe have vy = 2, g9 = 4
andtheunderlyingproportionalpositive definitematriceswe specifyas

_ (9 4 _ (15 6
C—<4 9) E_<6 15) (11)
We thenspecifythe positive definitematricesof proportionalityconstantss:
0.98 0.79 0.70 0.74 083 0 0 0
_ 1079 0.87 0.69 0.72 _ 0 0.61 0 0
A=1070 069 071 067 B=1 0 0 om o (12)
0.74 0.72 0.67 0.77 0 0 0 0.57

Notice that we specifythe sameproblemover the variablesasin Examplel. However, we
have alteredthe specification®ver the groupspacen two ways. Firstly, we have doubledthe
numberof groups,andsecondlywe have removedthe symmetryin the relationshipsetween
the groupsthatexistedin thefirst example. Theimportantpointsto notehowever, arethatthe
spaces Z;), and(Z>) will have thesameform asin Examplel, namelythe collectionof sums
of the variablesanddifferencedbetweenhe variablesfor eachgroup,andthatthe adjustment
over thesetwo spacess essentiallythe sameand dependenbnly uponthe matricesA and
B andthe samplesizeschosen. For simplicity of exposition, we shall considerhereonly a
balancediesign thatis ny, = n Vg.

The first stepis to find the underlying canonicalvariable directionsby solving CY =
(C + E)Y®. Wefind that

(01961 0.3162 (03824 0
Y_(0.1961 —0.3162) @_( 0 0.3571) (13)

Let Sy = M(X41) + M(Xy2) andD, = M(X,1) — M(X,2), andcreatethe uncorrelated
vectorspaces Zi), (Z2) whereZ; = {0.196151,0.1961S5,0.1961S3,0.196154}, and 2, =
{0.3162D1,0.3162D5, 0.3162D3, 0.3162D4}.

We now find the underlyingcanonicalgroupdirectionsby solving AW = (A + B)W V.
For the balanceddesign,we know that the canonicaldirectionsare the samefor all sample
sizes,sowe needonly solve for asamplesizeof onein eachgroup. We find that

0.2505  2.0529 0.6152 0.0970
0.3297 —-0.2167 —2.5522 —0.4804
0.2432 —0.8584 0.5641 2.9189
0.3330 —1.2055 1.4953 —2.3654

W = (14)
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and¥ = diag(0.8161,0.1695,0.1471,0.0940). The columnsof W arethe coordinateof the
directionsin the Z; thatarethe canonicaldirections bothwithin the ( Z;), and,whencollected
togetheyfor the (M (X)). For example thedirection(0.2505, 0.3297, 0.2432, 0.3330)7 is the
mostinformative directionfor thespaceg Z;) and({Z2>). We now applythetheorento join the
two stagegogetherto find the canonicalstructurefor the overall adjustment.The outcomeis
shavn in Table3.

Table 3. Canonicaldirectionsandresolutiondor themeancomponents.

Direction Z11 Z12 Z21 Z22 Z31 Z32 Z41 Z42

Resolution
(n=1) 0.7331 0.7114 0.1122 0.1018 0.0965 0.0874 0.0603 0.0545

Component
(X71) 0.0491 0.0792 0.4026 0.6492 0.1207 0.1946 0.0190 0.0307
M(X12) 0.0491 -0.0792 0.4026 -0.6492 0.1207 -0.1946 0.0190 -0.0307

<

M(X9) 0.0647 0.1043 -0.0425 -0.0685 -0.5005 -0.8071 -0.0942 -0.1519
M(X9) 0.0647 -0.1043 -0.0425 0.0685 -0.5005 0.8071 -0.0942 0.1519
M(X3) 0.0477 0.0769 -0.1683 -0.2714 0.1106 0.1784 0.5724 0.9230
M(X3) 0.0477 -0.0769 -0.1683 0.2714 0.1106 -0.1784 0.5724 -0.9230
M(Xy) 0.0653 0.1053 -0.2364 -0.3812 0.2932 0.4728 -0.4639 -0.7480
M(Xy) 0.0653 -0.1053 -0.2364 0.3812 0.2932 -0.4728 -0.4639 0.7480

Thus,the mostinformative directionis givenby Z;;, andthe secondcanonicaldirection
by Z15. Thestructureof theseareshavn below:

Z11 = 0.0491M (X11) + 0.0491M (X12) + ... + 0.0653 M (X41) + 0.0653 M (X42)(15)

= 0.2505(0.196157) + ... + 0.3330(0.1961Sy) (16)

Z13 = 0.0792M(X11) — 0.0792M (X13) + ... 4+ 0.1053M (X 41) — 0.1053M (X42)(17)

= 0.2505(0.3162D1) + ... + 0.3330(0.3162D) (18)

Thecorrespondingesolutiondor a sampleof sizeonein eachgrouparegivenby

0.8161 x 0.3824

A =0.7331 = 19

1) 0.8161 x 0.3824 + (1 — 0.8161)(1 — 0.3824) (19)
8161 3571

Appa) = 0.7114 = 0.8161 x 0.357 (20)

0.8161 x 0.3571 + (1 — 0.8161)(1 — 0.3571)

Theresolutiondor generaln maybefoundfrom theformulashovnin Corollary1. For exam-
ple, Ajy(ny = 0.7331n/{0.7331(n — 1) + 1},

Notice thatthereare several small eigervalues. We expectto learnslowly aboutthe cor
respondingquantities. If particularinterestwas held in thesequantities,for example Z,; is
approximatelycontrastingthe third andthe fourth groups,we may apply Corollary 2 to in-
vestigaterequiredsamplesizesto achiese proportionatevariancereductionsfor quantitiesof
interest.For example,sincey,,,;, = 0.0940 and¢,,,;, = 0.3571, samplesizesof 18,157,330
in eachgroupwill guarantee proportionatevariancereductionof 50 percent90 percentand
95 percentrespectiely, for every elementof (M (X)).
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APPENDIX: PROOFOF THEOREM

Goldstein(1981) shaws thatthe canonicaldirectionsandresolutionsmay be calculatedrom
the eigenstructuref the resolutiontransformfor the adjustment.In our case the resolution
transformis givenby

T = Var(M(X))1Cov(M(X), X(N))Var(Y(N))_lCov(Y(N), M(X))  (21)

Calculatingthe desiredvariancesandcovariancegrom equationg7), (8), and(9), wefind that
Var(M(X)) = Cov(M(X), X)) = (ARC) andVar (X)) = {(ARC)+(N"'B®E)},
where (R ® S) denotesthe direct productof R and S. For further detailsand properties
of the direct productseeSearleet al. (1992). Since A, C, N, B, E are positive definite,
thenwe have invertibility of {(A® C) + (N"'B® E)} and(A ® C), andsowe have that
T={(A®C)+ (N 'B®E)} (A® C). Wefind the matrix of eigervectors,Z, andthe
correspondingliagonalmatrix of eigervalues,A, of T' by solving the equivalentgeneralised
eigervalueprobem(A ® C)Z = {(A® C) + (N"!B® E)}ZA. Let (®,Y), (¥, W) be
the pairsof matricesof eigervaluesandeigervectorsrespectrely solvingthe two generalised
eigervalueproblemsCY = (C + E)Y® andAW = (A + N~!B)W¥. Consider

AR C)YW Y (I -¥)e I -3))=AWI - ¥)®CY(I — ) (22)

Notice from the solutionof our two generalisegroblemsabove, we maywrite CY (I — @) =
EY® andAW (I — ¥) = N~ BW . Substitutingtheseinto (22), we find that:

AC)WoY){(I-V)®(I—-®)} =N 'BWI®EY® (23)
=(N"'BREWRY)(T®d) (24)
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Adding (A® C)(W @ Y)(¥ ® @) to bothsidesgives:

AQC)(WY{(T@®)+ (I -T)e (I - o)}
={(AC)+ (N 'BRE}WQY)(VQ ) (25)

Notethatsince0 < ¢¥; < 1Vd =1,...,g90 and0 < ¢ < 1 Vs = 1,...,v, we mayinvert
{(T@®)+ (I —-V)® (I — )} sothat:

(A®C)Z={(A®C)+(N'B®E)}ZA (26)

whereZ = (W ®Y)andA = (V@ ®){(¥® ®) + (I — ¥) ® (I — ®)}~1. Thecanonical
directionsarethengivenby Z;, = (W;®Y;)T M(X), thecorrespondinganonicafesolutions
being given by the diagonalelementsf A. Orthogonalityis verified by noting Cov((W; ®

V)T M(X), Wy @ Y))TM(X)) = WTAW) 10(YTCY), . Thisgivesusparts3 and4 of

the theorem. Parts 1 and 2 follow by observingthat we may arrangethe eigervectorsasthe

matrix (W @ Y1 ... W ® Yy .



