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SUMMARY

We adopta Bayeslinear approachto tackledesignproblemswith many variablescross-classifiedin
many ways.We investigatedesignswherewewish to sampleindividualsbelongingto differentgroups,
exploiting thepowerful propertiesof theadjustmentof second-orderexchangeablevectors.The types
of informationwe gainby samplingareidentifiedwith theorthogonalcanonicaldirections.We show
how we may expressthesedirectionsin termsof the differentfactorsof the model. This allows us to
solve a seriesof lower dimensionalproblems,throughwhich we may identify the differentaspectsof
ouradjustedbeliefswith thedifferentaspectsof thechoiceof design,leadingbothto qualitativeinsights
andquantitativeguidancefor theoptimalchoiceof design.
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1. INTRODUCTION

Experimentaldesignwith many variablescross-classifiedin many waysis a challengingprob-
lem for Bayesanalysis.Typically, we wantto make inferencesaboutvariouscombinationsof
the elementsof the model,but it is unlikely that all combinationswill be equally important.
Dif ferentobjectiveswill leadto differentchoicesof optimum(for examplein termsof variance
reductionfor thequantitiesof interest).Often,it is difficult for formaldesigncriteriato capture
all of our aims,so that we needto have heuristicinsightsinto the typesof informationthat
eachdesignconveys. Further, introducingfully specifiedprior beliefsover a complex model
maybea difficult elicitationproblem,andmayalsomake theoptimalchoiceof designhighly
complex computationally. Therefore,our aimsareto i) simplify the elicitation requirements
ii) tamethecomputationalproblemsfor thedesignchoiceiii) provide qualitative insightsinto
the effectivenessof the differentchoicesof design. We argue that a Bayeslinear approach
providesa platform for achieving theseaims. We proceedasfollows. We motivateour ap-
proachthrougha simpleexample,beforebriefly reviewing Bayeslinear methods. We then
formalisethe ideasexhibited in the first example,showing how we may simplify many de-
signsof interestby decomposingthedesigninto smallersubspaces,overwhich theadjustment
hasthesamequalitative features.We concludewith anexampleillustratinghow we make the
simplifications.
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2. EXAMPLE 1 - LEARNING ABOUT MEAN COMPONENTS

Supposethat we have two collectionsof individuals,on eachof whom we wish to make the
sametwo measurements.Thus,we could think of a clinical trial whereeachpatientreceives
oneof two treatments.Denotethe measurementsfor the

�
th individual in the � th treatment

groupby the vector ������� 	
���
����������������� . We considerthat individuals receiving the same
treatmentaresecond-orderexchangeableandco-exchangeableacrosstreatments,definedas
follows. Let ����� � ��������� � � � be a (potentially) infinite sequenceof randomvectors,thenthe
collection�!� , �"� , � � � is second-orderexchangeableif thesecond-orderspecificationis invariant
underpermutation,i.e. if#%$ ���'&(�*) +-,/. $ ����&0�1+ 24365 $ ���7���98
&0�*2 : �<;�>= $ �?&
Goldstein(1986)derivedthefollowing representationtheoremfor second-orderexchangeable
randomvectors.We mayintroducethevector @ $ �A& , representingtheunderlyingmeancom-
ponents,andthemutuallyuncorrelatedvectorsBC� $ �!& , BD� $ �A& , � � � representingtheindividual
residualsfrom the mean,andwrite ���E�F@ $ �A&"GHBI� $ �!& for each

�
. Two second-orderex-

changeablecollections,�!J� and �AJ� aretermedco-exchangeableif thejoint second-orderspec-
ification is invariantunderpermutation,i.e. if eachcollectionis second-orderexchangeable
and 2�3?5 $ �!J�'� ���AJ��8 & doesnot dependon

�
or = . Supposethat �!J� , �!J� , � � � are a sequenceof

co-exchangeableexchangeablesystems,wherewe write �AJ�K8 � @ $ �!J� &LGMB�8 $ �AJ� & . Gold-
stein(1986)showedthatall of theresidualvectors,B�8 $ �AJ� & , aremutuallyuncorrelatedandare
alsouncorrelatedwith all of theunderlyingmeancomponentvectors,@ $ � J� & . Second-order
exchangeabilitythereforeproducesmodelprior specificationthrougha smallnumberof spec-
ificationsover observablequantities,whilst alsonot placingtoo harsha constraintuponour
beliefs.Approachesvia symmetricattitudesto thedatamaybefoundin Dawid (1988).

Weusetherepresentationtheoremto write �����N�O@ $ ���
& GPBI� $ ��� & , where24365 $ @ $ ���
&Q�B�8 $ �SR?&T&U�WV , :X�N�ZY[��= and 2�365 $ BI� $ ���\&��TB�8 $ �SR]&^&E�_V , :X�N�ZY[� � ��= (exceptwhenboth �`�aY
and

� �b= ). We thenneedto specify 2�3?5 $ @ $ ���
&Q��@ $ �SR?&T&c�12 � R and +P,d. $ BI� $ ��� &T&c� # � .
Supposethatwemake thefollowing specificationfor thesecovarianceandvariancematrices:

24365 $ @ $ ��� &���@ $ �IR\&T&0�fe � R g<h ii h"j +-,/. $ BI� $ ���\&T&"� g �?k ll �?k j $ ��&
where e � R �m� if �n�oY , and e � R �pe otherwise,for qr�tsue1s�� . From eachgroup,we

wish to takeasampleof size v . Constructthevectorof samplemeans�xwzy?{|�}	 � � w~y?{ � � � � w~y?{ � ���
where �xw~y?{ � � �yE� y����� ����� , andusethis to learnaboutlinear combinations,���7��@ $ ���7�^&0G������@ $ �%����&0GO�����^@ $ �S���^&"G*������@ $ �S����& , of the underlyingmeanquantities.Thus,we may
be interestedin the differencesbetweentreatmentsfor a particularmeasurement,the overall
treatmenteffects,thedifferencesbetweenthemeasurements,anoverallaverage,andsoon.

WeshalluseBayeslinearfitting (seesection3). Forageneralquantity� , andobserveddata
vector � , we mayobtaintheadjustedvariance+-,/.
� $ �A& . Equivalently, theadjustedvariance
is theposteriorvarianceif the joint distribution of all of our quantitiesis multivariatenormal.
Simple,scale-free,measuresof theeffectof anadjustmentupon � aregivenby theresolution,� � $ �!& , or equivalently,

�r� � $ �!& , theresolutionratio:� � $ �!&"�}�Lq +-,d.
� $ �A&+-,/. $ �A& �4� � $ �A&0� +-,/. $ �A&�q�+-,d.
� $ �A&+-,/. � $ �A& $�� &
Thus,if

� � $ �!& is nearzero,then,relative to our prior knowledgeabout � , we do not expect
thesampleto be informative for � . A valueof

� � $ �A& closeto onesuggeststhat the sample
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is expectedto behighly informative for � . Likewise,if
�r� � $ �!& is very large,thenwe expect

thesampleto behighly informative. Typically, we mayusesucha summaryto aid thechoice
of optimalsamplesizesfor designproblemswherevariancereductionof certainquantitiesof
interestis viewedasabenefit,balancedagainstthecostof thesample.

We shall focusattentionuponthe sum, ������@ $ ��� ��&(G�@ $ ������& , andthe difference,� �n� @ $ ��� ��&Eq*@ $ ������& , of the variablesfrom eachgroup. Form the collections �F�� �������9�
� and
� � � � �Q� � � � . Let ���0� , � � � be the collectionsof linear combinationsof the

elementsof � ,
�

respectively. It canbecheckedthatevery elementin � is uncorrelatedwith
everyelementin

�
. We considerfirst theeffect of theadjustmentof elementsin ���(� by � w~y?{ ,

for asampleof size v . Table1 summarisestheadjustment.

Table 1. Resolutionsfor thecomponentsof ����� , adjustingby �4� �7¡ .
quantity resolution(samplesize v )

�9¢£�1���9G¤�¥� ¦ ¢ w~y?{�� ��§ y�w ��¢X¨ {��§ y�w ��¢X¨ { ¢[�����©C�1����q��¥� ¦ © w~y?{ � ��§ y�w ��©�¨ {��§ y�w ��©�¨ { ¢[������^����Gª�����¥� w ��¢X¨ {�w¬« � ¢ « � { �� w¬« � � ¢[��¨ « � « � ¢ « �� { ¦ ¢ w~y?{�G w ��©�¨ {�w¬« � © « � { �� w¬« � � ¢[��¨ « � « � ¢ « �� { ¦ © w~y?{

The two combinations�9¢ and �|© areuncorrelatedandthe resolutionfor eachelement,���^����Gª�����9� , of ���(� maybefoundasa weightedaverageof theresolutionsfor thesetwo quan-
tities. For all v , thelargestresolutionis ¦ ¢ wzy?{ correspondingto quantitiesproportionalto �¥¢ ,
andthesmallestresolutionis ¦ © w~y?{ correspondingto quantitiesproportionalto ��© . Hence,we
expectto learnmostaboutquantitiesin ���0� that arehighly correlatedwith �¥¢ , andleastfor
thosequantitieshighly correlatedwith �|© . Noticethatsincethis featuredoesnotdependupon
thesamplesize,theunderlyingfeaturesof theadjustmentwithin ���0� remainthesamefor all
samplesizes.Observe therole playedby theparametere . As ex­ � , we learnprogressively
lessaboutthe differencesbetweenthe meansof the variablesacrosstreatments.Notice thate��®� correspondsto a correlationof onebetweenthe treatments.Similarly, as e�­ V , then¦ © w~y?{!­ ¦ ¢ wzy?{ , andwe learnequallyin thetwo directions.A valueof e¯�WV correspondsto
thetwo treatmentsbeinguncorrelated.

Wenow considertheeffectof theadjustmentfor theelementsof � � � . Table2 summarises
theadjustment.

Table 2. Resolutionsfor thecomponentsof �±°L� , adjustingby �4� �7¡ .
quantity resolution(samplesize v )� ¢�� � �9G � � ) ¢ wzy?{ � ² y�w ��¢³¨ {² y�w ��¢X¨ { ¢�´� ©`� � ��q � � ) © wzy?{ � ² y�w �7©/¨ {² y�w ��©�¨ { ¢�´��� � ��Gn��� � � w ��¢X¨ {�w¬« � ¢ « � { �� w¬« � � ¢[��¨ « � « � ¢ « �� { ) ¢ wzy?{�G w ��©�¨ {'w¬« � © « � { �� w¬« � � ¢���¨ « � « � ¢ « �� { ) © w~y?{
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Thekey point to observehereis thattheadjustmentover � � � is essentiallythesameasthat
over ���0� , with ¦ replacedby ) , so thateachof thecommentsthatwe madewhendiscussing���0� remainvalid for elementsin � � � .

We remarkfurtherthattheratio
�4� µ w~y?{ $ �9¢|&T¶ �r� µ w~y?{ $ �|©¥&c� � �AG�e��6¶ � �Lqte�� remains

thesamefor all choicesof matricesin
$ ��& . Additionally, notethat

�r� µ wzy?{ $�� ¢|&T¶ �4� µ w~y?{ $�� ©¥&0��r� µ w~y?{ $ �¥¢�&^¶ �4� µ w~y?{ $ ��©¥& sothatthisratioremainsconstantacrossthetwocollections.Chang-

ing thematricesin
$ ��& only changes�¥¢ , �|© ,

� ¢ ,
� © to four otherquantitiessharingthesame

featuresasthosedescribedabove, with the ratio of resolutionratiosfor thesequantitiesstill
givenby

� �!G¯e��6¶ � �·q¸e�� .
If weconsiderageneralelement¹º�O���7@ $ ���7�^&�Gx����@ $ �%����&�Gt�»§Q@ $ �S����&�Gx��¼�@ $ �I�7��&

andwish to examinetheeffectof theadjustmentuponit, then:

½ ¾"¿
À�ÁTÂ»ÃUÄ9ÅÇÆLÈ�É Â»Ã|Ê�Ë³Ì�Ä�ÍTÎ Ì ¿
À�ÁÐÏ Æ·ÈQÉ Â»Ã�Ê�Ë�Ñ�Ä�ÍTÎ Ñ ¿
À�ÁÐÏ Æ·ÈQÉ Â»Ã�Ê�Ò4Ì�Ä�Í7Ó Ì ¿
À�ÁÐÏ ÆLÈ�É Â»Ã|Ê�Ò4ÑXÄ�Í�Ó Ñ ¿
À�ÁÆ·ÈQÉ Â�Ã�Ê�Ë Ì Ä Í Ï Æ·ÈQÉ Â»Ã|Ê�Ë Ñ Ä Í Ï ÆLÈQÉ Â»Ã|Ê�Ò Ì Ä Í Ï ÆLÈ�É Â»Ã|Ê�Ò Ñ Ä Í
so thateachresolutionmaybeexpressedasa weightedaverageof the resolutionsof the four
quantitieswediscussedpreviously.

Hence,wedecomposethestructureof thedesignto separatetheprobleminto uncorrelated
spacesthatsharethesameproperties.Within eachspacewe find uncorrelateddirectionsthat
summarisethe typesof informationwe expectto learn,both for quantitieswithin that space,
andalsofor a generalquantitywhenthedirectionsfrom eachspacearecollectedtogether. We
seehow suchdecompositionseasethe taskof picking effective designs.For example,if our
primarygoalis to choosesamplesizesto achievespecificvariancereductions,thenexamination
of thesespacesshowshow wemayassesstheeffectsof differentsamplesizes.Theseproperties
applyto awideclassof complex designproblemsaswenow explain.

3. BAYESLINEAR METHODSAND CANONICAL STRUCTURE

In situationswheremeaningfulfull prior specificationis difficult, the Bayeslinear approach
may be usedasan alternative approach,basedon partial prior specification.The elicitation
is simplified through the needfor only a second-orderspecification. An overview of the
methodologymay be found in Farrow & Goldstein(1993), whilst Goldstein(1994, 1997)
concentratesupon foundationalaspects.In a typical analysis,we observe a datacollection�Ô�Õ	 �Ö���T���
� � � �Z�T��×7��� , andwish to evaluatethe effect of this vectoruponthe expectations
andvariancesof a vector ���p	
�!�Q���"� � � � �Q����Ø�� � of interest.For any � , theadjustedexpecta-
tion,

# � $ �A& , andadjustedvariance,+P,d.
� $ �!& , arecalculatedas:# � $ �!&(� #%$ �A&9Gª2�3?5 $ �E�T�Ö&T+-,d. $ �Ö&^Ù $ �Çq #%$ �Ö&^& $ i &+-,d. � $ �!&(��+-,d. $ �!&�qÚ2�3?5 $ �<�T�Ö&T+-,/. $ �Ö& Ù 2�3?5 $ �D���A& $ k�&
where +-,/. $ �Ö& Ù is the Moore-Penrosegeneralisedinverseof +-,/. $ �Ö& . Note that whilst no
distributionalassumptionsaremade,theadjustmentof expectationsandvariancescorresponds
to therespective conditionalsif the joint probabilitydistribution of all thequantitiesis multi-
variatenormal. For any finite set, Û� , of quantities,we let �\Û�!� representthespaceof all linear
combinationsof theelementsof Û� . We saythat two spaces,�\Û�·� , ��Ü�!� areorthogonal,written�?Û�!�(Ý}�ÞÜ�!� , if everyelementof Û� is uncorrelatedwith everyelementof Ü� .

Goldstein(1981)consideredtheeffect of theadjustmentof ���!� , andshowedthat for anyßáà ���!� , therewasa setof canonicaldirectionsâO� $ âA��� � � �Q��âãØ�&Läå���A� with corresponding
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canonicalresolutions�Sæå¦9�çæM¦��PæW� � �¥æå¦XØ-æMV which satisfiedthefollowing properties.
The â|8 have expectation0, aremutuallyuncorrelated,andarescaledto have prior variance1.
Each

ß
maybeexpressedas

ß � � Ø8���� 2�365 $ ß ��â�8
&Tâ�8 , andtheresolutionexpressedas

� � $ ß &ã�º�·q � Ø8���� $ �Lq¯¦/8\&^24365 $ ß ��â|8Z& �+-,/. $ ß & $ lÐ&
Hence,constrainedby beinguncorrelatedwith

$ â·��� � � ����â|8 & , â�8�¢�� is theelementof ���!� max-
imising the resolution. Thus,we expect to learnmostaboutelementsof ���A� having strong
correlationswith thedirectionswith largeresolutions.

As thecanonicaldirectionspinpointthetypesof informationwemayreceiveby sampling,
the strengthof this information being quantifiedby the canonicalresolutions,we can gain
insightsinto thebenefitsof differentdesignsby comparingthecanonicalstructuresanddeter-
mining which is most informative for the most importantdirectionsof interest. Goldstein&
Wooff (1997)adoptsuchanapproachfor choosingsamplesizesin balanceddesigns.

Goldstein& Wooff (1998)considerthecanonicalstructurefor theunderlyingmeancom-
ponentsbroughtaboutby a second-orderexchangeablesampleof size v . The canonicaldi-
rectionsarethe samefor all samplesizes,andif ¦ is a canonicalresolutionfor a sampleof
size1 correspondingto direction è , then ¦9w~y?{L�_v�¦�¶ � v�¦SG $ �éq¤¦[&�� is a canonicalresolu-
tion for a sampleof size v correspondingto the samedirection. As the canonicaldirections
do not dependuponthesamplesize,theunderlyingqualitative featuresof theadjustmentare
not affectedby samplesize. Therefore,it is straightforwardto usethevalues¦ wzy?{ to simplify
designquestionsfor which the samplesizehasto bedeterminedto achieve specificvariance
reductionsof combinationsof theunderlyingmeancomponents.In thenext section,we shall
generalisethis propertyfor a wide classof complex designs.Goldstein& Wooff (1998)also
showedthat in a predictiveanalysisfor futureobservables,equivalentresultsapply. Thereare
alsosimilar implicationsfor predictiveanalysisin this paper.

4. GROUPEDMULTIVARIATE EXCHANGEABLE SYSTEMS

4.1. Specificationof thesystem

We considerdesignswherethe datacanbe classifiedascomingfrom oneof ��ê groups. For
eachindividual,we wish to measurethesamesetof 5]ê variables.Let ���T�9�W	
��� ���d� � ������ë ê �»���
bethevectorof measurementsfor the

�
th individual in the � th group.Weconsiderthatindivid-

ualswithin thesamegrouparesecond-orderexchangeable,andthatthey areco-exchangeable
acrossgroups.Thus,following Goldstein(1986),we maywrite each����� asthesumof anun-
derlyingmeancomponentvector, @ $ ���\& , andanuncorrelatedresidualvectorspecificto the
individual, BI� $ ���
& , that is ���T�(�_@ $ ���
&ãG¤BI� $ ��� & . We make the following specifications
for the @ $ ���
& ’s andthe BI� $ ���
& ’s. Fromthesewe maydeducethevarianceandcovariance
specificationsfor the ���T� ’s.

24365 $ @ $ ���
&Q��@ $ � R &T&0�*ì � R 2¤:X�[�ZY $�í &2�3?5 $ @ $ ���
&Q�TB�8 $ � R &T&0�*V·:X�[�ZYN��= $�î &2�3?5 $ BI� $ ���
&Q�TB�8 $ �IR?&T&0�_ïEð � # :X�Ö�ÇYN� � �¤=V otherwise
$ h &

where 2 ,
#

aregeneral5]êçñò5]ê positivesemi-definitematriceswith
$ 5���óç& th entries

$ 2�&7ëTô��õ ë^ô ,
$�# &7ëTôå�÷ö
ëTô respectively. Let ø be the ��êÖñ¯�Þê matrix with

$ �N�ZY³& th entry
$ ør& � R �ì � R , and let ù be the ��ê�ñ¯�Þê diagonalmatrix with

$ �N�^�³& th entry
$ ù�&��T�£� ð � . By letting
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�<�o	
���N� � �7�ú� ê ��� andconsidering+-,d. $ � � ê���9� �ú�Z@ $ ����ë &^&4� õ ë^ë
�»�¥øé� for õ ë^ë ;�aV we seethatø mustbepositive semi-definite.For simplicity of exposition,in this paperwe shall assume
thatthematricesof interestareof full rank. Specifically, 2 ,

#
, ø arepositivedefiniteandfor

each� , ð �òûuV . As in Goldstein& Wooff (1998),if we do not have invertibility, we obtain
correspondingresultsover the linear spanof the columnsof the matricesthat we construct
below.

Second-orderco-exchangeability, asintroducedbyGoldstein(1986),requiresthatwespec-
ify 2�3?5 $ @ $ ��� &Q��@ $ � R &^&c�12 � R and +-,d. $ BI� $ ���
&T&c� # � . All othercomponentsareuncor-
related. Notice that the resultsthat we shall develop areconcernedwith designswherethe
covariancematricesfor the underlyingmeancomponentsare proportional,and the residual
variancematricesarealsoproportional.This reflectsthe judgementthat to the level of spec-
ification we arewilling to make, beliefsover the residualcomponentsacrossgroupsareex-
changeableup to a scalefactor, andthereis a generalisedform of scaledexchangeabilityfor
therelationshipsbetweenthemeancomponents.

4.2. Adjustingthemeancomponents

Wewish to takeasampleof size v[�rûbV from the � th group.Collectthesamplesizestogether
into the matrix ü �pý � ,�� $ v���� � � ����v[� ê & . As demonstratedin Goldstein& Wooff (1998),the
resultingsamplemeanvectors � w~y � { � � �y � � y ������ ����� areBayeslinear sufficient for adjust-
ing the underlyingmeancomponents.From the vectorof meancomponentsspecificto the� th group, @ $ ��� &4�Ô	þ@ $ ���
��&¥� � �7@ $ ����ë ê &7��� , we form the columnvectorof all the mean
components,@ $ �t&ç�o	
@ $ ����& � � � ��@ $ ��� ê & � � � . We let ��@ $ �¸&T� denotethecollectionof
all linearcombinationsof theelementsof @ $ �¸& . We now considerseparatelytheanalysisof
variablesandof groups,asfollows.

Definition 1. Theunderlyingcanonicalvariabledirectionsare definedasthecolumnsof
the matrix ¹ � 	
¹���� � �T¹Xë ê � solving the generalised eigenvalue problem 24¹ � $ 2WG# &^¹Pÿ , where ÿá� ý � ,Ð� $ � ��� � � ��� � ë ê & is the matrix of eigenvalues. ¹ is chosenso that¹ � 24¹W��� , ¹ � $ 2fG # &^¹Pÿb��� . Theorderedeigenvalues�Pû � �EæÇ� � �³æ � ë ê ûHV are
termedtheunderlyingcanonicalvariableresolutions.

(We are able to choose¹ in the statedform throughstandardresultson simultaneous
diagonalisationof matrices,seefor exampleTheorem+����ú�����?k of Stewart & Sun(1990)). To
motivatethis definition,consideradjustingthemeancomponentsof a singlegroup, � , from a
sample,of size v[� , drawn purely from that group. In this case,the canonicaldirectionsare
given by

$ �?¶�� ì��T�
&^¹4�× @ $ ��� & , for �ò�Õ��� � � ����5]ê , with correspondingcanonicalresolutions
givenby v[� ì��^� � ×T¶ � v[� ì��^� � ×�G $ �Lq � ×�& ð �6� .

Definition 2. The underlyingcanonicalgroup directionsare definedas the columnsof
the matrix è ��	Kè��N� � �Tè£� ê � solvingthe generalisedeigenvalueproblem ørè � $ øOGü ©N� ùÖ&^è
	 , where 	}�ºý � ,�� $�� ��� � � �Q� � � ê & is thematrix of eigenvalues. è is chosenso
that è � ørè ��� , è � $ ø¤G>ü ©N� ù�&Tè
	M�
� . Theorderedeigenvalues ��û � �<æº� � ��æ� � ê ûbV are termedtheunderlyingcanonicalgroupresolutions.

To motivate this definition, consideradjustingthe meancomponentsrelating to the 5 th
variablefrom a sampleof size v[� from the � th groupfor �Ú����� � � ����ê which measuresonly
the 5 th variablefor eachindividual. Thecanonicaldirectionsfor this adjustmentaregivenby$ �?¶ � õ ëTë &Tè �� @ $ �Öë
& , for ýx�m��� � � �Q��56ê , where @ $ ��ë &��÷	þ@ $ ���'ë &N� � �7@ $ ��� ê ë &7� � is the
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vectorof meancomponentsspecificto the 5 th variable.Thecorrespondingcanonicalresolu-
tionsaregivenby õ ëTë � � ¶ � õ ë^ë � � G $ �Lq � � &�ö ë^ë]� .

We now show that the canonicalvariableand group analysiscompletelydeterminethe
adjustmentof thefull collection @ $ �¸& by thevectorof samplemeans� w��c{ , where � w��c{ �	 � � wzy � { � � � � � � w~y � ê { � ê � � . Wehave thefollowing theorem;theproof is in theappendix.

Theorem 1. Theadjustmentof @ $ �¸& by � w��!{ satisfiesthefollowingproperties
1. Thereexist 5]ê¥��ê -dimensionaluncorrelatedsubspaces,���é�^�Q� � � �Q�?���·ë ê � of ��@ $ �¸&T� .

For each � , �L×(� � ¹ �× @ $ �%�T&�� � � ����¹ �× @ $ ��� ê &�� .
2. Thecanonicaldirectionsfor theadjustmentin each ���L×�� sharethesameco-ordinate

representation,and are givenby the columnsof the matrix â(×C� 	Kâ·��×¥� � ��âã� ê ×�� , whereâ � × ��è �� �<× .
3. Thecollection â�� � â � × � for ý¤� ��� � � ���^��ê , �t� ��� � � ����5]ê , are the canonical

directionsof thecompleteadjustmentwith canonicalresolutionsgivenby

¦ � × � � � � ×� � � ×|G $ �Lq � � & $ �·q � ×�&
4. Theresolutionratio for thecanonicaldirectionsis givenby:�4� µ w��!{ $ â � × &"� ¦ � ×�<q�¦ � × � � ��Lq � � ñ � ×�Lq � ×

This theoremtells us many thingsaboutour adjustment.Most importantly, it illustrates
how we maysimplify thedesign.We breakdown the 5]êT��ê4ñ�56ê��Þê probleminto oneproblem
of size 5]ê<ñ%56ê andanotherof size ��êLñD�Þê . Not only is thisagreatadvantagecomputationally,
but the two problemsalsohave interpretableforms. The 56ê-ñ¸56ê problemconsistsof finding
the underlyingcanonicalvariablestructure;the ��ê�ñx��ê of finding the underlyingcanonical
groupstructure.Notice thatbeyond beingpositive definite,no othersymmetryrequirements
areplacedon either ø or ù , whilst thereis alsono requirementof balance.

Observe that if
� ×¸û � ×�� , then ¦ � × ûm¦ � ×�� . Likewise, if

� � û � � � , then ¦ � × ûÔ¦ � �±× .
Changingthesamplesizeonly effects è and 	 , sothattheimpactof changingthesamplesize
maybeeasilyseen.Thus,we canseehow we maychoosethesamplesizesto optimisemany
differentdesigncriteria in termsof quantitiesof interestin the @ $ �¸& ; for examplewe may
chooseü ’s to learnaboutthemostimportantgroupcontrasts.Noticealsothatwe caneasily
assessthesensitivity of thedesignto theproportionalityparametersin asimilarwayby merely
lookingat theresultingimpacton è and 	 .

The elegant featuresof the adjustmentof exchangeablevectorsshown in Goldstein&
Wooff (1998)arealsofoundin thebalanceddesign:

Corollary 1. If ü � v�� , then the canonicaldirectionsare the samefor all v , and if¦ � × w � {�� � � w � { � ×T¶ � � � w � { � ×·G $ �Pq � � w � {�& $ �-q � ×�&�� are the canonicalresolutionsfor a
sampleof sizevò�å� , so 	 w � { solvesørè � $ øIGSù�&Tè�	 w � { , thenthecanonicalresolutions
andresolutionratio for general v aregivenby:

¦ � × w~y?{ � v�¦ � × w � {$ v%q¤�?&T¦ � × w � {XGO� �4� µ w~y?{ $ â � × &"�Ov¸ñ � � w � {�<q � � w � { ñ � ×�<q � × $ �\VÐ&
Thus,in a similar vein,we mayuse(10) to simplify designproblemsfor choosingsample

sizesto achievespecificvariancereductions.For example,wehave thefollowing corollary:
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Corollary 2. Thesamplesizev in eachgrouprequiredto achieveaproportionatevariance
reductionof � for â � × , is v¸æ � �³¶ $ �(q��³&�� � $ �0q�¦ � × w � { &T¶�¦ � × w � { � . If theminimalcanonical
resolutionfor vx�á� is ¦��0� y � � �"� y � �"� y ¶ � � �"� y � �"� y G $ �Eq � �"� y & $ �Eq � �"� y &�� , thena
samplesizeof

� �X¶ $ �<q��³&�� � $ �·q�¦��"� y &T¶�¦��"� y �ç� � �³¶ $ �Lq��X&�� � $ �<q � �"� y &T¶ � �"� y � � $ �Lq� �"� y &T¶ � �"� y � , roundedup, in each group is the minimumsamplewhich is sufficient to
achievea proportionatevariancereductionof � for everyelementof ��@ $ �¸&T� .

5. EXAMPLE 2 - ILLUSTRATING THE THEOREM
We illustratethetheoremcomputationally, with anexamplesimilar in spirit to Example1. We
wish to take thesametwo measurementsfrom eachindividual, in a trial whereeachindividual
receivesone of four treatments.We considerthat individuals receiving the sametreatment
are exchangeable,and that they are co-exchangeableacrosstreatmentgroups. In line with
the developmentof the previous section,we considersituationswherethe prior covariance
matricesfor the underlyingmeancomponentsare proportional,and the residualcovariance
matricesarealsoproportional.Thus,in thenotationof that sectionwe have 5]ê��a� , �Þê�� i
andtheunderlyingproportionalpositivedefinitematriceswespecifyas

2Ç� g<h ii h0j # � g �?k ll �?k j $ ���?&
Wethenspecifythepositivedefinitematricesof proportionalityconstantsas:

øO�
��
� V � h î V � í h V � í V V � í iV � í h V � îÐí V �zl h V � í �V � í V V �~l h V � í � V �~l íV � í i V � í � V �zl í V � í�í

 "!
# ùº�

��
� V � î�� V V VV V �zl � V VV V V � í i VV V V V � k í

 "!
# $ �?��&

Notice that we specify the sameproblemover the variablesas in Example1. However, we
have alteredthespecificationsover thegroupspacein two ways.Firstly, we have doubledthe
numberof groups,andsecondly, we have removedthesymmetryin therelationshipsbetween
thegroupsthatexistedin thefirst example.Theimportantpointsto notehowever, arethatthe
spaces���é�^� , and ���L�Q� will havethesameform asin Example1, namelythecollectionof sums
of thevariablesanddifferencesbetweenthevariablesfor eachgroup,andthat theadjustment
over thesetwo spacesis essentiallythe sameanddependentonly upon the matricesø andù andthe samplesizeschosen.For simplicity of exposition,we shall considerhereonly a
balanceddesign,thatis v[�E�Ov�:X� .

The first stepis to find the underlyingcanonicalvariabledirectionsby solving 24¹ �$ 2bG # &^¹-ÿ . Wefind that

¹M� g V �ú� h l � V � � �\lÐ�V �ú� h l � qEV � � �\lÐ� j ÿ¤� g V � ��î � i VV V � � k í � j $ � � &
Let ���I�á@ $ ��� ��&0Gf@ $ �����T& and

� � �á@ $ ���
��&cq>@ $ ������& , andcreatethe uncorrelated
vector-spaces���é��� , ���L�Q� where �ç�·� � V �ú� h l �?������V �ú� h l �?�¥�Z��V �ú� h l �?�N§ ��V ��� h l �?�N¼Z� , and �<�é�� V � � �\lÐ� � ����V � � �\lÐ� � �
��V � � �\lÐ� � § ��V � � �\lÐ� � ¼ � .

We now find theunderlyingcanonicalgroupdirectionsby solving ørè � $ øbGbù�&Tè
	 .
For the balanceddesign,we know that the canonicaldirectionsare the samefor all sample
sizes,soweneedonly solve for asamplesizeof onein eachgroup.Wefind that

è �
��
� V �~��kÞVÐk ���zVÐk�� h V �zl �?k�� V �~V h í VV � � � h í qEV �~���\l í qE��� k�k���� q<V � i î V iV �~� i � � qEV � î k î i V �~kÞl i � ��� h � î hV � ����� V q4���~�ÞVÐk�k ��� iÐh k � qE��� � lÐk i

 !
# $ � i &
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and 	å�Çý � ,Ð� $ V � î �\l ����V ���\l h k���V �ú� i í ����V �KV hÞi VÐ& . Thecolumnsof è arethecoordinatesof the
directionsin the �·� thatarethecanonicaldirections,bothwithin the ���A��� , and,whencollected
together, for the ��@ $ �¸&T� . For example,thedirection

$ V �~��kÞVÐk���V � � � h í ��V � � i � ����V � ����� VÐ&�� is the
mostinformativedirectionfor thespaces���é�^� and ���L�Q� . Wenow applythetheoremto join the
two stagestogetherto find thecanonicalstructurefor theoverall adjustment.Theoutcomeis
shown in Table3.

Table 3. Canonicaldirectionsandresolutionsfor themeancomponents.

Direction $&%�% $'% Í $ Í % $ Í�Í $�()% $�( Í $+*,% $+* Í
ResolutionÂ.-ÖÅ0/ZÄ

0.7331 0.7114 0.1122 0.1018 0.0965 0.0874 0.0603 0.0545

Component1 Â32 %�% Ä 0.0491 0.0792 0.4026 0.6492 0.1207 0.1946 0.0190 0.03071 Â32 % Í Ä 0.0491 -0.0792 0.4026 -0.6492 0.1207 -0.1946 0.0190 -0.03071 Â32 Í % Ä 0.0647 0.1043 -0.0425 -0.0685 -0.5005 -0.8071 -0.0942 -0.15191 Â32 Í�Í Ä 0.0647 -0.1043 -0.0425 0.0685 -0.5005 0.8071 -0.0942 0.15191 Â32 (4% Ä 0.0477 0.0769 -0.1683 -0.2714 0.1106 0.1784 0.5724 0.92301 Â32 ( Í Ä 0.0477 -0.0769 -0.1683 0.2714 0.1106 -0.1784 0.5724 -0.92301 Â32 *)% Ä 0.0653 0.1053 -0.2364 -0.3812 0.2932 0.4728 -0.4639 -0.74801 Â32 * Í Ä 0.0653 -0.1053 -0.2364 0.3812 0.2932 -0.4728 -0.4639 0.7480

Thus,the mostinformative directionis givenby â·�7� , andthesecondcanonicaldirection
by â·��� . Thestructureof theseareshown below:â·�7�0��V �~V iÐh � @ $ �%����&�G>V �zV iÐh � @ $ ������&9GO� � � G>V �zV�lÐk � @ $ �Ö¼��7&9G>V �~V�lÐk � @ $ �Ö¼^��& $ �?k�&��V � ��kÞVÐk $ V ��� h l �?����&9GO� � � G>V � ����� V $ V �ú� h l �?�[¼�& $ �\lÐ&â·���A��V �~V í h �]@ $ �%����&ãq¯V �zV í h �]@ $ ������&9GO� � � G>V ���\VÐk � @ $ �Ö¼��7&�q¯V �ú�\VÐk � @ $ �Ö¼^��& $ � í &��V � ��kÞVÐk $ V � � �\lÐ� � ��&�Gf� � �\GªV � ����� V $ V � � �\lÐ� � ¼Q& $ � î &
Thecorrespondingresolutionsfor asampleof sizeonein eachgrouparegivenby¦ �7� w � { ��V � íÞ��� �<� V � î �\l �rñ`V � ��î � iV � î �\l �rñòV � ��î � i G $ �<qÚV � î �\l �?& $ �·qÚV � ��î � i & $ � h &

¦ ��� w � {|��V � í ��� i � V � î �\l �rñ`V � � k í �V � î �\l �rñòV � � k í �0G $ �<qÚV � î �\l �?& $ �·qÚV � � k í �?& $ �ÞVÐ&
Theresolutionsfor generalv maybefoundfrom theformulashown in Corollary1. For exam-
ple, ¦ �7� w~y?{ �*V � íÞ��� � v�¶ � V � íÞ��� � $ vIq¤�?&¥GO�Þ� .

Notice that thereareseveral small eigenvalues.We expectto learnslowly aboutthecor-
respondingquantities. If particularinterestwasheld in thesequantities,for example âã¼Q� is
approximatelycontrastingthe third and the fourth groups,we may apply Corollary 2 to in-
vestigaterequiredsamplesizesto achieve proportionatevariancereductionsfor quantitiesof
interest.For example,since

� �"� y �MV �zV hÞi V and
� �"� y �MV � � k í � , samplesizesof 18,157,330

in eachgroupwill guaranteea proportionatevariancereductionof 50 percent,90 percentand
95 percent,respectively, for everyelementof ��@ $ �¸&T� .
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APPENDIX:PROOFOFTHEOREM

Goldstein(1981)shows that thecanonicaldirectionsandresolutionsmaybe calculatedfrom
the eigenstructureof the resolutiontransformfor the adjustment.In our case,the resolution
transformis givenby5 ��+P,/. $ @ $ �C&T& ©N� 2�365 $ @ $ �C&Q� �tw6�!{�&^+-,/. $ �xw��!{�& ©N� 2�3?5 $ �¯w6�!{���@ $ �`&T& $ ���?&
Calculatingthedesiredvariancesandcovariancesfrom equations(7), (8), and(9), wefind that+-,/. $ @ $ �C&T&ã�*2�3?5 $ @ $ �`&�� �¸w��c{�&"� $ ø87-2�& and +-,/. $ �xw��c{�&0� � $ ø87-2�&QG $ ü ©[� ù97 # &�� ,
where

$'� 7}�(& denotesthe direct productof
�

and � . For further detailsand properties
of the direct productseeSearleet al. (1992). Since ø , 2 , ü , ù ,

#
are positive definite,

thenwe have invertibility of
� $ ø:7O2�&0G $ ü ©N� ù
7 # &�� and

$ ø:7O2-& , andso we have that5 � � $ ø;7H2�&�G $ ü ©[� ù�7 # &�� ©[� $ ø;7f2�& . We find thematrix of eigenvectors,� , andthe
correspondingdiagonalmatrix of eigenvalues,< , of

5
by solving the equivalentgeneralised

eigenvalueprobem
$ ø�7Ç2�&=� � � $ ø�712-&(G $ ü ©[� ù>7 # &��?�@< . Let

$ ÿé��¹P& , $ 	P��èå& be
thepairsof matricesof eigenvaluesandeigenvectorsrespectively solving thetwo generalised
eigenvalueproblems2�¹å� $ 2bG # &^¹Pÿ and ørè � $ ønGªü ©N� ù�&Tè
	 . Consider$ øA7>2�& $ è 7ª¹�& � $ ��qB	r&C7 $ ��q�ÿL&��é�Oørè $ �-qD	r&C7ª2�¹ $ �4q�ÿ<& $ ����&
Noticefrom thesolutionof our two generalisedproblemsabove,we maywrite 24¹ $ �-q�ÿL&0�# ¹Pÿ and ørè $ ��qB	r&(�Oü ©N� ù�è
	 . Substitutingtheseinto (22),wefind that:$ ø�7>2�& $ è 7>¹P& � $ �-qD	r&E7 $ �-q¯ÿL&��U��ü ©[� ù�è�	F7 # ¹Pÿ $ � � &� $ ü ©[� ùG7 # & $ è 7>¹�& $ 	F7ªÿ<& $ � i &
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Adding
$ øA7>2�& $ è 7>¹�& $ 	�7>ÿ<& to bothsidesgives:$ ø�7ª2�& $ è 7>¹�& � $ 	�7¤ÿ<&¥G $ �4qB	4&H7 $ ��q¯ÿ<&��� � $ ø�7ª2-&�G $ ü ©[� ù:7 # &�� $ è 7>¹�& $ 	F7¤ÿL& $ ��k�&

Note thatsince VJI � � Iu�L:[ý`�®��� � � �Q�^�Þê and VJI � ×@I_�L:+�S�®��� � � �Q��56ê , we may invert� $ 	F7¤ÿL&9G $ �-q�	4&C7 $ �-q�ÿL&�� sothat:$ ø�7ª2�&=�º� � $ ø�7ª2�&|G $ ü ©[� ùG7 # &��?�@< $ �ÞlÐ&
where �a� $ è 7b¹�& and <�� $ 	K7fÿ<& � $ 	K7fÿL&�G $ ��q�	r&'7 $ ��qªÿL&�� ©N� . Thecanonical
directionsarethengivenby â � × � $ è � 7I¹[×�& � @ $ �C& , thecorrespondingcanonicalresolutions
beinggivenby the diagonalelementsof < . Orthogonalityis verified by noting 24365 $T$ è � 7¹[×T& � @ $ �C&Q� $ è � � 7>¹ ×�� & � @ $ �C&T&"� $ è � ørèå& �L� � $ ¹ � 2�¹�& ×�×�� . This givesusparts3 and4 of
the theorem.Parts1 and2 follow by observingthat we may arrangethe eigenvectorsasthe
matrix 	zè 7n¹��N� � �Tè 7>¹�ë ê � .


