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Abstract

Reliability theory constructs mathematical models for assessment of probability of mission success. Some-
times, a system may be required to perform multiple tasks in a sequence, like an airplane, which has to (at
least) take-off, cruise, and land again. Such situations are denoted as Phased Missions and are considered
successful if the system successfully completes all the phases. Generally, in each of the phases, different
conditions and failure modes may apply. Assessing the mission reliability requires us to merge individual
specifications of all the phases into a specification of the whole mission.
The method for computation of phased mission reliability via Survival Signatures was introduced in [5].
Objective of this paper is to introduce its extension to include epistemic uncertainty on component failure
rates and phase duration. Furthermore, the paper also introduces a novel perspective, showing how the
ordering of the phases influence mission reliability.

1 Introduction

Phased mission (PM) system refer to situations
where a system has to perform multiple tasks in a
sequence [6]. In this paper, we will review how the
PM reliability can be assessed with the help of sur-
vival signatures (introduced in [4] and extended to
PM systems in [5]). An alternative method of mod-
elling PMs via constructing a fault tree of phased
mission is presented in [2].
In this paper, we will present novel results which
allow us to assess reliability of a PM system with
epistemic uncertainty about component failure rates
and phase durations (Sect. 3), and our preliminary
work on influence of phase ordering on the mission
reliability (Sect. 4).

2 Phased Mission reliability

For an arbitrary system, its reliability is defined as
the probability that it will complete its mission. If
we require a system to stay functioning for its whole
mission time TM , the reliability can be calculated by

assessing the probability of the event:

XM :=

{
inf
t≥0
{t : XS(t) = 0} > TM

}
,

where XS corresponds to a random variable (RV)
representing the system state with XS = 0 meaning
that the system is not functioning.

In this section, we will introduce mathematical
models for reliability assessment of a class of gen-
eral and subsequently Phased Mission (PM) systems
based on Survival Signatures.

2.1 System Reliability

A system is a device composed of distinctive sub-
systems. The reliability of each of the system com-
ponents may be assessed individually. To assess the
reliability of a system, it is necessary to model de-
pendencies between states of the components and the
states of the system.
For a binary system S (i.e. we only distinguish two
states - functioning and failed) composed of N binary
components, this dependency may be described by
a structure function ϕS : {0, 1}N → {0, 1}. With
dependency modelled by a structure function and

1



states of components being random, the probability
of the system functioning may be obtained by calcu-
lating the expected value of its structure function:

Pr(XS = 1) = E {ϕ(X1, . . . , XN )} , (1)

where XS ∈ {0, 1} represents the state of the system
and Xi ∈ {0, 1} the state of component i.

The component state can evolve in time and in
that case we need to provide a stochastic model for
its state at any time point t considered, i.e. describe
a stochastic process of component state {Xi(t)}|t.
Having this description for each of the system com-
ponents, we may describe the stochastic evolution of
the system state. For each time t, the probability of
the system functioning can be obtained by calculat-
ing the expectation in Eq. 1 for (random) component
states at time t.
If we assume that a component is non-repairable,
i.e. it remains failed once failed, description of the
stochastic process of its state simplifies greatly. In
such case, it suffices to model time to failure (TTF)
of a component as a positive random variable, say Ti.
The probability that a component functions at an ar-
bitrary positive time t is then equivalent to the prob-
ability that the component survived up to time t,
i.e. probability of event {Ti > t}. This probability is
modelled by a survival function Ri(t) := Pr(Ti > t).
We will here-on consider systems with non-repairable
components.

2.2 Survival signatures

Evaluation of Eq. 1, requires us to sum over the
set of all possible component states, the cardinality
of which increases exponentially with the number of
components. This subsection introduces a method-
ology, which allows us to simplify this calculation for
a specific, but general enough, class of scenarios.

By the law of total expectation, for arbitrary RVs
A,B on common sample space, the expectation of
RV A can be equivalently expressed as the expec-
tation of the conditional expectation E {A|B}, i.e.
E {A} = E {E {A|B}}. The key idea is to introduce
a convenient auxiliary RV.
Consider a system consisting of K types of compo-
nents s.t. TTFs of components of the same time are
exchangeable (or i.i.d.). We define a K-dimensional
random vector (process) L(t), elements of which will
represent the number of functioning components of
respective types. With such a choice, the condi-
tional expectation from the law of total expectation
E {XS |L}, represents probability that a system is

functioning conditioned upon there being exactly lj
components of type j functioning. This special con-
ditional expectation was named Survival Signature
[4] and we will denote it as ΦS(l). For every vector
l its value can be computed as a ratio of functioning
states among all the states for which L holds, i.e.:

ΦS(l) :=
|{x ∈ ΩX : l holds ∧ ϕ(x) = 1}|

|{x ∈ ΩX : l holds}|
, (2)

where ΩX := {0, 1}N is the state of possible values
of combinations of component states.

Furthermore, a system is considered coherent if
its structure function satisfies:

• ϕ(~0) = 0, system is failed if all its components
are failed,

• ϕ(~1) = 1, system is functional if all its compo-
nents are functional,

• ϕ is a non-decreasing function, i.e. improving
state of a component does not worsen the state
of the system.

For a coherent system composed of non-
repairable components, we may equivalently describe
its probability of being functional by describing the
distribution of a RV TS , representing the failure time
of the system. For system a composed of K distinct
types with exchangeable failure types in each group
and total amount of Mj component of type j in the
system, distribution of system failure time can be
expressed via its Survival Signature as:

P (TS > t) =

M1∑
l1=0

. . .

MK∑
lK=0

ΦS(~l)Pr(L(t) = ~l), (3)

where

Pr(L(t) = ~l) =

K∏
j=1

[(
Mj

lj

)
[Rj(t)]

lj [1−Rj(x)]Mj−lj
]
,

(4)
where Rj(.) denotes the survival function common
to components of type j.

Once we can model a system solely by modelling
its TTF with a survival function RS(.), the event
describing successful mission completion can be sim-
plified to an equivalent event XM = {TS > TM}.
Mission reliability can then be assessed as:

RelS = RS(TM ). (5)

2.3 Survival signatures for PM

A phased mission consists of a series of W phases.
The whole system mission time TM may be divided



into intervals [τi−1, τi], for i = 1, . . . ,W representing
time frames of the mission phases. For each of the
phases we have to consider that:

• different components might be used in differ-
ent ways, which can be modelled by separate
structure functions for each of the phases, and

• components might be subjected to different
conditions, which affects their deterioration
rates and, therefore, failure probabilities.

A phased mission is considered successful if it suc-
cessfully completes all its phases. We can reflect
this by constructing a structure function for the
whole mission. Taking the time evolution of (non-
repairable) component states into account, the struc-
ture function of a mission can be expressed as:

ϕPM (x(τ1), . . . , x(τW )) =

W∏
i=1

ϕi(x(τi)), (6)

where ϕi is structure function describing require-
ments on phase i and vector x(τi) represents states
of components at the end of phase i.

To simplify PM reliability computation in the
way we did with single phase systems via Survival
Signatures, just minor differences have to be consid-
ered.

Phased mission state space
PM structure function is now a function of compo-
nent states at the end of the phases. This means that
every component may be again functional or not at
each of those. Care must be taken to include our
assumption of non-repairability of the components,
i.e. to exclude states for which some component is
non-functional at one time and functional later. The
new component state evolution space, ΩX , will be a
subset of {0, 1}K·W which excludes these.

Component grouping
Grouping of components into types with exchange-
able lifetimes have to take into account whether
components of the group are stressed in exactly the
same way throughout the whole mission. In simpli-
fied case, where all the components are stressed in all
the phases, we may employ the same discrimination
as in single phased systems, i.e. grouping them by
they physical type. Further discussion on component
grouping is provided in [5].

State space decomposition
The auxiliary RV L, introduced via the law of to-
tal expectation for convenient state space decompo-
sition, will just change form reflecting the change of

state space and component grouping. It will, again,
be a vector of values which represent the number of
functioning components in a group, now also for end
of each phase. Dimension of the vector will there-
fore be K ·W , where K is the number of component
groups and W the number of phases. The ordering
can be made arbitrary, e.g.:

~l = (~l1, . . . ,~lW ),

where ~li is a K-dimensional vector, elements of which
represents number of respective functioning compo-
nents at the end of phase i.

Survival signature
Taking the changes introduced earlier, the survival
signature is defined exactly in the same way. We
only need to reflect the change of ΩX and what does
it mean that l holds (i.e. x is such that lij compo-
nents of type j function at the end of phase i).

Phased mission reliability
The PM reliability can be computed as the
expectation of the structure function for RV
~X := (X(τ1), . . . , X(τW )). We can decompose the
expectation via law of total expectation through the
augmented auxiliary RV L as:

RelPM := E
{
ϕPM ( ~X)

}
=

M1∑
l1=0

. . .

MKW∑
lKW=0

ΦPM (~l)Pr(~L = ~l),
(7)

where the mixing probability Pr(~L = ~l) represents
the probability that lji − l

j
i−1 failures of component

of group j occur in phase i. In the case where all the
components are present in all the phases, it can be
calculated as:

Pr(~L = ~l) =

W∏
i=1

K∏
j=1

(
lji−1

lji

)
p
lji
ij(1− pij)(

lji−1−l
j
i), (8)

where pij denotes probability that a single compo-
nent of group j survives phase i, given that it has
been functioning at the beginning of the phase, and
lj0 is the total amount of components of group j in
the system (i.e. the amount functioning at the be-
ginning of the first phase).

3 Imprecision

Engineering, and also other applied fields, have to
take uncertainties in our models into account in or-
der to produce reliable conclusions. The first step is
to reflect possible uncertainties in the value of pa-
rameters of our models. Although the uncertainty



may be modelled by stochastic models and inferred
via statistical methods, often we face a situation in
which we need to include an additional, strong, as-
sumption to be able to carry out the inference. This
may bias our analyses and make them unreliable. In
cases of limited information (or also for the purpose
of sensitivity analysis), interval models may be em-
ployed, which model our uncertainty of a parameter
value by an interval of its possible range. Impreci-
sions in parameters of stochastic models are studied
within the theory of Imprecise Probabilities [1, 3].
In this section, we will derive novel results which take
into account interval uncertainty in the duration of
mission phases and component failure laws. We will
restrict ourselves to the specific scenario in which
the sub-systems, representing individual phases, are
coherent and the failure probability of components
is modelled by exponential distributions, i.e. a con-
stant failure rate law. Restriction to constant failure
rate models provides us with a necessary simplifica-
tion of the expression for PM system reliability while
still allowing us to address a wide class of real world
situations.

3.1 Study case

We will here-on assume that the:

• structure function of each of the phases corre-
sponds to a structure function of some coher-
ent system. I.e. each ϕi(.) is non-decreasing
in x and therefore ϕPM (.), a product of non-
decreasing functions, is also non-decreasing in
(x(τ1), . . . , x(τW )) (in the sense of partial or-
dering of component states),

• hazard rate of components of group j in phase
i is constant and equal to λij . I.e. the condi-
tional probability from Eq. 8 will take the form
pij = exp(−∆i ·λij), where ∆i := (τi− τi−1) is
the duration of phase i.

3.2 Monotonicity properties

Theorem 1 Reliability of a PM (Eq. 7) sat-
isfying assumptions from Sect. 3.1 is non-
increasing function of λ := (λ11, . . . , λWK).

Proof 1 (Thm. 1)

§1. All the RVs representing component states are
binary, therefore:

Pr(X > x) =


0 ;x ≥ 1

1 ;x < 0

Pr(X = 1) ;x ∈ [0, 1)

§2. For each component i

Pr(Xi(t) = 1) = Pr(Ti > t),

where Ti is the component failure time and
Pr(Ti > t) = exp (−Hi(t)), where Hi(t) is the
hazard function of component i.

§3. Hi(t) =
∑ρ(t)
j=0 λj,c(i)∆j for each time, which

coincide with end of some of the mission
phases. ρ(.) is a mapping selecting which one
is that, and c(.) select to which group the com-
ponent belongs.

§4. Hazard rate is strictly increasing in λj,c(i), and,
therefore, Pr(Xi(t)) is strictly decreasing.

§5. Given two processes X̃(t), X(t) of component
states, subjected to failure rates λ̃, λ, respec-
tively, s.t. λ̃ ≥ λ, X̃(t) is stochastically domi-
nated by X(t) at each time corresponding to an
end of a phase.

§6. Since PM reliability is an expectation of a
monotone function, the expectation is lower or
equal for the dominated process. �

Theorem 2 Reliability of a PM (Eq. 7) sat-
isfying assumptions from Sect. 3.1 is non-
increasing function of ∆ := (∆1, . . . ,∆W ).

Proof 2 (Thm. 2)

§1. The reliability of a PM effectively depends
on phase time through the conditional prob-
ability of component failure during a phase,
pij = exp(−∆i · λij) (from Eq 8).

§2. For any altered system with ∆̃i = αi∆i, we can
construct an auxiliary PM system with equiv-
alent expression for reliability by, instead, as-
suming that ∆̃i = ∆i and λ̃ij = αiλij ,∀j.

§3. ∀i : αi ≥ 1⇒ ∀i, j : λ̃ij ≥ λij ⇒ λ̃ ≥ λ.

§4. Reliability of PM is non-increasing in λ, there-
fore reliability of the altered system is lesser or
equal to that of the former one. �

3.3 Implications to interval analysis

We have proved, for our specific scenario, that the
reliability of such a PM is monotone in both failure
rates and phase durations, so interval analysis can
be carried out at the cost of just two precise analyses.

If we are to assess reliability of such PM across
a set of plausible failure rates λ ∈ Ωλ and phase du-
rations ∆ ∈ Ω∆, the lower bound can be attained in
the upper extreme corner of Ωλ × Ω∆, i.e.:

min
(λ,∆)∈Ωλ×Ω∆

RelPM (λ,∆) = RelPM
(
λ,∆

)
, (9)



where λ := max{λ ∈ Ωλ} and ∆ := max{∆ ∈ Ω∆}
Mutatis mutandis for the upper bound.

4 Ordering of the phases

In robust design, we are interested in how to de-
sign our system to increase their performance, one
of which is their reliability. Sometimes, we require
a system to perform multiple actions, but we might
not be dogmatic about which order it does it. This
section addresses the question of whether, and how
does the reliability of a PM depend on the ordering
of the phases.

4.1 Examples

In this section, we will introduce examples which
show that the order matters. The presented fig-
ures depict mission reliability for an arbitrary time
t ∈ [0, TM ] (the means of conducting such analyses
is described in [5] and will be omitted here).

Figure 1: Survival function of a simple PM with se-
rial (1) and parallel (2) phases for both possible or-
derings of the phases.

The first example depicts (in Fig. 1) differences
in reliability functions for a PM consisting of 3 com-
ponents with exchangeable TTF distributions (i.e.
K=1) and equal failure rate in each of the phases.
One of the phases requires all the components to be
functional, the other just one of them (serial and
parallel systems, respectively). Reliability of the
whole PM is equal to reliability at the time t = 2,
the end of mission. Even from this simple example
it is apparent, that ordering of the phases plays a
significant role in system design.

Second example (in Fig. 2) does the similar, just
to provide a slightly more complex result for com-
parison. Now, the PM consists of 3 phases with the

same component failure rates. Structure functions
for each phase are described by reliability block dia-
grams depicted in Fig. 3.

Figure 2: Survival function of a PM with three
phases for all the possible permutations of phase or-
dering.

Figure 3: Reliability block diagrams for mission
phases. Top-left: phase 1, top-right: phase 2, bot-
tom: phase 3. The numbers identify individual phys-
ical components.

The examples show a phenomenon which was ob-
served irrespective of the actual structure functions
of the phases. The survival function of the PM sys-
tems differs greatly for possible orderings. The same
applies for the mission reliability (survival function
at the mission time TM ). Therefore, the phase or-
dering should be optimised whenever it is possible.

4.2 Properties of the ordering

No mathematical relations, that could easily decide
which ordering is better has been found. In order
to find the best ordering, a full optimisation process
has to be conducted over all possible permutations
of phase orders. This means, that for each of the
permutation, we need to calculate the PM system
survival signature.



Nevertheless, a simple relation has been found, which
can either serve as a heuristics to avoid necessity of
calculating signatures for each ordering, or as an tool
to restrict our search space.

A simple bound on PM system reliability can be
obtained by applying the chain rule. Since:

RelPM = Pr(F1)Pr(F2|F1) . . . P r(FW |F1, . . . , FW−1),

where event Fi represents successful completion of
phase i.
Given that all Pr(Fi|F1:i−1) are probabilities (i.e.
≤ 1), the PM reliability can be bounded by Pr(F1),
and consequently also by Pr(Fi) for any i. There-
fore:

RelPM ≤ min
i∈1,...,W

Pr(Fi), (10)

where Pr(Fi) = E {ϕi(X(τi))}.

4.3 Implications

The derived bound (Eq. 10) depends on the order-
ing of the phases only through the hazard function
which influences the probability that a component is
functional at time τi and can be computed without
taking into account the actual structure of a PM.
This means that these partial (smaller and easier)
survival signatures can be calculated only once be-
fore the optimisation process and used to discard
some orderings without the need to construct the
(more expensive) survival signature of the whole PM
system.

Consequently, the bound may also be used for
preliminary reliability analysis to discard inadmis-
sible designs or identify critical phases and compo-
nents.

5 Conclusions

We have reviewed survival signatures for system reli-
ability modelling [4] and its generalisation for phased
missions (PMs) [5].
We have provided theorems which allows us to as-
sess reliability of phased missions subjected to epis-
temic uncertainty in both component failure rates
and phase durations. Reliability of a special case of
phased mission was shown to be a monotone func-
tion of these both (Thms. 1,2). This allows us to
calculate lower and upper probabilities of success-
ful completion of a mission with almost no further
computational effort (Eq. 9). The main contribution
to computational complexity arises from calculating
the survival signature and has to be done only once,
i.e. the same amount as for assessing reliability of
precisely specified system.

Further, we have introduced preliminary work on de-
pendency of PM reliability on ordering of the phases.
Examples provided (Figs. 1, 2) clearly show that the
ordering matters, which introduces further possibil-
ities for designing reliable systems. So far, in order
to find the most reliable phase ordering, an optimi-
sation has to be run over the set of all permutations
of mission phase orderings.
A simple heuristic method has been introduced
which aims to help with PM system design (Thm.
10). It provides no guarantees of optimality, but may
be used as a heuristics, or to restrict the search space
for reliability optimisation.
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