RATIONAL POINTS ON COMPLETE INTERSECTIONS OVER F,(t)

P. VISHE

ABSTRACT. A two dimensional version of Farey dissection for function fields K = Fg4(t) is developed and
used to establish the quantitative arithmetic of the set of rational points on a smooth complete intersection
of two quadrics X C ]P”;(_l , under the assumption that ¢ is odd and n > 9.
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1. INTRODUCTION

Let X C IP’"Kfl denote a smooth projective complete intersection defined over a global field K of multi
degree type (di,...,dR), i.e., it corresponds to the zero locus of a non-singular system of homogeneous
polynomials F}(x), ..., Fr(x) of degrees dj,...,dr respectively. Establishing properties of the set of K-
rational points on X, denoted by X(K), is a key focus of Diophantine Geometry. An important tool
in establishing the Hasse principle and weak approximation is presented by the Hardy-Littlewood circle
method. A feature of this method is that it not only gives the existence of the rational points on X, but
also provides an asymptotic formula for the number of rational points in an expanding box, establishing
the quantitative arithmetic of X (K).

Let K =TF,(t), let € = F[t] be the ring of integers in K and let K., denote the completion of K with
respect to the co-norm on K, denoted by |- | defined by |a/b| = gde&(@~dee(®) Let T = {|z| < 1} € K4 be
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an analogue of the unit interval in this setting. The circle method starts with considering an integral

(1.1) S(a)da,

TR
where da denotes a suitably normalised Haar measure and S(a) denotes a suitable exponential sum, made
explicit in Section 5. Given any @ > 0, a version of Dirichlet’s approximation theorem (see [22, Lemma
5.1], [23]) gives

12 ™= J | D@nr@),  where D(@,T,Q)={§€TR:|§—@/T|<!T|’1q’Q/R}-
red geﬁR
r<a?  Ja|<|r|
7 monic gcd(g,r):l

Here, given any x € K2, |x| = max{|z1|,|z2], ..., |zr|} denotes the maximum norm of its co-ordinates.

The study of rational points on low degree d smooth hypersurfaces (R = 1) has seen major advances
over the years. However, this success has not been mirrored in the R > 1 case, with Myerson’s recent
works being one of the notable exceptions. We will try to explain one of the major hurdles here. When
R =1 and K = Fy(t), (1.2) provides an exact splitting of T, effectively enabling us to utilise non-trivial

cancellations in the averages
> 2> Sla/r+a),

red acel
Irl=¢*" la|<|r|
r monic ged(a,r)=1
usually called as a double Kloosterman refinement. This was a key idea in the author’s previous work (w.
Browning) [8]. This idea was employed there to establish the quantitative arithmetic of cubic hypersurfaces
over Fy(t), as long as n > 8 and Char(F,) > 3. When R > 2, a major log-jam is posed by the fact that so far
there is no known way for obtaining a suitably symmetric partition of T with approximating fractions of
the type a/r, namely, a multi-dimensional version of Farey dissection. The only other available approach is
due to Munshi [25]. When K = Q and R = 2, he essentially used a hybrid of two 1-dimensional Kloosterman
refinements. Upon translating his approach to the function field setting, it amounts to using approximating
fractions of the type (ai/r1,az2/r2), which in turn needs too many sets to cover T?. Therefore, it fails to
generalise beyond the d = (2,2) case in a fruitful way.

The primary goal of this paper is to overcome this lacuna by producing a two dimensional version
of Farey dissection for T?. This will provide a route for establishing a double Kloosterman refinement,
capable of dealing with a system of two forms (R = 2) over K = F,(t). We illustrate the utility of this new
approach by providing an asymptotic formula for a suitable counting function for any smooth complete
intersection of two quadrics (d = (2,2)) defined over K, as long as, n > 9 and 2t ¢q. Being able to obtain
a multi-dimensional version of Farey dissection is a well known open problem in number theory. As far as
our knowledge, our version here is the first of its kind for any global field.

We begin with a survey of some existing results. For X of the type (d, ..., d) over K = Q, a long standing
result by Birch [2] implies that n > (d — 1)24"1R(R + 1) suffices for the Hasse Principle to hold. This was
generalised to a general d type by Browning and Heath-Brown [6]. In Birch’s original setting, a recent
major breakthrough was achieved by Myerson in [27], [28], [26], where he managed to obtain the Hasse
principle as long as n > d29R 4+ R and X is suitably generic. When d = 2 and 3, he is able to drop the
genericity condition on X and obtain results for all smooth complete intersections. However his results do
not improve those of Birch’s when d and R are relatively small. The above results use the Hardy-Littlewood
circle method and therefore also provide us with an asymptotic formula for the number of rational points
on X, when counted in an expanding box.
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When K = F,(t), the Hasse Principle for n > d%—i—...—i—d% is an easy consequence of the Lang-Tsen theory.
Establishing weak approximation turns out to be a much harder task. A folklore conjecture predicts that
X should satisfy weak approximation as long as n > d% + ...+ d2R. It is usually believed that perhaps with
a lot more technical work, most of the previously mentioned results over K = QQ could be translated to the
function field setting. This is seen in Lee’s PhD thesis [23], [22], where he obtained an [F,(t) analogue of [2].
A novelty is typically attained when one obtains better results over Fy(t) as compared with the Q-setting,
often aided by the proven analogue of the generalised Riemann hypothesis over function fields.

When d = (2,2) and 2 1 Char(K), a conjecture of Colliot-Thélene, Sansuc and Swinnerton-Dyer [13,
Sec 16] predicts weak approximation to hold as long as n > 6. The geometry of a complete intersection
of two quadrics is well understood and therefore the geometric methods have been quite effective. When
K is an arbitrary number field, weak approximation for n > 9 was established by Colliot-Thélene, Sansuc
and Swinnerton-Dyer [12] and [13]. This was improved by Heath-Brown in [18], where he established the
n = 8 case. When K = [F,(t), a remarkable result of Tian [32] establishes weak approximation as long
as 21 ¢ and n > 6, settling the aforementioned folklore conjecture in this case. The methods in all these
results however are purely geometric and fail to shed further light on the structure of rational points X (K).
Moreover, they do not generalise to be able to deal with a more general types of complete intersections.
The only known improvement of Birch’s result in this setting is due to Munshi [25], where for K = Q,
he established the quantitative arithmetic as long as n > 11. Browning and Munshi [7] established the
quantitative arithmetic when K = Q and n > 9 under the assumption that the singular locus of X consists
of a pair of conjugate singular points defined over Q(¢). When d = (2, 3), Browning, Dietmann and Heath-
Brown established an asymptotic formula for the Hasse principle as long as n > 29. Heath-Brown and
Pierce [19] and Pierce, Schindler and Wood [29] investigated systems of quadratic forms attaining almost
every integer value simultaneously.

1.1. Main results. We start by stating our main results. From now on, we fix K =F,(¢) and d = (2,2).
While inspecting (1.2), it is easy to construct sub-families of overlapping sets appearing there. For instance,
the sub-family

{D((a,a),,Q) : ged(a,r) = 1,7 monic , |r| < g%},
contains a lot of sets which overlap with each other. However, this phenomenon can be easily explained
by the fact that they cover a region around {x; — 22 = 0} N'T?, a rational line segment of low height. The

Diophantine approximation of rational points lying on {z; — zo = 0} is explained by the R = 1 case in
(1.2). This rationale sets the stage for our partition of T2.

Before stating the result, we begin by making our notion of a generalised line concrete: given d € O,
and a primitive vector ¢ € &2, we define the corresponding generalised line as

(1.3) L(de) == {a/r € T? N Ly(dc, k) for some k € O : ged(ay, as,r) = ged(d, k) = 1},
where Lj(dc, k) denotes the affine line
(1.4) Li(de, k) :=={x € K, : dc- x = k}.

To clarify our previous comments, |dc| will denote the height of L(dc). Note that a/r € L(dc) would imply
that ¢ | dc - a. Here and throughout the rest of this work, we say that ¢ = (c1,c2) € €02 is primitive
if ged(e1,c2) = 1, and either ¢; is monic or ¢; = 0 and ¢y is monic. As a result, the relevant vectors
dc # (0,0). The following theorem, the key innovation in this work features our partition of T?:
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Theorem 1.1. Given any Q > 0, we have the following:

(1.5) ™= || | ] || DarQ).

T mon(igc d|r monic, c€0? primitive aco?
Iri<a Irlq=@/2<ldel<|r*/2 lal<lr|
|d02|<‘7‘|1/2 ged(a,r)=1
a/reL(dc)

Theorem 1.1 will eventually be proved in Section 2. Let us give a brief explanation of how (1.5) will be
derived from (1.2). We first begin by using the pigeon hole principle to prove that every rational a/r lies
on a generalised line of height at most |r|'/2. The extra condition |dey| < |r|'/? guarantees that these lines
don’t intersect each other at rationals of relatively small denominators. The rational points on each line of
low height are much closer to each other and therefore, we remove neighbourhoods around the rationals of
relatively high denominator lying on these lines, as each such rational is sufficiently close to one with the
denominator < |dc|q®?/2, effectively handing us the condition |r|¢~%/2 < |dc|. Finally, the condition d | r is
guaranteed from our definition of L(dc). We crucially use here that in a non-Archimedean setting if two
open balls intersect each other then one of them must contain the other.

It should be noted that the partition obtained in (1.5) is a true two dimensional version of Farey dissection
where for a fixed 7, the intervals are symmetrically placed around of Farey fractions a/r, which belong to a
fixed line. (1.5) provides a decomposition of T? as a disjoint union of the sets D(a,r, Q) placed at rationals
a/r lying on lines L(dc) satisfying the conditions

(1.6) [rlg~ 2 < Jde| < |72, |des] < [r|'2, d | v

An important observation to make here is that apart from the condition d | r, (1.6) only depends on the
absolute values |r|, |c1], |c2| and |d|. We may therefore readily interchange the sums over dc and r. After
an application of Theorem 1.1 to (1.1), we are able to consider averages of the type

(1.7) Z Z Z S(a/r +z).

|dc|=¢*1 |r|=¢¥2 a/r€L(dc)
d|r
For a fixed value of z, this presents us with a way to utilise oscillations in the values S(a/r+2z), for rationals
a/r appearing in (1.7). Theorem 1.1 should be able to be inductively generalised to produce partitions of
TE, for arbitrary values of R. We intend to return to this topic in a subsequent work.

We now move on to an application of Theorem 1.1. Let Fj(x), F2(x) € O|x1,...,x,] be two quadratic
forms defining a smooth complete intersection. We fix N € ¢ and a vector b such that Fi(b) = Fy(b) =
0 mod N. An object of focus for us is the following affine counting function: given a non-zero parameter
P € ¢ and a smooth, compactly supported function w over K2, let

(1.8) N(P):= Nxgu(P,b,N):= Y w(x/P).
xXeom™
Fi (x)=F>2(x)=0
x=b mod N

We apply Theorem 1.1 to detect the condition Fj(x) = F»(x) = 0 to obtain the following asymptotic
formula for N(P):

Theorem 1.2. Let X C IP)"Kfl be a smooth complete intersection of two quadrics over K = Fy(t) satisfying
2 1 q. Let xg be a non-singular point in X(Ks) and for an integer L > 1, let w denote characteristic
function of the set {|x —xo| < ¢~*}. Then there exist constants Cou,r,F,N >0 and 0 < ey <, 1 such that
given any non-zero P € 0, any L < 1 and any 0 < € < g9, we have

N(P) = Cw,FthJV|P|ni4 + O(‘P’n7475>7
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as long asn > 9. Here, throughout, the implied constants are allowed to depend freely on Fy, F5, N,q and
€.

We thus establish the quantitative arithmetic for a pair of quadrics in the setting of the aforementioned
folklore conjecture requiring n > d3 + ... + d% and thus also record an improvement of [25] in the function
field setting. The asymptotic formula, without the condition C, r, r, v > 0, could essentially be proved for
the characteristic function w of any fixed hypercube in K7\ . However, for it to be meaningful, we must have
Cuw.Fy, 7N > 0. The constant C,, r, r, N is a product of local densities whose positivity can be established
under the assumption that there are no local obstructions and that the hypercube is close enough to a
smooth point xg € K7 . The hypothesis 2t ¢ is vital as well.

Our bounds for the exponential sum (1.7) for a fixed vector dc € 02 and for generic values of the
denominators r are sufficient to establish Theorem 1.2 for n > 8. However, the corresponding bounds for
special values of the denominators r make our method not work for n = 8. We elaborate on this further in
Remark 6.2. To stablish a hypothetical limit of our method, if one is able to obtain further cancellations
utilising the sum over vectors dc in (1.7) one may reach n > 7, which would amount to a full double
Kloosterman refinement. However, it is not clear to us how to achieve this.

Theorem 1.2 will finally be proved in Section 8 where we establish satisfactory bounds for the contribution
from the minor arcs. Here is a short roadmap of rest of the sections. Sections 3 and 4 provide supporting
results for Fy(t) analysis and results about complete intersections of a pair of quadrics respectively. In
Section 5 we will set up the circle method to prove Theorem 1.2 and deal with the major arcs contribution.
Section 6 obtains explicit bounds for quadratic exponential sums. Some of these bounds were already
known over Q due to many relevant previous works on quadratic forms including [7], [16] and [19] but
were not explicitly available in the literature in the function field setting. Finally in Section 7 we use the
proved Riemann hypothesis in the [F,(¢) setting to obtain cancellations in averages of exponential sums
over square-free moduli, which is crucial in establishing the n = 9 case.

Finally, there are wider implications of obtaining analogous asymptotic formulae (where deg(P) remains
fixed but ¢ — oo) for the counting function (1.8) over F,(t). Let X be a smooth complete intersection over
C. Akin to [9], [10], [11] and [24], techniques in this work are likely to facilitate us to understand geometry
of the space of rational curves on X, which is crucial in understanding rationality properties of X.

1.2. Acknowledgements. We would like to thank Tim Browning and Roger Heath-Brown for helpful
discussions and providing us with useful references. Special thanks are also due to Will Sawin whose
generous help is greatly acknowledged. We also thank the anonymous referees for their comments.

2. PROOF OoF THEOREM 1.1

The focus of this section is to prove our key result Theorem 1.1, providing us with the required dissection
of T?. Our proof of Theorem 1.1 is proved by first principles of Diophantine approximation. Here is an
outline. In Lemma 2.1, we will begin by first showing that each rational point a/r € T? lies on a line
L(dc) of a suitable height. Lemmas 2.2 through 2.7 establish the precise distribution of rational points on
individual lines L(dc). This essentially follows from the one dimensional Dirichlet approximation theorem.
Later, Lemma 2.9 establishes that the lines L(dc) stay sufficiently far away from one another. Theorem
1.1 is proved by combining all these ingredients together.

As before, let | - | denote the oo norm on K, let K., denote the completion of K with respect to this
norm. K, can be seen as the space of truncated Laurent series with [, co-efficients. Given x € K2,
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let |x| = max{|z1], |x2|} denote the maximum norm. Throughout this work, for any real number R, let
R = qf'. Let ¢ =TF,[t] be the ring of integers of K.

Let C € My(0) be an arbitrary k x k matrix. We will frequently use a Smith normal form to write
C =TDS, where S, T € GLy(0) are matrices satisfying det(S),det(T) € Fy. Here D = diag(p1, ..., ptn) is
a diagonal matrix satisfying py | pa | ... | tin.

Throughout this section, just for the sake of convenience of the notation, we will treat the tuples x € K go
as column vectors (instead of the row vector notation used in Section 3.1 and the rest of the paper). This
choice makes little difference to the analysis in the remaining sections, where x € K2, can be purely viewed
as a tuple (either a row vector or a column).

We start by recalling the definition of lines L(dc):
L(de) == {a/r € T> N Ly(dc, k) : where k € €, gcd(ay, as,7) = ged(d, k) = 1},
where Lj(dc, k) denotes the affine line defined by the equation dc - x = k. Note that
(2.1) a/r € L(dc) = dc-a = kr, where ged(k,d) =1=d|r.

We first start by proving that every rational pair a/r satisfying ged(a,r) = 1 lies on one of the lines of
suitable height.

C1

Lemma 2.1. Given any rational a/r satisfying ged(a,r) = 1, there exists a primitive ¢ = <c
2

> e 0% and

a monic d € O satisfying |dei| < |r|Y/2, |dea| < |r|'/?, such that a/r € L(dc).

Proof. Let |r| = ¢". We will start by proving the existence of a possibly non-primitive vector ¢; such that
7| ¢; - a. Using the fact that for any N € N, #{z € 0 : || < N} = N, we have

¢ <#{(cr,c2) t|er] S L/2|ea] < L2} = ¢"

Therefore, for any triple (a1, a9, ), at least two distinct elements in {c1a; + coasg : |c1| < L/2,|ca] < L/2}
must have the same residue modulo r. This implies that a-c; = kr for some 0 # ¢; € 02,k € 0, satisfying
the required bound on the size of the co-ordinates of ¢;. If ¢; is not primitive, let d = ged(cy,7). Let
d = ged(cq)/d and ¢ = ¢,/ ged(c;), where upon possibly multiplying by a unit, we may ensure that ¢ is
monic as well. Note that ged(d’,r/d) = 1. We then have
a-¢c;=0modr=a-dc=0modr/d=a-c=0modr/d=a-dc=0modr.

We have now proved that dc - a = kir for some k; € &, where ¢ is primitive. If ged(d, k1) = 1, then we
are done. Otherwise, if do = ged(d, k1), then note that a/r € Li((d/d2)c, k1/d2), which further implies
that a/r € L((d/d2)c). The required bound for the coordinates of dc follows from further observing
|d/ ged(ey)] < 1. O

We next prove a refinement of the one dimensional Diophantine approximation [8, Lemma 4.2]:
Lemma 2.2. Given any a,r € O such that ged(a,r) = 1 and |r| = ]\/4\, there exist ai,71, such that

Iri| = M + 1, ged(ar,r1) = 1 and |a/r — a1 /1| = —2M — 1 = ([r||r1])~L.

Proof. The proof is a direct consequence of [8, Lemma 4.1]. Let y = a/r + z, where z = t=2M=1_ For any

a’,r' such that a’/r" # a/r, |r'| < |r|, note that |y —a'/r'| > M~tr'|~!. However, a further application
—— 1

of [8, Lemma 4.1] produces a1, 71, satisfying |r1| < M +1 and |a1/r —y| < M +1 |r1|7t. Clearly,
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— —— 2
|r1] = M +1 by our earlier observation. This implies that |a1/m —y| < M +1 . A simple triangle
inequality establishes the lemma. O

We now investigate the structure of the rational points on each individual line, starting with a line L(c),
where ¢ is primitive.

Lemma 2.3. Let ¢y, co,7 € O satisfying ged(cy, ca,r) = 1. Then we have the following equality of residues
modulo r:

{amod r: ged(a,r) = 1,c-a=0mod r, |a| < ||} = {act mod 7 : |a| < |r|,gcd(a,r) = 1},

L = (—CQ, Cl)t.

where ¢

Proof. We will assume that 7 = w”, for some prime w. Without loss of generality, we can assume that
w 1 ¢1. Clearly, modulo r, the left hand side is equal to

{y(—ci 2, 1) s ged(y,7) = 1,y mod r} = {ye1(—cy ez, 1) : ged(y,r) = 1,y mod r}.

In general, if r = w]fl...wﬁlm is a prime decomposition of r into co-prime prime powers, then our previous

analysis shows that ¢ - a = 0 mod r would necessarily imply that for each 1 < ¢ < m, there exists b; such
that w; 1 b; and a = b;ct mod wf" . An application of the Chinese remainder theorem will finish the proof
of the lemma. O

As a direct corollary of Lemma 2.3, we get

Corollary 2.4. For every a/r € L(c), there erists a unique |a| < |r|, ged(a,7) = 1 and a unique d € 02
satisfying |d| < |c| and a/r = act/r + d.

Similarly for any general line L(dc), we have the following generalisation:

Lemma 2.5. Let ¢ € 02 be primitive and d € 0. Then, for every a/r € L(dc), there exists a unique
a//(r/d) € L(c) and a unique d' € 0? satisfying |d'| < |d| such that a/r = &/ /r + d'/d, where |d'| < |d|.
Consequently, a/r = ac*/r + d/d, where (a,r/d) = 1,|a| < |r/d|,gcd(d,d) = 1,d € 02

Proof. We begin by recalling that a/r € L(dc) implies that dc - a = kr, where ged(k,d) = 1. Thus, ¢c-a =
0 mod r/d. The first part of the lemma is established upon choosing |a’| < |r/d| such that a’ = a mod r/d.
This choice of a’ is also unique, since any representation a/r = a, /r + d;/d must satisfy a = a; mod r/d.

Corollary 2.4 implies that a'/(r/d) = act/(r/d) + d”, for some d” € €2, gcd(a,r/d) = 1. Thus,
a/r = act/r + d/d, for some d € ¢%. This implies that dc - (act/r +d/d) = c-d = k. Since (k,d) = 1,
ged(d, d) = 1. O

As a consequence of the previous lemmas, we are now set to establish results about the distribution of
rational points on the generalised lines L(dc). As before, we start by investigating the lines of the type
L(c). The following lemma is a consequence of the one dimensional Dirichlet approximation.

Lemma 2.6. Let ¢ be primitive and let a,/r1 # a,/ro € L(c) satisfying |c|* < |r1||ra, then

[d

r1llra|

|, /r1 — ag/T2| >
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Moreover, given any a/r € L(c) satisfying |c|* < |r|, there exist a,/r1 € L(c) satisfying |r| < |r1| and

la/r —ay/m| =

We can further guarantee that a/r and a;/r1 both lie on the line Li(c, k), for some k € 0.

Proof. We begin by proving the first part of the lemma. Since a,/71,a,/r2 € L(c), we have (a;/r;) -c = i
for k1,ko € 0. Thus, (a;/r1 —ay/r2)-c = ki — k. If ki # ko, then this implies that |a,/r1 —ag/ra| > \g|

The first part now follows from the condition on r1,ry and c. On the other hand, Corollary 2.4 implies
that a,/r1 = ajct/ry +d; and ay/ro = asc®/ro +dy. As a result, if k1 = ko, then this necessarily implies
(d; —ds) - ¢ = 0. Now we use the fact that c is primitive, along with the fact that |d,],|dy| < |c| to get
that d; = dy. The first part now follows from the observation |a; /r; — ay/r2| = |(a1/r1 — az/r2)(—c2, c1)].

To prove the second part, we appeal to Lemma 2.2. Suppose, a/r = a(—cz,c1)/r+d. Lemma 2.2 provides
us a1 /r1 such that |r1| = ¢|r| and |a/r — a1 /r1| = (|r||r1])~t. Now, let a;/r1 = ai(—ca,c1)/r1 +d. Clearly

el

la/r —ay/r| = [(a/r —a1/m1)(—c2,c1)| = iy < 1. Thus, a;/r1 € T. We must also have ged(a;,m1) = 1,

since a; = ajct mod 1. We thus have a;/r1 € L(c). The final part of the lemma follows from choosing
k=d-c. O

We further extend this result to the lines of general type:
Lemma 2.7. Let ¢ be primitive, let d € O and let ay/r1 # ay/r2 € L(dc) satisfying |dc|> < |r1||ra2|, then
|de
= rlire|

Moreover, given any a/r € L(dc) N Li(dec, k), where |dc|?> < |r|, there exists ay/re € L(dc) N Li(dc, k)
satisfying |r| < |ra| such that

|2, /71 — ag/Ta| >

|dc|

[r{[ral

la/r —ag /2| =

Proof. The first part is almost immediate from Lemmas 2.5 and 2.6. The first part of Lemma 2.5 implies
that a;/r; = a/(dr;/d) + d;/d, where a/(r;/d) € L(c), for i = 1,2. Thus,

a a1 a ay +d/1—d/2

1 T2 N d Tl/d T’Q/d d '
The second term is clearly bigger than the first one on the right side of the above expression, except when
| = di, since |dc|/(|rir2]) < 1/|d|, the bound 1/|d| is admissible. This leaves us with the case d| = dj.

al, |d |
rl/d ro/d| = |ri||rz]’

We use Lemma 2.6 to get which settles this part.

For the second part, we again begin by applying the first part of Lemma 2.5 to write a/r = a//r + d/d,
where a’/(r/d) € L(c). We next use the second part of Lemma 2.6, to obtain a,/r; € L(c) satisfying
r/dl <|r1l, la//(r/d) — ay/ri] = d/(|r||r1]) and &' - c = a; - ¢. Set ay/ry = a,/(r1d) + d/d. Clearly,

(ag/re) -de=c-a;/m+d-c=c-a'/(r/d)+d-c=k
Since ged(d, k) = 1, it follows that d | ro. This implies that ay/re € L(dc) N Lyi(dc, k). Moreover,

(2 2)|- o
r/d rllra] = |rllre|”

r 9
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The last inequality comes from the fact here that |dri| > |rs|. However, since |dc|> < |r|, the first part of
|dc]
= Irllra]

a 2y

T 9

the lemma is applicable. This gives which implies the equality, and that ro = dr;. U

We are now almost ready to prove the fact that the lines L(dc) stay sufficiently far away from one
another, cf. Lemma 2.9 below. We will start with proving an auxiliary result.

Lemma 2.8. Let C € My(0) be a matriz satisfying that w 1 C , for some prime w € 0. Let v5(det(C)) =
ko, then for any k € N, if k > ko we have

{amod @ : ged(a, w) = 1,Ca = 0 mod @’} = 0.

Proof. Let C = TDS be a Smith normal form of C. The matrices 5,7 € GL2(€) and D = (4 2 ) is a
diagonal matrix. Clearly, vy (did2) = ko. Since S and T are invertible modulo w, ged(Sa,w) = 1 <=
ged(a, w) = 1. We thus have the equality:

#{a mod " ged(a, w) = 1,Ca = 0 mod wk} = #{a mod woh ged(a, w) = 1, Da = 0 mod wk}.
The right hand side is empty, as vy (dids) = ko < k. O

Lemma 2.9. Let ¢, = <21> ,Cy = (zg) € 0? be two primitive vectors, and let di,ds € € be monic such
2 4

that there are points a, /r1 € L(dic,),a9/r2 € L(dacy), satisfying |dic,|* < |r1| and |dacy|* < |ra|, and
max{|dic,|, |dacq|}

7172

a1 /11— ay/ra| <

then a,/r1 = ay/rs.

Moreover, if a/r € L(dic,) N L(dacy), where |dic,|? and |dacs|? < |r|, and |cical, |cacs| < |r/dida], then
we must have dic; = dac,.

Proof. We start by proving the second part of the lemma first. We begin by noting that if a/r € L(dic;) N
L(dacs), then this implies C (Zl> = <8> mod r/¢, where C' = gl ?), and ¢ = lem(dy,ds). Since

2 3 C4
both ¢;,c, are primitive, we can use Lemma 2.8 to get that /¢ | det(C). Since |cica| < |r|/|d1d2| and
|cacs| < |r|/|didz|, we have | det(C)| < |r/¢|. This must imply that det(C') = 0. This would then confirm
that ¢; = ¢y = ¢, since ¢;, ¢y are primitive and therefore monic according to our definition in Sec 3.1.

We now set 7/ = ged(a-¢,r),d = r/r', where d is monic. Clearly, dc-a/r =c-a/r’ € . We also have
ged(d,a-¢/r") =1, which implies a/r € L(dc). Moreover, since dja - ¢ = kir, where dy | r, ged(dy, k1) =1,
we then have di(a-c¢/r’) = (dia - ¢/r)d = kid. Since ged(d,a - ¢/r") = 1, we must have d | di, but on the
other hand, ged(dy, k1) = 1 implies that d; | d. Since both of them are monic, this must mean d; = d. We
can similarly prove dy = d, settling the second part of the lemma.

For the first part, let a;/r; # ag/ro. Without loss of generality, we assume |dic;| > |dacy| and let

la;/r1 — ay/r2| < |dicy|/(Jrirz|). The first part of Lemma 2.7 asserts as/ro ¢ L(dic;). Using the second
part of Lemma 2.7, we have a’/r’ € L(dyc;) such that |a;/r —a//r| = ‘iﬁ}

Li(dicy, k), where ged(di, k) = 1. If ay/ro ¢ Li(dc, k), the volume of the parallelepiped with vertices

det (al/” _32/T2> .

ay/ry —a'/r’

which is a contradiction.

/ /
, and moreover, a,/r1,a' /1’ €

Clearly, this

a,/71,89/7r2,8' /7" must be non-zero. This volume is also given by

‘d1§1‘2 1
[r1 2|7 ]lr2] = rirar’]

volume > ——. On the other hand, it is <

[r1lfraflr’] "
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We are now reduced to the case ay/ra € Li(dicy, k). This implies that (ay/re) - dic; = k. Since
ged(dy, k) = 1, we must have a,/rs € L(dic;) which is a contradiction, unless, a,/r; = ay/r9. O

As an immediate corollary of the second part of Lemma 2.9 we have:
Corollary 2.10. For any r € O, we have
{a€ 0% :a] <|r|,ged(a,r) =1} = | | {a:ged(a,r) = 1,a/r € L(dc)}.

d monic, ¢ primitive
d|r
|de1 | <[r|/2,|dea|<|r|*/2

Proof. The disjointness of the sets on the right hand side follows immediately from the second part of
Lemma 2.9. The right hand side is obviously contained in the left hand side. Lemma 2.1 implies that the
left hand side is contained in the right hand side. U

We are now ready to establish a refinement of (1.2), our main objective in this section,namely, the proof
of Theorem 1.1:

Proof of Theorem 1.1. Throughout this argument, we assume that d, d;, da, ... € ¢ are monic and ¢, ¢, ¢y €

02 are primitive. Lemma 2.1 implies that every a/r € L(dc), for some d, ¢ satisfying |de;| < |r|'/2, |dey| <
|r|1/2. This also implies that |dc|? < |r|. The proof will follow from an induction on |r|. We begin noting
that proving Theorem 1.1 is equivalent to proving

(2.2) 2= || | | || DarQ).

0<Y <Q r,d monic ,c primitive |a|<|r|

Ir|=Y ,d|r a/reL(de)
Y—-Q/2<|dg|<Y/2
|dC2|<Y/2

Here * beside LI denotes that the union is over a € €2 such that ged(a,r7) = 1. We begin by proving
the disjointness of the intervals on the right hand of (2.2). Let a;/r1 € L(dic;),as/r2 € L(dacy), where
d;,ri,c; satisfy the constraints appearing on the right hand side of (2.2). Lemma 2.9 then implies that
either a; /r; = aq/r9 or

max{|dicy |, |daco|} _ ¢~ max{jra],[r2[}

[r1llr2| 1|72

On the other hand, if a/r € L(dic;) N L(dacy) then the second part of Lemma 2.9 forces dic; = dacs,
implying disjointness of the right hand side of (2.2).

> g~ max{|ry| 7", ro| 7'}

|@1/7"1 - @2/7“2| >

Clearly, the right side of (2.2) is contained in the left. To prove the other way around, we proceed with
induction. We intend to prove that for any 0 < M < Q,

(2.3) U |l parec || | | || DarQ).

MSZ/M\ la|<|r| 0<Y <M r,d monic C primitive  |a|<|r|
|r|=Y d|r a/reL(dc)
Y—Q/2<|de|<Y/2
|de2|<Y/2

The base case M = 0 is obvious, since we only have one term on the left hand side, namely, D(0,1, Q).

1). Let us assume the validity of (2.3) for all M < My < Q.

Clearly, it is contained in L(e;), where ¢; = <O
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Note that d | r is forced upon us from (2.1). Now, let us choose a/r, |a|] < r,ged(a,r) = 1, such that
Ir| = My+1. Lemma 2.1 implies that a/r € L(dc), where |dei| < |r|Y/2,|des| < |r|/2. This forces
|dc|? < |r]. If |r| < ]dg|§/\2, we are done. Otherwise, using Lemma 2.5, we write a/r = ac*/r +d/d, where
la| < |r/d|,ged(a,r/d) = 1. A further application of [8, Lemma 4.3] gives us a’/r’ satisfying |r'| < |g]§\/2
such that |a/(r/d) —ad'/r'| < (|r’||g|§\/2)_1. We now set % = aT/,Q; + %. If dc-a/r = k, for some (k,d) = 1,
then clearly, dc-a;/r1 =c¢-d =k, as well. Moreover, d | 1, and

la/r — ay /r1| = |d| " a/(r/d) —a'/7'lc| < (1dr'|Q/2) 7" < (Ir|Q/2) ™

We use here that |r1| < |dr’|. However, since |r/| < |r/d|, we have |ri| < |r|. Thus, we have found an
a,/r1 € L(dc) satisfying |r1| < |r|, such that a/r € D(a;,r1, @), which further implies that D(a,r, Q) C
D(a;,r1,Q). We are now through using induction. O

Remark 2.11. For any |r| < Cj/\Q and |a|] < r, ged(a,r) = 1, by Lemma 2.1, a/r € L(dc), where
|de1| < |r|"/2,|deg| < |r|*/?. Moreover, since |r| < Q/2, D(a,r,Q) appears exactly once on the right hand
side of (1.5). Since a/r is was chosen to be arbitrary, this shows that

(2.4) = || |[| ParQ L || DarQ).

|T‘<(§/\2 lal<|r| rd mgn\ic, c primitive lal<|r|
r monic Q/2<|r|<@ a/reL(dc)
Ir[<|de|Q/2.dlr
|dex|<|r[*/2,|dea|<|r|*/?

This is the same idea that handed us Corollary 2.10. This is expected, since if 1 and 79 are small, then we
do not expect any overlaps in the intervals D(a;,r1,Q) and D(ay,r2,Q). (2.4) could be used to estimate
contribution from low values of r more effectively. More explicitly, we may be able to save a factor of size
O(|r|*/?) from all square-free values of |r| < Q/2. This saving is not required in this work, but it may be
useful in further applications.

3. AUXILIARY RESULTS FOR F,(?)

The objective of this section is to state and prove various auxiliary results about K = F,(¢) which will
be useful for proving Theorem 1.2 at various junctures of this work.

3.1. Notation. We will follow the notation in [8, Sec 2| closely. We refer the reader there for the proofs
and explanations of many of the facts stated below. We will always assume that 2 { g. Let {2 denote the set
of places of K including the infinite place. Given any finite prime v € Q, let v, (x) := ord,(x) denote the
standard valuation. Each valuation v, gives rise to an absolute value | - |, on K, with a special notation
| -] := "] as used before. For each v € Q, let K,, denote the completion of K with respect to the absolute
value | - |,, and let 0, = {z € K, : |z|, < 1}. We also define

0% :={b e 0 : b monic, w?t b, Vw prime },
to be the set of monic, square-free integers in 0.

An important role will be played by K. We will set T = {x € K : |z| < 1}. Let da denote the Haar
measure on K., normalised so that
/ da = 1.
T
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Let ¢ : K5 — C* denote the non-trivial unitary character as defined by (3", -y ait’) = exp(2miTr(a—1)/p),
where p denote the characteristic of F,. Given any x € K for any m > 1, let |x| = max;{|z;|} denote the
maximum norm of the co-ordinates of x.

Given a polynomial f(x) € K[x], let H; denote the maximum of the oo-norms of the coefficients
appearing in the equation of f. Similarly, given any tuple f(x) = (f1(x), ..., fr(x)) of polynomials f1, ..., fr,
Hy will denote the maximum of Hy ,...,Hypp,.

To distinguish between the integral over T? and over K" appearing in our work later, we will typically
use the notation x = (71, 72) to denote a pair in K2, and the notation x = (1, ..., ,) to denote a vector
in K2, with our notation d = d defined in Section 8 being an exception.

Our integral bounds would require us to often integrate on regions of the form {z € K2 : |z| = Z},
where Z; € Z. We will therefore introduce the following notation: given Z € Z2, let

(3.1) {2 = @)} = {ze K2 2] = Zi}.
In order to facilitate our optimisation process in Section 8, given any z,y € €, we define:
(3.2) ylz*={w|y=w|z}.

Throughout, we will use the notation A < B to denote A < C'B for some absolute constant C. For a large
portion of this work, we have tried to keep the implied constant to be independent of ¢, which will mainly
be useful in our future applications to arithmetic geometry.

3.2. Some exponential integral bounds. Given non-zero polynomials G1,Gs € Kx[x1,...,zy), given
a € K2 and w € K2 | integrals of the form

(3.3) Jo(az;w) = N P (1G1(x) + aeGa(x) + w.x) dx

will feature prominently in our work. Our goal here will be to build on the results in [8, Section 2.4] and
obtain analogues of Lemmas 2.6 and 2.7 from there. Generalising [8, Lemma 2.6] is relatively straight-
forward. We will therefore omit its proof. After noting Hy, G406, < max{|oq|Hg,,|a2|Hg,}, a slight
modification of [8, Lemma 2.6] gives us

Lemma 3.1. We have Jg(o; w) =0 if [w| > max{1, |ou|Hg,, |o2|Hg, }.

We also need a generalisation of [8, Lemma 2.7], obtained in the following lemma:

Lemma 3.2. Given any Z = (Z1, Zs) € Z? and for any w € K2 satisfying |w| < max{1, 71, E\Q}HQ, we
have

/ Jao(a; w)da = /Aw (1G1(x) + aaGa(x) + W.x) dxda,

()=(2)
where (o) = (Z) as in (3.1) and

N)

(3.4) A ={(a,x) € {{) = (Z)} x T" :|a1G1(x)], |[a2G2(x)| < max{1, Hg} max{1, 21/27 2\21/2},

—~1/2 —1/2
01V G (x) + a2V Ga(x) + w| < Hemax{1, 71", Z2 1.

Note that the new ingredient here, as compared with [8, Lemma 2.7], is provided by the condition
—~1/2 —1/2
a1 G1(x)], |aeGa(x)| < max{l, Hg} max{l, Z; / , 29 / }. This will be obtained by utilizing the extra

average over ¢ in the integral. This refined bound will be useful in the proof of Lemma 7.2.
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Proof. Without loss of generality, let us assume that Z; > Z5. We may also assume that Z; > 0, since
otherwise, the lemma is trivial. For now, we proceed with an extra assumption Zy > Z;/2. Let

Q = {(a) = (Z)} x T"\ A,
We break the integral over Ag into a sum of integrals over smaller regions. Let 6 € K, be such that
0] = 2\1_1/2. We introduce dummy sums over a € {{a) = (Z)}/((s_l’]l‘)?/\and y € (T/6T)™. Here, the
sum over a will run through a fixed set of coset representatives of {(a) = (Z)}/(dT)2. Using the change of
variables o = a+ 6 'b, x = y + 6z, we obtain
1/1(0( G(x) + w.x) dxda

(3.5)
‘5|2"Z > / ¥ ((a+067'b)- Gy + 02) + w - (y + 02)) dzdb.

a ye(T/5T)" b,z)€Tn+2:(a+5—1b,y+6z)EAo}

For a fixed value of y and a, for any i = 1,2 and for any |b|, |z| < 1,

o~ —1/2
(a5 + 6 'b)Gily + 62) — :Gy(y)| < max{Z1|8|He, He /|6 = HaZn .

Thus, if for some a and y we have
—1/2
(3.6) aiGi(y)| = Z1 " max{1, Hg}, for some i € {1,2},

then this implies that the above holds for all (a + db,y + dz) for all |b|,|z| < 1, further implying that all
these points belong to Ag. For such a choice of a and y, the integral over b; could be evaluated separately.
Using the orthogonality of additive characters on K (see [8, Section 2.1]), for any y satisfying (3.6), we
have

~1/2 ~ _ —~—1/2
/ (5 0iGily + 62))db; = 0, since |Gy(y + 62)| > max{1, He}Z1 )2 > 71 1 = |5]
[b;|<1
Thus, the contribution from the values of a and y satisfying (3.6) to the corresponding inner integrals in
(3.5) is zero. We may now assume that for remaining a,y we must have
](ai + 5_1bi)Gi(y + (SZ)‘ < max{l, HQH(S’_l,

for all b, |z| < 1 and for i = 1,2. For a and y satisfying the above condition, they appear in (3.5) only if
for some |zp| < 1 and for some |by| < 1,

[(a+6"by) - VG(y + 6z0) + w| > Hg/|0].
Since, |(a+ 6 'by) - VG(y + 6z0) —a- VG(y)| < Hg/|d|, we must further have
la- VG(y) +w| > Hg/|0| = Vb, |2| < 1,|(a+0"'b) - VG(y + dz) + w| > Hg/|4].

We may now emulate the recipe of [8, Lemma 2.7] and utilise the integral over z to obtain that the inner
integral in (3.5) vanishes if a, y satisfy

(3.7) la- VG(y) +w| > Hg|o] ™,

which would further imply that (a+d~'b,y+dz) € A for all (b,z) € T"*2 and thus the whole contribution
from (3.5) is 0.

Recall that throughout, we have assumed that Zy > Z;/2. If Zy < Z;/2, then this automatically implies

—1/2
laaGa(x)| < HgZy / , rendering this condition as vacuously true. We may now fix ap and modify the
above process by utilising the integrals over over «; as well as over x to get the required bound. ([
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3.3. Quadratic exponential sum bounds. The bounds for exponential sums corresponding to a qua-
dratic polynomial will play a key part in our analysis. Throughout, let

(3.8) fx)=F(x)+f-x+m,
be a quadratic polynomial in €[x]. Here, F(x) = x! Mx be the leading quadratic form defined by an n x n
symmetric matrix M with entries in ¢ and with a non-zero determinant. Let
(3.9) F*(v) = det(M)vM v,
denote the dual form of F. Let
* af(x)—v-x

(3.10) 5=3"3 v (%) ,

la|<|r| |x|<|r|

denote a complete quadratic exponential sum. It is well known that as long as a prime does not divide
det(M ), Q-analogues of these sums could be explicitly evaluated modulo any power of such a prime. Our
main goal here will be to establish this in the function field setting, the focus of Lemma 3.4 below.

We will first begin by obtaining explicit bounds for the function field avatars of the Gauss sums, 7,
defined below. Given r € O, let

Tr = Z 1/1(332/7’)

x mod r

Lemma 3.3. Let @ be a prime such that || = ¢* and let ¢ = plo, then for any integer k,

{]w|k/2 if k is even,
.=

=T —lwlM2ikl i k s odd,
where,
. —1 if p=1modA4,
(3.11) ip = o
—i  if p=3mod 4.

Proof. Let ko = [(k —1)/2]. We begin by writing

k—1
Tor= > W(atam. taqd D)= >y <w1 Zaiak_l_i) :
=0

laol,---|ax—1]<|w] laols.-|ar—1]<|o=]|
Since 2 1 ¢, for any fixed choice of ay,41, ..., ax—1, the sum on the right hand side vanishes unless ag,+1 =
|k/2, if kis even, and
k—1)/2 —1.2 k—1)/2
Tk = ||~/ Z Y (w'a?) = || k=127

la|<|w]

... = ag—1 = 0. Therefore, 7, = |w

The lemma now follows from the standard bounds for quadratic Gauss sums over finite fields, cf. [14, Eq.
(6)] for example. O

The following lemma will follow a proof similar to [16, Lemma 26].

Lemma 3.4. Let f be a quadratic polynomial as in (3.8). Let w be a prime satisfying w { det(M). Let
|w| = ¢, and ¢ = p’. Then

St (v) = ¥ (

7 K (—4F (f) + m, —4F (v), wk).

w

zftM1v> <det(M)>

wk wk
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Here, K,, denotes the Kloosterman sum when n is even and the Salié sum when n is odd, and Fi(x) =
xtM~1x, where the inverse could be assumed to be taken modulo w”. As a consequence,

(3.12) 1S_k (V)] < || "FUR2| ged(F*(£) — 4det(M)m, F*(v), @")|"/2.
More explicitly, when f =0 and m = 0, we have:
||/ 2 (|6 gk e () — 1T S bt e () if 2]k,
S (v) = { (S [/ 2ibon (|6 ey v = [ i), 221K,
=LY ot D/27 D), iF2tn2tk,

with iy, as in (3.11).

Proof. Since aF (x + M~Y(f/2 —v/2a)) + am = af(x) — v.x + aFy(f)/4 + F1(v)/4a — £ M~1v /2, where
Fi(v) = v!M~'v modulo @¥*. Therefore by a suitable change of variables,

ka(v)zzﬂ( A ") 5 w( vfte ol )/4_””) 3 1/}(@2(,:‘)).

la|<|e | x| <|w[*

At this point, we use the fact that since @ t det(M), M may be diagonalised, i.e., M = R'Diag(31, ..., n) R
After changing the variable again to y = Rx

’ <_2fth_1v> Sy = S w (—Fl(v)/éla —;lEFl(f)/4 — m)> ﬁ S <ai£2>

“ al <l =L il <Jelt
det(M)\ ,, * —F1(v)/4a — a(F1(f)/4 —m) a \"
= Tk (0 — ] >
( wk ) |a<z|;p|k < wk ) (wk)
det(M)Y\ ,, * —Fi(v)/4a — a(Fi(f)/4 —m) a \n
— ka w R
( = ) |a§|z:wlk < = ) (wk)

using some standard Gauss sum manipulations. We thus end up with

S (v) = <2fth1V> <det(f€” )> Ko (“AFy(£) +m, 1P (v), ),

w w

where when n is even, K, denotes the Kloosterman sum, and the Salié sum when n is odd. Using a
standard bound for the Kloosterman sums, we get

Sk (V)] < || "D  ged (B (£) — dm, Fy(v), @)/
< ||V  ged (F*(F) — 4det(M)m, F* (v), w")['/2,

where F*(v) = det(M)Fi(v), as before. In the special case when f = 0, m = 0, the sums K,, simplify. We
will henceforth assume that f = 0,m = 0. If 2 | k£, Lemma 3.3 gives

" * Fi(v)a n _
Spr(v) = [@™7? ¢( ;k) > = |@|"™2(|@|*6 i 1y (v) — @1 Oty (v))-

la|<|e|*

Similarly, when k is odd and n is even,

det(M Lion _
() = (S b 20 (1 o~ [ o)
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where 4, is defined by (3.11). Lastly, when both n, k are odd, then

ot 5 () (2) - (A

la|<|e|®

The final bound follows from applying Lemma 3.3, along with the fact that det(M)F;(v) = F*(v) mod
w”. (]

The above lemma although is powerful, it only works when M is invertible and w doesn’t divide det(M).
When this is not the case, we may supplement this using the following bound, which is obtained using a
standard squaring argument (see [19, (4.17)]):

Lemma 3.5. Let S = Z\x|<wk P (%), where f(x) = x!Mx + f - x + m is any quadratic polynomial.
Then,
where N(w") = #{x mod w" : @k | Mx}.

Proof. The lemma follows from essentially squaring the sum and applying a change of variable x3 = x; —X3g

se- oy (MRS v |y (PR cpertah

x1,X2 mod wk xo mod wF |x3 mod wk

The last equality follows from the fact that the difference between any two solutions x/, and x4 of Mxy+f =
0 mod " satisfy the equation M (x} —x4) = 0 mod w*. O

3.4. Integer points on affine hypersurfaces. In this work, we will need to supplement the integer point
counting estimate in [8, Lemma 2.9] with two others, obtained in Lemmas 3.7 and 3.8 below.

Let F'(x) be a non-singular quadratic form in &/[zy, ..., z,]. We need an estimate on the number of integer
solutions of F(x) = x2 11, with an explicit dependence on Hp. This will be obtained by producing a slight
generalisation of an IF,(t)-analogue of [17, Theorem 2]. We start by proving an auxiliary result (cf. [20,
Theorem 3]). The proofs of these results are almost straightforward adaptations of those of Heath-Brown
in F,(t) setting. Therefore, we shall be brief.

Lemma 3.6. Let F be a non-singular ternary quadratic form in O[xy,xo,x3] such that the binary form
F(x1,292,0) is also non-singular. Then there exists an absolute constant A such that for any k € O, the
equation F(x1,x9,k) = 0 has at most O((log(BHr))?) solutions satisfying |x1|, |x2| < B.

Proof. We may diagonalise F using a matrix M with entries in 7~1&, for some r € & satisfying |r| < H ﬁ,
for a fixed constant A. We may also choose the last row to be (0 0 1). This transforms (after possibly
multiplying by a power of r) F(x) = 0 to

(3.13) aLy(x1,29,k)* + bLa(x1, 2, k)* = ck?,

where Ly and Ly are linearly independent linear forms over @, and |al, |b],|c|, || L1]],||L2|| < Hz'. The

problem of bounding the number of solutions of (3.13) can be easily converted to that of estimating the
number of solutions for the equation z? + dy? = e, for a fixed choice of d,e € O.

The bound now follows from a standard bound for the number of elements of a specified norm in
quadratic extensions of K. O
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This leads to our first main estimate:

Lemma 3.7. Let F(x) denote a non-singular quadratic form in n > 2 variables. Then there exists a
constant A such that given any B > 0,

(3.14) #{|x| < B: F(x) = 22,,} <4 (log(HrB))*B" .

Proof. Following the steps in [17, Section 5], we may find M € GL,(0) satisfying |M| < 1, and

(3.15) det(M)T1 det(Tij)1<i,5<2 det(Tij)1<i j<3 7 0.

Here, T is the defining matrix of the quadratic form f(y) = F(My). Since if F(x) = 22, for some x € 0"
and some @, 11 € O, then (det(M)M ~'x,det(M)z,41) is a solution of f(y) =y2,4, to establish (3.14), it
is enough to bound the set {f(x) = z2_ : |x| < B}. For any choice of u € 6"~!, we now set

Qu(‘rvyvz) = f(y7zu) — {L’2.

The determinant of the matrix defining this form is a quadratic polynomial D(u), say. This does not vanish
since D((1,0...,0)) = —det(T}j)1<i,j<2 # 0. Moreover, the form Qu(x,y,0) is non-singular, since 77 # 0.
We now set z = 1. Thus, we would like to bound

{Qu(x,y,1) =0 |z| < HrBY|y| < |B], |[u| < B},

for some constant A’. For any fixed value of D(u) # 0, we may invoke Lemma 3.6 to get that we only
have O((log(HrB))?) choices for (x,%), which suffices. On the other hand, there are only O(B"~?2) choices
for D(u) = 0, and for each of those, there are at most O(B) choices for the pair (z,y). Combining these
bounds, we establish the lemma. O

We will also need a bound for the number of integer solutions to the equation F(x,y) = 22, where F(z,y)
is a square-free irreducible polynomial of even degree. This will be an F(t)-analogue of a very special case

of [3, Theorem 5]. We have kept the (log 2)2 factor in our bound below to have the appearing constant
independent of q.

Lemma 3.8. Let F(z,y) € O|x,y] be a homogeneous square-free polynomial of even degree 2d and let
Z € N such that Hr < Z# for some positive constant A, then for any e > 0

#{|z|, ly| < 7 F(z,y) = zz,x,y,z €0} <Lcqn 21+5(log 2)2

Proof. The proof of this theorem resembles closely that of [3, Theorem 5]. We shall therefore be brief. It
is easy to see that it is enough to prove the asymptotic for primitive tuples

#{|z),lyl < Z : ged(z,y) =1, F(x,y) = 22, 2,y,2 € O} <cgn 2 (log Z).

Let Fy(x,y,2) = F(x,y) — 22, Since F is irreducible, the discriminant Ag(z,y) is a non-zero polynomial
of degree O4(1). If Ap(z,y) =0, then the bound

#{lz),yl < Z : 2Ap(z,y) = 0} <4 Z,
is rather straightforward. It is therefore enough to establish the bound
H{F(x,y) =22 |z|, |y| < Z,x,y,z €0, eAp(z,y) # 0} Kade 21+5(log 2)2

As in [17, Lemma 4], for some 1 = Og([log(HpZ)]), and for any P > Py = log>(HpZ), there exist primes
w1, ..., wy satisfying P <4 |w;| <4 P and

H{F(x,y) =22 ol ly| < Z,2,y,2 € O,a0p(z,y) #0} <Y N(F, Z, ),

i=1
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where

(3.16) N(F, Z,@) = #{F(z,y) = 2* : 2|, |yl < Z,2,y,2 € O, { 2Ap(,y)}.
We may therefore focus on bounding N (F, Z, w) for a prime w satisfying

(3.17) log(Z) 2" < |w| < log?(2) 7',

where the implied constants are > 1. Let (z1,y1,21), s (Tm, Ym, 2m) be all distinct triples in N(F, Z, w).
For any 1 < 7 < m, we must have

|zj| < ’Z\d—l—A/Q‘

Let f(u,v) = F(1,u) —v% For every 1 < j < m, let (uj,v;) = (yj/xj,zj/w?). Then (uj,v;) € 0%
and f(uj,v;) = 0. There are O4(|w|) solutions of f(u,v) mod wlz. Upon a possible re-labelling, we
may assume that there exists 1 < k such that (uj,v;) = (u1,v1) mod w0y for all 1 < j < k, and
(uj,v5) # (u1,v1) mod wOy for all j > k. The lemma will now follow upon showing that &k = Og4(1). This
is achieved by producing a polynomial g(u,v) of degree O4, 4.(1) which is not divisible by f(u,v), such
that g(u1,v1) = ... = g(ug, vx) = 0. Since f(u,v) is irreducible, we may then resort to Bezout’s theorem to
infer k = Og a(1).

Let D be the minimal positive integer satisfying
(3.18) D > max{2,(4d+ A —1)/e},
and let (a1,b1), ..., (a2p,bap) be an enumeration of the set {0,...,D — 1} x {0,1}. Let

a; b
M = [u;” v’ l1<i<ki<j<2p,

be a k x 2D matrix with & entries. If the rank of M < 2D, using the fact that O is complete, this must
produce a non-trivial polynomial g(u,v) of degree at most D in &[u,v], which is at most linear in v, such
that g(u1,v1) = ... = g(ug,vg) = 0. Since g is at most linear in v, it must not be a multiple of f(u,v),
which would prove the lemma. The result is obvious if k¥ < 2D. We may therefore assume that & > 2D. It
is enough to show that all 2D x 2D minors of M vanish. Without loss of generality, let

A = detfu;’v;"|1<i<ap 1<j<2D-
We will show that A vanishes as long as D satisfies (3.18).
Since w { Ap(u1,v1), we may use the lifting argument of Hensel’s Lemma [17, Lemma 5] to prove that
u; = h(v;) mod @’ for some polynomial h(z) € Og[z]. The 2D x 2D matrix defining A above is a
generalised Vandermonde matrix. Therefore, upon making some elementary column operations over O

as in [4, Page 201] analogous to the proof of determinant of Vandermonde matrix and further noting that
w divides the difference of any two entries in this matrix, we may further prove that

wD(QD—l) | A.

On the other hand, if A # 0, then since (uj,v;) = (y;/z;, zj/a:?), and that w { z;, the valuation

D+d—1 a; b D+d—1—a;—db; a; b;
V(D) = v <det[$i - uijvi]]léiSQD,léjSQD) =V (det[%’i 7y 2 i<i<opa<i<on ) -

Here, note that |z;| < ZA/2+d |z, lyi] < 7, and xj,y;j%j € O. Thus,

(3.19) |wo|/= (&) < 72D(D+d—1)+(A/2+d)2D _ 72D(D+2d+A/2-1)
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On the other hand, the condition w”@P~1) | A implies

(3.20) |w‘uw(A) > ‘w|D(2D71) > 7D(@2D-1)+eD(2D-1) > 2D(2D71)+5D27

Since D > 2. (3.19) and (3.20) give a contradiction if D > (4d+ A —1)/e. O

3.5. Bounds for the character sums. We will need a bound on twisted averages of the quadratic
exponential sums in Section 3.3 over square-free moduli. In the light of Lemma 3.4, this is equivalent to
obtaining suitable bounds for one dimensional character sums. This fact will simplify our work immensely
as compared with bounding the averages of cubic exponential sums considered in [8, Section 3].

We begin by making our setting more explicit. Let N € Z~ and let
XDir t (O /t N Os)* — C*
be a Dirichlet character. Putting x = ¢~! and A = F,[z], we note that (Ou/t N Ox)* = (A/zN A)*. Asin
[8, Section 3.5], given a € K* and v € [[_ 0%, we may now define a Hecke character xnecke : Ik — C* via
XHecke(aU) = XDir (Uoo)-

It is constant on K* and gives a character on the idele class group Ix/K*. Using this construction, the
first relevant character for us is n: & — C*, given by

n(r) = Xoir(r/t®")
for any r € 0. Note that r/t®" € ¢ for any r € €. The second is a Dirichlet character
n :(O/yO) — C*

modulo y, for some y € &. Let Y = deg(y). Our ultimate goal will be to establish the following bound for
a character sum:

Lemma 3.9. Let n and 1’ be Hecke characters as above such that n ® /() is not equal to |z|™, for any
beR. Let = =1 and given any x € O, let Q(x) denote the number of prime factors of x including their

multiplicities. Let S C {b € 0% : |b| < 2} be a subset of square-free integers of cardinality at most O(Z).
Then given any ¢ > 0,

S B ()] < ZVHEN T Y

beot |b|<Z
ged(b,5)=1

The proof of this result is standard and will follow that of [8, Lemmas 3.4, 3.5] closely. To keep this
paper self contained, we will include it here. We consider the Hecke L-function

Lner.s) = Y n(z)n' (z)

|z|®
€0, x monic

This Dirichlet series is a-priori convergent for o := Re(s) > 1. However, due to Tate’s thesis, this function
has a meromorphic continuation to the whole complex plane. Moreover, Tate’s thesis also implies that it
is entire unless n(x)n’(z) = |z|™®, for some real number b. As a consequence, unless n(z)n'(z) = |z|?,

N+Y

(3.21) Lin@1n,s)=Plq ") = [] 1 —ajg)
j=1
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is a polynomial of degree at most N+Y, with |a;| = ¢*/2. This a standard fact about the Hecke L-functions
over Fy(t). We will give an outline of how it can be proved. The fact that the L-function is a polynomial
of degree O(N +Y) follows from proving that the averages Zmz #1(r)n (r) vanish as long as R > N +Y.
If o' is non-trivial, note that the value of 7(r) only depends on the top N coefficients appearing in the
expression for r as a polynomial in F,[t]. One may thus write r = tF=Np 4+ 1o, and treat r as fixed and
average over ro, which must vanish as long as R— N > Y, (see [31, Prop 4.3]). If 7/ is trivial, then n must
be non-trivial and this strategy can be recycled by working with 7 instead. Further, |a;| = q'/?, since the
zeroes of this L-function lie on the s = 1/2 line. (3.21) is a key in the proof of Lemma 3.9.

Since we are interested in a sum over square-free values, we proceed to study the Dirichlet series

P = Y B ()’ (b) _ 1T <1+ ﬁn®n’(W)>'

oy [b]* iy |w]®
ged(b,5)=1

We will begin by obtaining a satisfactory bound for |F(s)| for Re(s) = o > 1/2 4 e. This will be done in a
manner completely analogous to [8, Lem 3.4]. We will obtain a good bound for o > 1, and a weaker bound
for o > 1/2. The final bound will follow from a use of the Hadamard three circle theorem. We begin by
noticing that, for o > 1, we have

(3.22) [F(s)] < ¢k (o),

where (g is the usual zeta function for K = F,(t). Moreover, for any prime w we have

18 (-23) o ()

leading us to

_ L(77®77/78)E(5)7 1fﬁ:
(3.23) F(s) = {L(n o s E(s), i f— 1,
where
(3.24) E(s)= [[(+0(=*) [T 1+ O(lw|~7)).
wiS weS

Using (3.24), E(s) is holomorphic in the half plane ¢ > 1/2. Moreover, taking a logarithm of both sides,
for any 0 > 1/2+¢, e > 0, it is easy to establish

(3.25) log |E(s)| < logCx(20) + Z.

Here the implied constant only depends on e and is independent of ¢. Similarly, using (3.21), we may
obtain

log|L(n @1/, 5)] < (Y + N)[log(1 +¢"*7%)| <Y + N.
Combining this bound with the one in (3.25), we obtain that for any o > 1/2 + ¢,
(3.26) log |F(s)] < logCk(20)+Z+Y + N.

Note that since 1/E(s) is also analytic, and since the zeroes of L(n®7/', s) lie on the o = 1/2 line, log F(s)
is analytic in the half plane ¢ > 1/2. Moreover,

(3.27) Re(log F(s)) = log |F(s)| < logCx(20) + Z +Y + N.

The rest of the argument will follow exactly from the one in [8, Lem 8.4]. Therefore, we will only sketch
the idea here. First, Borel Carathéodory theorem can be used to bound |log F'(s)| using our bound (3.27)
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for Re(log F'(s)). This obtains a weaker bound for |F(s)| when ¢ > 1/2 4+ ¢. Then the Hadamard’s three
circle theorem can be used to obtain the following Lindelof type bound:

(3.28) |F(s)] < c(e) NI « (ZENFY),

for some absolute constant c(e).

1—-¢/2

Proof of Lemma 3.9. Perron’s formula implies that the sum we need to estimate is equal to

ag 1 2+1i00 sts
3.29 —_— = = F
( ) Z qk/Q 27TZ 9—ioo (8) s )
k<Z
where ar, = 5. BY®)n(b)n(b). The right hand side of (3.29) may be rewritten as
be ot |b|=k
ged(b,9)=1

2411 Z\sd 7 /]\[\ Y 823
/ Fs)2% 10 <( FNEY)Z
2—iT s T

for any T > 0. Using (3.23) and the fact that L(n®1/, s) is an entire function with all its zeros lying on the
line Re(s) = 1/2, F(s) is holomorphic in the half plane ¢ > 1/2, the integral over the line joining 2 — T’
and 2 4 ¢T may be replaced by that of the three remaining sides of the rectangle joining 2 +i7,1/2 + ¢ +
iT,1/2 +¢e —iT,2 — ¢T. The integral over horizontal sides can be bounded by

(Z TN Y2
T .
The remaining line segment joining 1/2 + & — 4T and 1/2 + ¢ + T satisfies the bound

< 7Yz TN+ Y)E/ (1+ )Lt < ZY*+5(Z TN + Y)°T=.
[t|I<T

Upon choosing T' = 23, we obtain the statement of the Lemma. O

4. BACKGROUND ON A PAIR OF QUADRICS

In this section, we will collect some relevant facts regarding smooth complete intersections of two ab-
solutely irreducible quadratic forms. Let Fy, Fy € O|x1,...,z,] be absolutely irreducible quadratic forms
defining a smooth complete intersection X. Throughout, we will assume that Char(K) > 2. Let M;, Mo
be symmetric matrices with & entries defining F; and F, respectively, i.e., Fj(x) = x!M;x, for i = 1,2.
Since we are interested in obtaining an asymptotic formula for the counting function N (P) defined in (1.8),
throughout the paper, we will also fix N € ¢ and b € 0" such that Fi(b) = F3(b) = 0 mod N. The
geometry of X is well-understood, see [30] and [19] for example. Most of the geometric properties derived
there are valid for any smooth complete intersection of two quadrics over any field of odd characteristic,
most of which we will just state here without any further explanation.

We begin with defining some notation. For any pair x = (z,y) € K2, let
(4.1) Fy=—yFi+axF;, and M= —yM; +zM>

denote the matrix defining the quadratic form Fyx. As per [30, Proposition 2.1], we can assume that M; is of
full rank. [30, Proposition 2.1] also implies that the matrices M; and My are simultaneously diagonalisable
over an algebraic closure K. [19, Condition 4] implies that for any primitive ¢ € &2, rank(M,) > n — 1.
Moreover, when ¢; # 0, rank(M;) = n — 1 precisely when c¢/c; is an eigenvalue of M ')M,. However,
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since M| UM, has at most n distinct eigenvalues and each primitive vector ¢, produces a unique ratio ca/c1,
there are at most n distinct primitive vectors ¢’s for which rank(—coF} + ¢1F») = n — 1. We call such ¢’s
as “bad”.

4.1. The determinant form F(xz,y). Given any x,y € K, let
(4.2) F(z,y) = det(—yM; + xM>)

be a homogeneous binary form of degree n. [19, Condition 2| implies that F'(x,y) has distinct linear factors
over K. Let K; denote the splitting field of the polynomial F over K. Thus, we can factor

(4.3) F(z,y)=h""! H()\Zw — Wiy),

=1

where h € O, \j, u; € Ok, . Let p; = \;j/p; denote the eigenvalues of M = Ml_lMg. p;’s must be pairwise
distinct and therefore, at most one of them could be 0. Throughout, we will assume that p; # 0 for any
1 <i <n—1. Without loss of generality, let 0 < ny < n be such that p; ¢ K if i < nj and p; € K if
i > n1. The norm on K, could be suitably extended to Ki. Note that when K = Q, since M is symmetric,
n1 = 0, and therefore M can be diagonalised over R. In the function field setting however, this might not
hold. However, we may still be able to obtain the following result, which will be necessary in obtaining a
satisfactory bound for our singular integral (see Lemma 5.4):

Lemma 4.1. We can find a matriz U € GL,,(K) satisfying

M/

"
niyXni M

nix(n—ny) )
O(n—nl)xnl D(Pn1+1,---,ﬂn)

where D is a (n — ny) X (n — ny) diagonal matriz with the prescribed diagonal entries. Moreover, the
eigenvalues of M’ are precisely given by p1, ..., pn, and therefore, they do not belong to K.

U 'MU = <

Moreover, we can also find a constant 0 < Cy < 1 such that |p;| < C7' for any i, C1 < |pi| for any
i #n, C1 < |pi— pj| for any i # j, and for any z € K and for any 1 < i < ny, we have C1 < |z — p;| and
C1 < |z —p; Y. If pn # 0, then we can also make sure that Cy < |p,| < Cy .

Proof. Let i be any integer satisfying nq 4+ 1 < ¢ < n. We have det(p;I,, — M) = 0. Let p;I,, — M = TDS be
a Smith normal form for the matrix p;I,, — M over K. Therefore T, S € GL,(K) and D is a diagonal
matrix with entries in K. We may also assume that only the last diagonal entry of D is 0. Let e,
be the vector which contains 1 at the n-th place and 0’s everywhere else. The vector v; = S~'e, # 0
satisfies Mv; = p;v;. Moreover, since M is symmetric, we must have v; - v; = 0, for ¢ # j. We thus
have an orthogonal system of eigenvectors v, 41,..., v, € K. Upon extending the basis and changing the
standard basis to this new one, we are now guaranteed a matrix U; € GL,,(K) such that Uy MU, lis in
the form of the transpose of the required form. We may now use the symmetry of M and choose U = U}
to get the required expression.

To prove the second part, we begin by observing that p1, ..., pn, have to be the eigenvalues of M’. For
any 1 < i < ng, we must have sup,cx_ |pi — x| > 0, since otherwise, using the completeness of K,
pi € K. The existence of a suitable constant C; now follows from this fact and due to the fact that p;’s
are all distinct. ([
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4.2. Good and bad primes. Let c be a primitive pair and let M. = T'DS denote a smith normal form
over 0. Here, T and S are in GL, () satisfying det(T'),det(S) € F and D = diag(u1, ..., pt) is diagonal.
Moreover, f11 | p2 | p3... | pn. Therefore, p; # 0 if i # n, and p, =0 <= cis a bad pair. Let e; denote
the j-th vector in the standard basis for ™. Let y; = S’_lej be another basis of ™. The quadratic form

(44) Qg(xla ooy :Linfl) = Fg(%b’l + ...+ xnflyﬁfl)a

in n — 1 variables will feature prominently in our bounds for exponential sums. When c is bad, u, = 0.
Therefore, M.y, = 0. Moreover, since M, is symmetric, y!, M. = 0'. Therefore,

Fo(z1y1 + . + 2nyn) = Fe(z1y1 + o + Tno1Yn—1) = Qe(x1, vy Tn—1).

Q). has to be non-singular, since the set {Mcy1, ..., Mcyn—1} is linearly independent and since the rank of
M;is >n—1.

Let
(4.5) DE = NhAE H A(Qg) H H a()\i,uj - /~Li>\j)7

¢ primitive and bad c€eGal(K1/K) 1<i<j<n

where h, A, p1; as in (4.3), Ap denotes the discriminant of the binary form F'(z,y) and A(Q.) denote the
discriminant of the quadratic form Q.. Here, Gal(K;/K) denotes the Galois group of the splitting field
K of the polynomial F(x,y) over K. We say that a prime w is bad if @ | D, and the rest of the primes
will be called good primes. For any good, primitive c, if a good prime w is such that w { det(M), then
we say that w is of type I for ¢, otherwise, we say that w is of type II. Note that for a bad pair ¢, every
good prime w will be of type I, since w { A(Q.) for any good prime w. Note that our definition of bad
primes differs slightly from that in [19]. For convenience, we have added the primes dividing N as well as
the “type II” primes for bad pairs ¢ to this list.

4.3. The dual variety. In our analysis, an important role will be played by the following family of dual
forms defined by

F*(z,y,v) = vt det(—yM; + zMy)(—yM; + M) Lv.
For a fixed value of v, we may consider F*(z,y,Vv) as a binary, homogeneous polynomial of degree n — 1.
The discriminant of this polynomial, denoted by .#*(v), is a polynomial of degree 4(n—2). This polynomial
has an albeit more familiar interpretation:

Lemma 4.2. .Z*(v) is the polynomial defining the dual variety X* of the complete intersection X .

Proof. F*(x,y,v) = 0 if and only if the quadratic variety {—yF}(x) +xF>(x) = v-x = 0} is singular, since
F*(z,y,v) is a non-zero multiple of the determinant of the matrix defining the corresponding quadratic
form. On the other hand, if .#*(v) = 0, then the polynomial F*(x,y,v) = 0 must have a double root
(zo,y0) € K°. Without loss of generality, let xg # 0. Let X7 = {—yoF1(x) + zoF2(x) = v-x = 0} and let
M’ be a (n—1) x (n — 1) matrix defining X;.

If the singular locus of this variety is of projective dimension > 1, then it must intersect Fj(x) = 0,
thus producing a singular point in the complete intersection of v -x = 0 and X. On the other hand, if
X7 only has one singular point, it means that the matrix M’ defining X; (up to scalar multiplication)
has only one zero eigenvector, say xg. Since, F*(v) = 0, (9/0t)|i=o(det(M" + tM")) = 0, where M" is
the matrix defining F;(x) = v-x = 0. M’ can be diagonalised over K. An easy calculation shows that
(0/0t)|t=o(det(M’ + tM")) is proportional to x{M"xy. Thus we must have xjM"xy = 0, which means
F1(xp) = 0. This implies that xo belongs to X N {v-x = 0}. This further implies that X N {v-x = 0}
is singular. Thus, .Z7*(v) = 0 implies that v belongs to X*. Moreover, according to [1, Theorem 3], the
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polynomial defining the dual X* is an irreducible polynomial of degree 4(n — 2). Therefore, .#*(v) must
be a polynomial defining the dual variety X*.

O

5. ACTIVATION OF THE CIRCLE METHOD

Let w denote the characteristic function of T" C K, and let xg € K be a fixed point satisfying

Fi(x9) = F5(x¢) = 0. Since both forms are homogeneous, we may also assume |xo| < 1/Hp. Let

w(x) = w(t¥(x — xg)), where L > 0 be a suitable integer to be chosen later. The extra conditions

|xo| < 1/Hp and L > 0 are only used to make the constants a bit more explicit. Recall that for any P € &,
we consider the counting function

N(P) = E w(x/P).
xeom
Fi(x)=F»(x)=0
x=b mod N

We intend to establish an asymptotic formula as |P| — co. We may write
(5-1) NP) = | Sl az)da,
where
S(a) = Z w(x/P)p(arF1(x) + azFa(x)).
xeom

x=b mod N

We will apply Theorem 1.1 (version (2.2)) with @ satisfying
(5.2) [Pl < Q < P

to replace the integral over T? in (5.1) to get

Q
(5.3) Sa)da=Y" 3 /| o Sl

T2 Y=0 r,d monic, ¢ primitive
Y—Q/2<|de|<Y7/2
|de2|<Y/2
Ir|=Y d|r

where

(5.4) S(de,r,z) = Z* S(a/r + z).
aco?
a/reL(dc)
This choice of () is standard for a system of two quadrics. It is chosen in such a way that when Y = @) and r
is such that |r| = Y, then for any ged(a, 7) = 1, the measure of the set D(a, r,Q) in (1.2) is < Q3 < |P|™4,
aiding us to prove the right asymptotic in Theorem 1.2.

For each L(dc), we are going to consider the contribution from a/r € L(dc). Let rny = rN/ged(r, N),
the least common multiple of  and N. We next use a standard Poisson summation argument as in [8,
Section 4] applied to (5.3) to establish the following result:
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Lemma 5.1. We have

NPy =P S Sl [ Swwa®h @y

0<Y<Q r,d monic, ¢ primitive veon

~Q/ Y /2 g|<Y —1g—Q/2
Y—Q/2<|dc|<Y/2 lz|<Y g
|de2|<Y/2
|"":?,d|r
where
_ a1 Fy(x) + as F5(x) veox
(5.5) Sdg,r,b,N(V) = Z Z " < : . 2 |
a/r€L(dc) xeom
[x|<|rn|
x=b mod N

Is(z;v) = / ) w(x)y) ((21P2F1(x) + 22P?F5(x)) + Pv - x/s) dx,

and ry = rN/ged(r,N).

We begin by establishing the following multiplicativity relation for the exponential sums:

Lemma 5.2. Let d | r and let r = r1r9, where ged(r1,72) = 1, then there exist by, ba,bs € (O/NO)" such
that

-v-b
(5.6) Sdg,r,b,N(V) = Sdlg,m,bl,]\h (V)SdQQ,TQ,bz,NQ (V)¢ < N, 3) )

where d = didy such that d; | r; for i = 1,2, and N = N1 NaN3, where N1 | r{°, Nao | r$°, gcd(Ns,r) = 1.
Here, ° and r$° as defined by (3.3).

Proof. Recall that a/r € L(dc) <= dc-a = rk,where gcd(a,r) = ged(k,d) = 1. We start by rewriting a =
roa, 118y, where |a,;| < |r;], ged(a;, ;) = 1. Firstly, since c-a = 0 mod r/d, this forces c-a; = 0 mod r;/d; for
i=1,2. ie. c-a;/(r;/d;) € 0. Next, since dc-a/r = dc-a;/r1+dc-as/ro = dac-a,/(r1/d1)+dic-ay/(r2/d2),
ged(de - a/r,d) = 1 if and only if ged(d;c - a;/7i,d;) = 1, for i = 1,2, which implies that

a/r € L(dc) <= a;/r; € L(d;c), for i =1,2.

(5.6) now follows from exactly following the argument in [8, Lemma 4.5]. O

This multiplicativity relation will be used to obtain finer bounds for the exponential sums, which will
be the focus of Section 6. We now consider bounds for the exponential integral.

5.1. Bounds for the exponential integral. We proceed to study I, (z;v) for a given r € &. We have

I, (z;v) = / W (tL(X — X)) ¥ (z1P2F1(x) + 29 P2 Fy(x) + Pv.x/ry) dx

[e’s}

1 Pv - Pt
(57) = TQ!) < v XO) JG ((21P2722P2); V> )
L» TN - N

in the notation of (3.3), where G(y) = (G1(y), G2(y)), Gi(y) = Fi(xo +t Fy) fori =1,2.

According to Lemma 3.1, Jg((P?21, P223); Pv/ry) = 0 if
[Pllv]
x|

> max{L, |P|*|z1|Hp,, |P|*| 22| H, }.
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Hence we may truncate the sum over v in Lemma 5.1 to arrive at the following result.

Lemma 5.3.

NP =P Y S el / S Suerbn (V) (zv)dz,

0<Y <@ T,dﬂic, c prim/igve |Z|<?_1Q_Q/2 veﬁ",\v\gf/\'
Y —Q/2<de|<Y/2
|dea|<Y/2
r|=Yd|r
where
(5.8) V = Hp|ry||P|™ max{1, |1]| PI?, |22 P[*}.

We will need a good upper bound for I,(z;v), for r,z, v appearing in the expression for N(P) in this
lemma. This need is met by the following lemma. A key result in proving it is a decomposition of the
matrix M = M; ' My obtained in Lemma 4.1.

In the following lemma, we borrow the notation from Lemma 4.1, i.e, the eigenvalues p;, the matrix U
and the constant C; are as in the statement of Lemma 4.1.

Lemma 5.4. Let Z € Z and let z be such that |z| = Z. Let |v| <V, where V as in (5.8). Then
[y (V)| < L7 meas(Ay),

where
A, = {x eT": |x — xo| < —L, |P*:\VFi(x) + P2V Fy(x) + Pv/ry| < HEJ(Z)V?} ,
where
(5.9) J(Z)=1+|P]*Z.
Moreover,
_ e 1+ |p; N
/|z|2 meas(A)dz < CpJ(Z)"/* log(IPP2)Z+1 Y (M) min {z 1,|P| 2}.

j=ni+1

where CE — (HU*1HMflHE)HHJ?/[I/(nl_1)01_2n2_2(n_n1) .

Proof. Let G1 and Gg be as in (5.7). Let 7; = 2z;P? and w = Pt~ Iv/ry, for convenience. Let Z = |z,
and therefore Z = max{Z1, Z2}. Since Fi(xg) = F»(x0) =0, |x0o| < 1 and L > 0,

(5.10) Hg < L™'Hp.
In particular, when |v| < ‘7, we have
\w| < Hp max{1, |1, |y2l} = HpJ(Z).

Lemma 3.2 in conjunction with (5.7) implies that
1
Iy (2 V)] < = | e ((71,72); W)
1
< = meas {y € T": ImVGi(y) +72VGa(y) + w| < Hgmax{1, |1/, \72\}1/2}

< meas {x eT": |x—x| < :Z, M VF(x) + 2 VF(x) + tLW| < Hp max{1, |71|1/2, ]72\1/2}}

= meas(A,).
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This settles the first part of the lemma. We can further bound
meas(A;) < meas {x eT": x| <1, |Mi(ml, +v2M)x + t‘w| < Hp max{1, |y|"/?, |72]1/2}}
< meas(Z)
where
% = {x €T |x| < 1, (Lo +12M)x + thw| < Hyyoo Hp max{1, |12, |12/} }
If x and x + x' € Z, then |(y1], + 72M)x'| < HMleEmax{l, 1112, |y2 2}, T |71, [92| < 1, then the

trivial bound 1 will suffice here. Hence from now on, we assume the contrary, i.e. 1 < max{|vy1],|y2|}.

At this point, we change the variables to place y = U~'x, where U is as in Lemma 4.1. Thus, it is
enough to estimate the measure of the set

! "
(71]_’_72 <0Mn1><n1 Mnlx(n—n1) )) y‘ < Hﬂ}y

5.11 y| < Hy1 :
( ) { ‘ v (n—n1)xXny D(pnﬁ-l,---,pn)

where Hy = HUleMl—lHEmaX{L |’>’1|1/27 ”72|1/2}-

First, we turn our attention to Yn, 11, -, Yn. If |71 + y20i,| < C2 max{|y1], |72|} for some ny + 1 < ip <
n — 1, then since Cy < |p;,| < O, this forces that |y1| = |piyy2| which gives |ya| > C1|v1|. Moreover, for
any i # ig we have,

71+ 20i] = 71+ 92000 + 92001 = pio)| 2 12(pi — pio)| = Cilre| = CF max{1, ], |r2}.
If i9 = n and p, # 0, then the argument outlined above goes through verbatim. On the other hand, if
pn = 0, then this forces |y1| < CF max{|y1|, |72|} which implies that |y2| > C;?|y1| and hence |y2| > 1, and
thus for any i # n we get
71+ v20i] = [2pil 2 Cilal.

Combining these bounds, the measure of yy,, 41, ..., yn appearing in (5.11) is bounded by

(5:12)  (Hy—Hyo Hp) "0 0™ max{1, o, o}~ =221+ min_ |y + ppml)
n1+1<j<n

To bound the size of the first n; co-ordinates y; = (y1,..,yn,) appearing in (5.11), note that for a fixed
choice of yp,+1, .-+, Yn, the two different values of y; must differ by an element in the set

{ly1l < Hy-1 : [(1I + 2 M)y1| < Ho}
Therefore, it is enough to bound the measure of this set. Suppose, |v1| > |y2], then the eigenvalues of
I + oM’ are
[+ 201l = Illpillve/a + o7 2 In|CF
We can prove a similar statement when |y,| > |y1|. This gives us | det(y1 I+y2M')| > 012”1 max{1, |1, |[y2|}™.

Thus, (711, +v2M')~! has entries bounded by H}\}_/lCl_Q”l max{1, |y1], |72/} L. Thus, the condition on y;
transforms to bounding

meas{[y1| <Hy-1Hy—Hyp ™ C7 2" max{1, [l |} /%)
(513) ni nl(nl—l) —2”% 7711/2
S (HUleMleE) HM/ Cl maX{l,"’)/l‘7|’}/2|} ?

(5.12) and (5.13) give us that

(5.14) meas(A,) < CpJ(Z)" D21+ |P> min |21 + pjzo|) L.
n1+1<j<n
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This readily gives us the bound
(>49) [ messiayiz < Cp a2y 0 RZET
To obtain the other bound, note that to bound f‘ 7 meas(A,)dz, it is clearly enough to bound the integral
f| <2 meas(A,)dz. For every n; +1 < j <n, let
= {ld < Z: |z + pjeal < [PI72).
Measure of I; is clearly < |P \*22 . We may now bound the required integral by:

[ rIPP | min ot gl e < (o m) P22
z|=2

n1+1<j<n
Py / (14 [o1 + pjzal) "z,
= Jua<iepan

where
I ={lzl <|PPZ : |21 + pjza| < 1}.

If pu = 0, {|z] < [PPZ\ I} = {lz| < Z,|=1| > 1}. Thus,
/ |ml T dzade :q|P|22/ REICE Z+110g(|P| Z)
{lzI<|PI?ZI\I; <lz1|<IP)PZ

which is clearly admissible. When p; # 0, we may change the variables to put s = 21,52 = 21 + p;j22 to
get,

- - - L+ |py] 25

1 1 1 J 2

21+ pjze| dz < |p; / = s2|7 " ds1dse < log(|P|°Z2)Z

/{'|Z|§|P|22}\IJ’ ‘ 1 Py 2| 2 = |p]’ |51|7|52|§1‘1<3‘|2Z||(1+‘Pj‘) ‘ 2| 1482 =~ ¢ ’p]‘ g(| | )
X(s2

Combining the above bound with (5.14), proves the final part of the lemma. O

5.2. Preparation of the error term. We now come back to our main counting function N(P). Lemma
5.3 implies

NP =P Y X [ Y SweeaMh(@vis

0<Yy<Q rd _monic, ¢ prlglilve |z\<§7*1q’Q/2 lv|<V
Y —Q/2<|dc|<Y/2
|dea|<Y/2
Ir|=Y . d|r

where Sgc b n(V), I;(z,v) and V are as in the statements of Lemmas 5.1 and 5.3 respectively. The main
contribution would arise from the v = 0 terms when |r| < Q®, where 0 < A < 1/2 be a constant to be

decided later, which we fix throughout this argument. i.e. Our main term, the major arcs regime, will
correspond to

(5.16) No(P):=|P[" ) > rn| ™" / Sdcrb.N(0)Iy (2;0)dz.
0<Y<AQ r7,d monic, ¢ primitive
|de| <Y/2, |dea| <Y /2

Ir|=Y ,d|r

|z| <Y ~1q=Q/?

The rest of the terms will contribute to the error, which we denote by F(P), the minor arcs contribution.
Here the dependence of both the terms on A is implicit.
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We first observe that using the trivial bound |S(a/r 4 z)| < |P|™ we may satisfactorily bound the
contribution from the regions

2| < |P|7°,
to (5.3) directly. For any Y < @, where @ is as in (5.2), the measure
meas(|z| < |P|7%) < |P|710Fe.

Using this fact, for any € > 0, the total contribution from this region to (5.3) is at most

< Q
Z Z Z / !S(@/r—i—g)\d;gz Z Z ]P|”‘10+5<<‘p‘n—6+a’

V=0 |p|=y  |a|<V |g<|p|-5 Y=0 |p|=¥  |al<¥
r monic gcd(a,r)=1 7 monic ged(a,r)=1

using the fact that @3 < |P|*. In the light of this bound, we may ignore the contribution from the region
corresponding to the integrals over |z| < |P|~ in our error term E(P). Incorporating this observation, we
will further split the error term in two major parts:

(5.17) S(a)da = No(P) + E1(P) + Ey(P) 4+ O.(|P|"6F9),
']1‘2
where
(5.18) Ey(P):=|P|" Z Z lrn |~ / Z Sac.ro,N (V) Iy (2;V)dz,
0sY'<@ rd monic, ¢ primitive |P|~5<|z<P-1g-@/2 VET"\0,
Y —Q/2<|dc|<Y/2 v|<V

|dea| <Y/2
[r|=Y dlr

and

(5.19) Ey(P):=|P|" Y > lrn| " / > Sucrpn(0)]ry(20)dz.

QA<Y <Q d monic, ¢ primitive
Y= Q/2<de|<Y /2
|dC2|<Y/2

|P|=5<lgl<¥~tq=@/2 1=V
r monic, d|r

5.3. The main term. We begin by establishing the required asymptotic formula for our main term
No(P). Throughout, we will treat ¢ as fixed and the implied constants may depend on it. When v = 0,
the exponential integral I,.(z,0) is independent of r, which we denote by I(z) for simplicity, i.e. set

I(z) = / § w(x)y (21P2F1(x) + 22P2F(x)) dx.

oo

Thus,
No(P) =|P[* > |rn|™"S, I(z)dz.

r monic |z|<|r|~tq—Q/?

Ir|<@4
where

F; F:
(5.20) S= 3> Swwn(@=3 3 v ( S 2<x)>.
d monic, ¢ primitive lal<|r| [|x|<|rn|
|d§|§|7"|1/2 x=b mod N

|dea|<|r|1/2
d|r



30 P. VISHE

Here, the second equality is obtained from using Corollary 2.10. We begin by proving the convergence of
the singular series assuming the validity of the bound in Lemma 6.8, which will be proved in the following
section:

Lemma 5.5. For any Y > 1, and for any € > 0,

§ : |’I”N’7n|57~’ <<i}(7fn)/2+€‘
rel
r monic

Ir|=Y

Proof. We assume the bound (6.16), which gives us:

(5.21)
Z |Sy| < Z Z |Sd9,r,b,N(0)\ < Z yn/2+3/2 Z ‘d’1/2 < Yn/2+7/2+a’
mz? |r|:}7 d monic, ¢ primitive |7"|:§A’ d monic, ¢ primitive
del<|r{1/2 del<|r|'2
|dea|<[r[/? |dea|<|r|'/?
djr d|r
establishing the bound. O

We next deal with the integral over z. We split it over {|z| < C|P|72} and {C|P|™2 < |z| < |r|"1q~@/2},
where C' > 0 is a fixed positive integer to be decided later. To bound the contribution of the second term,
we use Lemma 5.4. Thus, for any Z > |P|~2, we have

/ (z)|dz < L7"|P|"2log(|PI?2)Z(1 + |P|?Z)' % <. L7"|P|72Z(1 + |P|?Z)\ /%=,
|z|=2

After summing over Z and replacing Z; = ]P|22 form > 7,

/\ |I(Z)|dZ < |P|—4 Z (1 + Zl)—3/2+€ < |P|_46_1/2+8.
C|P|=2<lg] A

C<Zy
This bound, in conjunction with Lemma 5.5 assert that for n > 8 we have

No(P) = |PI"&(Q2) /

|z|<C| P| -2

= ‘P‘n—46(@A)/ ~ /w(x)w(lel(x) + 29 Fy(x))dxdz + O(‘p‘n—4Z—n6—1/z+g>.
|z|<C

4

/ (X)W (P21 Fi (%) + P23 Fy(x))dxdz + O(|P|" 'L C 1/ ¥e)
(5.22)

Here, given Y € R>,

SY)= > In[T"Sn

r€d,r monic
[r|<Y

is a truncated singular series. We now switch the order of integrals over x and over z and employ Lemma
[8, Lemma 2.2] to obtain:

/w(x)/ _Y(21 F1(x) + 22F5(x))dz1dzedx = C?meas{|x — xo| < L' : |FL(x)| < C71, | Fy(x)| < C 1.
|zl <C

Let us investigate the measure of the above set. Upon a change of variable, this is bounded by

(5.23) L " meas{|x| < 1: |Fi(t " "x+x0)| < C, |Fa(t x4+ x0)| < C~'}.
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For ¢ = 1,2, from (5.10) we get

‘Fi(t_LX + Xo)’ < HEE_l.

We may now choose L to be an even integer 2 < L such that Hp < I///\Q for i = 1,2, and choose C' = L/2.
Thus, for such a choice of L and C, we get

/ A/W(X)¢(21F1(X) + 29 Fy(x))dxdz = C*L™" = L1,
lz|<C

Finally, as a consequence of Lemma 5.5, we have also established the convergence of the singular series,
namely

|6(©A) B 6| < @fA/ZJrs < |P|72A/3+5’

where

G = Z ‘TN|7nST7

r€0,r monic

is the usual singular series. If X (Ag) # 0, [22, Cor. 7.7] establishes that & > 0. The argument in [22, Cor.
7.7] is obtained for b = 0, N = 1, however, adapting it to deal with a fixed and general b, N is a routine
exercise, which we skip here.

To summarise, we have established the following asymptotic formula:
Lemma 5.6. Forn > 8, for any even integer L satisfying Hp < I///\2, and any 0 < A < 1/2, we have
NQ(P) _ 6|P‘n74ifn+1 + O(|P|nf4ifnfl/4+s) + O(Efn+1|P|nf4f2A/3+€)’

where & > 0 if X(Ag) # 0.

6. COMPLETE EXPONENTIAL SUMS BOUNDS

In this section, we will focus on getting satisfactory bounds for the exponential sums Sy b N (V). The
notation and the results in Section 4 will be used throughout this section. Throughout, let v € 0™, let
d € 0 be monic and ¢ € &2 be primitive. Recall that given any r € &, we consider the exponential sums

SacapN(V) = Y Yooy <a1F1(X) J; “2F2(X)) " <—V : X> ‘

r
a/r€L(dc) xe€o™ N
[x|<|rn]
x=b mod N

The multiplicativity relation in Lemma 5.2 will allow us to consider exponential sums modulo powers of
primes w”. Note that as per our definition, our set of bad primes, defined in Section 4.2, includes all primes
dividing N. We will begin by obtaining bounds for the exponential sums modulo w”, where w is a type I
prime, which does not divide d. These translate to traditional quadratic exponential sums corresponding
to the quadratic form F, = —coF} + c¢1F>, which have been considered in Lemma 3.4. The treatment of
type II primes will be similar to that of bad ¢’s.
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6.1. Exponential sum bounds I. This part will be devoted to obtaining bounds for S¢,.0,1(v), i.e., when
d =1 and w is not a bad prime. When d = 1, Lemma 2.3 implies that the exponential sums S, 0,1(v) are
equal to the familiar quadratic exponential sums:

(61) crOl Z Z (0 ( CQFl( ) +i1F2(X)) — V- X) .

<
Throughout this section, let
(6.2) f(x) == Fo(x) = —caF1(x) + c1 Fa(x).
As before M, = —coM; + c1M> is the defining matrix for f. If we want to give up on the cancellations

arising from the extra average over a, then using Lemma 3.5 in the generic case, it is expected to be able
to obtain square-root cancellations in the inner sum over x in (6.1), which would hand us the following
generic bound:

(6.3) [Se,r0, (V)] < |24

We will use this bound only as a reference for comparing with various bounds showing up in this section.

6.1.1. ¢ good case. Let us assume that c is good. [19, Lemma 2.1] implies that when w is not a bad prime,
rank, (f(x)) > n — 1. Since ¢ is good, det(M.) # 0. Therefore, the set of primes of type I consists of all
good primes which do not divide det(M,), and the set of primes of type II consists of good primes which

divide det(M,;). Thus the cardinality of the set of type II primes is at most O(log|c|). We simplify our
notation and define

. Iaz<:lf‘ x§<:|7‘ ’ ( — X> |

where f as in (6.2). Since f is a quadratic form, we can explicitly evaluate S_x(v) when w is a type I
prime using Lemma 3.4:

Lemma 6.1. Let ¢ be a good pair and let w be a prime of type I. Let |w| = ¢*, and q = p'o. Then
Sk (V)| < [T ged(f*(v), w*) 2,
where f*(v) = det(Mc)vi M v is the dual form. More explicitly, we have:

|zt(k]‘/;§|w|k6wkf*(v) — @ k1o (v)), if 2|k,
ka(V) = %) |w|kn/2Z££0n(‘w|k5wk|f*(v) - |w’k_16wk*1|f*(v))v if 2 | n,2 + k,
7_f;(v)> || p(nt1)/2;Lbo(ntD), if24n, 24k,

with iy as in (3.11).

Remark 6.2. Let us consider various implications of the bounds in Lemma 6.1. The bounds depend on
the parities of n and k. When r is generic, i.e., when ged(r, f*(v)) = 1, we may always save a factor of
size |r|'/? as compared with (6.3). We will save another factor of size O(|r|'/?) from an average over the
square-free values of r. As a result, we are able to adequately bound E(P) as long as n > 9. When n = 8,
and r is square-free and generic, Lemma 6.1 hands us a O(|r|*/?) bound instead of (6.3), effectively saving
a factor of size O(|r|) without even utilising the average over r. In theory, this should lead us to settle
this case. However, when r | f*(v), we are handed back the bound in (6.3). Moreover, f*(v) depends
both on v as well as on ¢, and this is the primary reason why we are unable to deal this contribution in a
satisfactory manner.



RATIONAL POINTS ON COMPLETE INTERSECTIONS OVER F,(t) 33

When w is a prime of type II, our bounds will not be as good as those in Lemma 6.1. Let M. = TDS,
where T', S are invertible matrices as in Section 4.2 with entries in & and D = diag(u1, ..., ptn) is a diagonal
matrix satisfying p; | pit1. Let {y; = S7'e;} be a basis for 0", and recall that the quadratic form

Qc(T1, s Tn—1) = f(T1y1 + . + Tn—1Yn-1)
defined in (4.4) is non-singular modulo w. Clearly, @ | M.y, = pnTe,. We will therefore end up giving

up on an extra factor of size ged(ww”, det(M,))'/? = ged(w, un,)'/?, as compared with the bound in (6.3).
However, we will salvage this loss somewhat by obtaining a congruence condition on the vector v:

Lemma 6.3. Let w be a prime of type 11, and let ki = min{k, vy (un)}. Then,
(65) |ka (V)| < |w|k(n/2+1)6wkl|((S—1)tv)n| ng(wkla Q;(V/))|1/27

where Q7 denotes the dual of the quadratic form Q., and ((S™Htv), denotes the n-th entry of the vector

(S~Ytv, and v’ denotes the n — 1 dimensional vector obtained by deleting the n-th entry of (S~1)v. As a
consequence,

(6.6) Sk (V)] < Jeo M2 [ ged (@, QE(V), ((S7H)'v)a) 2,

Proof. Recall that M. = T'DS where T, S are in GL,(0) with det(7'),det(S) € F;. Since @ is a prime of
type 11, @ | pin, and w { p; for any 1 < j <n —1. Let Q(x) = f(S™1x).

(6.7) Saw =3 % w(caf(x;;vx): DS w<aQ(X)—(;i_1)tv).x>7

la|<|e|* |x|<|e|* lal<|ew|* |x|<|e|*

using the fact that |det(S)| = 1. We now change the variables to write x,, = x5 1 + wk_klxmg, and x =
X1 + xg where x3 = (0, ...,0,w" %1, 5)!. Note that Q(x) = x*(S~1)Y(T'DS)S~1x. Moreover, M.S™'xy =
0 mod @, and therefore, using the symmetry of M., we must have x5(S™1)!M, = 0" mod ok, as well.
Therefore, the value of Q(x) mod " is independent of z,, 2. We thus get:

Salv) = Y S (RGN sy (B ),

la|<|ew|* X1 |z, 2| <|w|*1

The inner sum vanishes unless @®! | ((S71)'v),,. On the other hand, Lemma 3.5 gives
1S_x(V)|? < oo |FCHM 4{x mod @ : w* | M.x}.
Using the Smith normal form again,
#{x mod @w" : @* | Mx} = #{x mod @* : @* | Dx} = |=|™,
using the fact that S and T are invertible. This provides us with our first bound:
(6.8) S (V)| < @2 [ M2 (-1

Unfortunately, this bound is not enough for us. Therefore we go back to (6.7), and evaluate the sum in a
different way. This time we write x = x" + x,e,,, where e, = (0, ...,0,1) as before, to get:

* aQ(x) — ((S7Htv) - x
Sl =| 3 5w (ST

a|<|w[* [x|<|e|*

S NIES il

|zn|<|w|* |al<|w|* [x'|<|w]*
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We now invoke our general bound (3.12) in Lemma 3.4 by applying it to the inner exponential sums with
the quadratic polynomial g(x') = Q(x’ + z,e,). Note that following the above notation, Q(x') = Q.(x’) is
the leading quadratic part of g(x’). We are thus left with:

S (V)] < e /2 | ged (Qs (v)), ™) [1/2.
The lemma now follows upon taking the minimum of this bound and the one in (6.8). U

6.1.2. ¢ bad case (f singular). The strategy for dealing with the bad values of ¢ will emulate that of type
IT primes. Note that w | p,—1 if and only if w is a bad prime. After using the change of variables as in

(6.7), we have
* aQ(x) — ((S7Htv) - x

laf<[r| |x|<[r|

* aQq(x1) —v' - x
= rlors—yvye D D ¥ ( e . 1) ,

laf<[r| |x1|<[r|

where ((S71)tv), is the n-th entry of the vector (S~1)'v, v/ denotes the n — 1 dimensional vector obtained
after deleting the n-the entry in (S~1)*v, and x; = (21, ...,7,—1). The last exponential sum can again be
evaluated using Lemma 3.4 to obtain:

%)

Lemma 6.4. Let f be singular, and let @ be not a bad prime. Let |w| = q", and q = p®. Then we have:

ka (V) = ‘w’k(;w’ﬂ((s—l)tv)n
!Z|(7(l;;k/2(|w!k5wkQg(v/) = [l o110z (v))s if 2|k,

et(M] ne Lo (n—1 — .

T ‘W|k( 1)/2’Lp O( )(\wlk(ka@z(V/) — |w]k 16wk*1|Qz(v’))7 Zf2 * TL,2 "' k,
(— gv )) |w|kn/2i£€0n’ ’Lf2 | n,QJ(k:,

/

where Mé is the matriz defining Qc, v' as in Lemma 6.3, and i, as in (3.11).

6.2. A general bound. So far, the above bounds suffice as long as w { dDp. We first shift the focus
to w | d. Using the multiplicativity of the exponential sums in Lemma 5.2, it is enough to look at
the sums of type S m¢ ok p ¢ (V), where m < k. As before, let us first assume that @ { N. First, we

begin by investigating the structure of points a/w” € L(w™c). From our definition (1.3), when m > 1,
a/w” € L(w™c) if and only if the conditions ged(a, @) = 1, ™ | a-c and @ 1 (a-c/ww" ™) simultaneously
hold. Lemma 2.5 implies that

{amod @" : a/w" € L(w™c)} C {act + @ ™d mod @" : |a| < |w|*™™, ged(a, @) = 1,ged(d, w) = 1}.

d also needs to satisfy an extra condition that w ¢ ¢ - d, which forces that d itself can not be of the form
a'ct + wd;, where 0 < |a/| < |w|. Therefore, this concludes that when m < k, we have the following
equality of the sets modulo w":

fa:a/m" € L(@™0)} = fact + o "d: || < [, ged(a, ) = 1,]d] < [s|™}\
(6.9) {act + & " Hd : ged(a, @) = 1, Ja] < ||, |d] < [eo| ™1},
while when k& = m, we get
{a:a/w" € L(w'e)} = {d: ged(d, w) = 1, |d| < |w|*}\
(6.10) {act + @*71d : ged(a, @) = 1, |a| < |w|,|d| < |w[*71}.
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Using the above structure, it is easy to obtain the bound:
(6.11) #{a/w" € L")} < Jw|M " = o,

When c is a bad pair, we will need to obtain some saving from the primes which divide the square-free
part of d. It will be enough to obtain the following bound:

Lemma 6.5. Let ¢ be a bad pair and let w not be a bad prime further satisfying ged(w, F*(v)) =
ged(w, Qi (V') = 1, then

|Sw.c,,01 (V)] < ’w|n/2+1‘

Proof. (6.10) implies

Smem 01 (V) = Z Z " <d1F1(X) + d2wF2(X) -V x>  Semon(¥).

ld|<|w| |x|<|ow]
ged(d,w)=1

The bound here follows for a standard Deligne bound (see [21, Lem. 14] for example) for the complete
exponential sums, and our bounds in Lemma 6.4. O

Note that the method of the above lemma could be generalised to obtain further savings from Sgm 4k 0.1(V),
when k, m # 1, however this is not needed in this work.

When w is a bad prime, we know that |w| is absolutely bounded. The argument of [19, Lemma 5.5]
holds here as well, as it only depends on the fact that f(x) has rank at least n — 1 over K. [19, Lemma
5.5] thus provides us:

Lemma 6.6. For each bad prime w, there is a constant c such that

Vw(,unfl) < Cw-

We now turn our attention to a more general bound which can be seen as a combination of methods in
Lemma 6.3 and [19, Lemma 5.4]. In the light of (6.11), the bound obtained in the following Lemma, upto
a factor of |w|¥1/2, is a direct analogue of (6.3) in this case. The loss of the factor |w|*1/2 essentially arises
from ged(w® =™, F(c)), where F(c) = det(M,.). Akin to Lemma 6.3, we compensate the loss of this factor
by obtaining a congruence condition on v.

Lemma 6.7. Let ¢ be any primitive pair. Then for any good prime w, and for any 1 < m < k we have

(6.12) |S g ot 0,1 (V)| < e DR ZG

(=1 v)n
When w is a bad prime, then

(6.13) |Sme ot bt (V)] < Cop gl F/2EVTMER2Z5 6ty

where Cy is a constant which only depends on |w| and ¢. Here ki = min{k — m,vg(in)}, and ko =
min{k — m, vg(un), k — £}.
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Proof. Since the set of bad primes is bounded and N is fixed, without loss of generality, we may assume
that ¢ < k/3. This dependence may be absorbed in the constant. Recall that

* act + whmd) - x ) —v-x
S D I S (e

ok
ld|<|@|™"a|<[|w[F™  |x|<|w|®
wic-d x=b mod w*

> Z* T <af(x) + wF " (dy Fy (x) + doFa(x)) — v - X) |

ok
ldI<|@|™a|<|w[F—™  |x|<|w|®
wicd x=b mod w?*

We follow the recipe of Lemma 6.3 to first change the variables and write y = Sx, and then write
y = y1 + @**2yy, where yo = (0,...,0,12). It is easy to see that f(S~ly) = f(S~'yi). Moreover, the
congruence condition is converted to y; = Sb mod w’. As a result, akin to the argument in Lemma 6.3,
the sum over y hands us the condition @*2 | ((S~1)!v),.

On the other hand, we substitute x = b 4+ w'y and apply the bound in Lemma 3.5 to get

’S‘zx;”““g,‘zr;k,b,wZ (V)’ < C;v,€|w’n(kie)/2 Z Z* N(QQL + wkimdv wk)l/Z
d|<|ew|™,ged(d,w)=1 |a|<|ew|k—m
(6.14) < C{ﬂ’Aw]”(k_Z)/”k_m Z ng(F(Q—{— wk—md)’ wk)1/2

|d|<[w|™ ged(d,@)=1
where
N(a,@") = #{x mod @* : @" | (a1 M1 + asM>)x},
and F'(z,y) is the determinant form defined in (4.2).

If w is not a bad prime then vy (F(c)) = ve(un). Therefore, if v (F(c)) < k —m, then k1 = v (F(c)).
Moreover, for any choice of d and ged(a, @) = 1, vy (F(ac + @ ™d)) = k; < k—m as well. (6.12) further
follows from (6.14). When w is a bad prime, then v (uy) < ve(F(€)) < vo(pin) + (n —1)ce. If we further
have that m; = v (F(c)) < k —m, then (6.13) follows from a minor modification of the argument above
after observing that |w|™ < ||+,

It is therefore enough to assume that @*~™ | F(c), which we do for the rest of the proof. This in turn
implies that K —m < k; if w is not bad and k — m < k; + (n — 1)cy otherwise. The rest of the argument
will follow from minor modifications of the proof of [19, Lemma 5.4], which we reproduce below.

We start by rewriting (6.14) as
‘Swmg,wk,b,we (V)‘

< Cop gl ™/2HR=m N " || M2 f1d| < |o|™, @ f d, ged(wF, F(e+ @ ™"d)) = @ m}
g=0

<ChLy

|/ 2 (o2 S ol 2] < [, 9§ ged(E, Fle + =) = w0 )
g=1

w’nk/2+kfm+k1/2+2m(1 + Z ‘w|73g/2#{ydl < |w|gjw Tdv gcd(wk,F(g—{— wk:fmd)) — wngkfm})
g=1

<CLy

The number of |d| < |w|9 such that the second co-ordinate of ¢ + @*~™d is co-prime to w is

< @ #{Jul < |w|*T" @ T | Fu, 1)},
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The main result in [15] applied to the polynomial F'(u,1) and its derivative, implies that for any root

ug € O, satisfying @ | F(ug, 1), we must have vy (F'(up,1)) < v (Dp), where Dp is as in (4.5). We may
now further use Hensel’s Lemma to obtain

#{Jul < || T | F(u, 1)} < 0| Dp|.

This bound is clearly enough. We can similarly bound the number of terms where the first co-ordinate is
co-prime to w to finish the proof. O

As an immediate corollary of the above Lemma, we get the following weak bound, which holds for any
r and any primitive c:

Lemma 6.8. Let d,N € O, c € 0? be any primitive pair, let b € O™ and let € > 0 be arbitrary. Given
any r we have

(6.15) |Ser b N (V)| <y |d]|r|™#THE ged(r/d, ((S71)'V)n, det (M))[
(6.16) Lpy |d|Y2|r|M/2T3/2TE,

Observe that our bounds throughout this section are independent of the choice of b and depend only on
|Dp|. This will make their application rather convenient.

7. SQUARE-FREE MODULI CONTRIBUTION

Our rest of the effort will be spent in proving that |E;(P))| < |P|"~47¢, for i = 1,2. We will begin by
considering the term Fy(P) as defined in (5.18). Let |[r| =Y and let |z| = Z. Let J(Z) = 1+ |P|>Z. Since
v # 0, this forces,

1P|

(7.1) Y > 1@

From now on, we fix 0 <Y < @, and dc satisfying |dc| < 17/\2, |dea| < 57/\2 and Z € Z such that
—5log, |P| < Z < =Y — Q/2. Note that there are only O(|P|%) choices for Y and Z. Let E;(dc,Y, Z)
denote the contribution to the term E; from this specific choice of dc after summing over all monic |r| = Y,
and integrating over |z| = Z. For example:

(7.2) Fude,Y,2) = [PI" 3w / S Suern (VI (5 V),
-y 2=2 ycom\0
[r|=Y S }\7
d|r v|<V

Let &7 denote a set of primes to be specified later, containing at least all primes dividing dDp. Next,
we write = brq, where b denotes the square free part of r satisfying a further constraint: ged(b, &) = 1.
Recalling the factorisation of the exponential sum in Lemma 5.2, there exist by € (0/NO)", by € (O/NO)*
satisfying

P" ~
(73) Bidey.2) < Z5 S i 0SEZ T
veo™ rie0,dr
VEO <Y

vV
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where

(7.4) %(Z,y,B) = > Seb01(V) Iy (zV)dz.

Let f(x) = —caF1 + c1F» as in the previous section. Using notation (6.4), we may rewrite this as

(7.5) 52,y B) = /| D SR T T NN

In this section, we will derive a good bound for $(Z, y, B), and eventually apply it withy =, B =Y/ |71].
Since our bounds for exponential sums differ with the parity of n, so will our treatment. We begin by noting
a weaker bound which is a direct consequence of Lemmas 5.4 and 6.1:

Lemma 7.1. Let ¢ be monic primitive and good, and & be the set of primes dividing d det(M) f*(v) and
Dr if n is even, and the set of primes diwiding ddet(M.)Dp if n is odd. Then

A N S~ s 1 if2]n
n/2+1 21 pn/2+1
(2., B)| < J(2)™"/*(log | P|)Z min{ Z, |P|~*} B {él/? if 24 n.

Let ¢ be bad, then let &7 denote the set of primes dividing dDEQ;(V/), then

if24n

~ n/2+1 2\ pn/2+3/2
3(Z,y, B)| < J(2)™"/*" ! (log | P|)Z min{Z,| P| >} B {31/2 if2 | n.

In obtaining the above lemma, we are giving up on some extra cancellations we may be able to obtain
from the sum over b. In order to exploit this, we need to look at this contribution more closely. We begin
by noting that

SZyB = Y S0 [ v
(b,2)=1
|b|=B
b=bg mod N

We begin by focusing on the average value of the exponential integral:

/|Z ZIbyN z;v)dz = / /w(X)w(zlPQFl(x) + 2 P2y (%))t (va'x> dxdz

YN

= /| » [t —xa) b PR + 2 PR (ﬁ‘;}v") iz

~ Pv.-(t
=L V(21 PPy (t % 4+ %0)) + 20 P2 Fa (™ Fx + x0))2 ( v 7 Xt XO)) dxdz
YN

~ Pv-
— I ZyNX‘])/' Ja(z21P?, 5P 7Py (byn))dz,
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where G = Fy(t~Ix + x¢). Note Hg < L™ Hp as noted in (5.10). Using Lemma 3.2, for any w,
/ R Jg(z1P2, ZQPZ,w)dg = / A/ P (21P2G1(X) + 22P2G2(X) + W.X) dxdz,
|zl=2Z lz[=2 /A

where
(7.6)

A= {x €T : |21 P2Gy(x)], |22 P2Ga(x)| < max{1, Hg}J(Z)V2,|P% - VG (x) + w| < HQJ(Z)1/2} .

Here, z- VG(x) := 21 VG1(x) + 22VG2(x). We now replace w = t =L Pv/(byy) and G;(x) = F;(t~Ix +xq).
Thus, after noting that [t~%x + x| < 1 for all x € T", we have
|P2 L (2 VI (x4 x0) + 2V (tEx + x0)) + w| < HgJ(2)'/?

=|PHE(tIx +x0) - (a1 VRt Ex + %x0) + 220V (T Ex 4+ x0)) + W - (1 Ex + x¢)| < HgJ(Z)'/?

=P (211G (%) + 22Ga(x)) + 7L Pv - (t7Ex + x0)/(byn)| < HgJ(Z)'/?

=|P?(21G1(x) + 22Ga(x)) + Pv - (t Ix +x0)/(byn)| < HgLJ(2)'? < HpJ(Z)Y/2.
However, we also have |P?(21G1(x) 4+ 22G2(x))| < max{1, Hg}J(Z)'/? < HpJ(Z)'/2. Thus, we must have
(7.7) |Pv - (t7Ex +x0)/(byn)| < HpJ(2)Y?, ¥x € A.

Our findings therefore give:

(78)  X(ZyB)= Y. Sb(v)/|2/A w(x)¢(z1P2F1(X)—1—22P2F2(x))w<Pv.x> dxda,

beot byn
(b, 2)=1
|b|=B
b=bg mod N
where
A ={xe K" :|Pv-x/(byn)| < HpJ(Z)?} N A,
where

A= {x €T": |x — xo| < —L, |P*:\VFi(x) + P2V Fy(x) + Pv/(byy)| < HEJ(Z)W}
Note that for a fixed value of y, the set {x € K2 : |Pv -x/(byny)| < HrpJ(Z)'/?} only depends on the
absolute value |b|. Let J be the smallest integer such that
(7.9) HpJ(Z)'? < ¢’ < qHpJ(2)'.
If J < B, then, since b is monic, there exist ci,...,cx € F; such that

b=t 4 etB gy BT B 4 S oep,

~~
:tBa :thJb/

where a € (A/z7A)* and b/ € A, where v = t~!. If B < J, the treatment above still formally works upon

choosing cpy1 = ... =¢j—; =0 and b’ = 0. Since |Pv/(byn)| < HpJ(Z), we have
Pv 1 1 -~
— = )| < HpJ(Z)T " < J(2)V2
tByN <a+be’ a)‘ — F ( ) = ( )

Therefore, the set A’ only depends on the value of b/t® mod 27, i.e. on a. Moreover, an analogous

Pv.x/yy
b

calculation shows that since |Pv - x| < ¢’ |byn|, the value of 1) ( also only depends on the value

of b/ t8 mod /. We pick up this condition by introducing Dirichlet characters modulo 2. Moreover, we
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pick up the condition b = by mod N by introducing characters modulo N. Letting Dy = (€/N&)*, and
Dy = Fylz] /2 Fylx ] we establish the identity

>(Z,y,B / / P (21 P2 F1(x) + 20P? (%))
lz|=Z2 A1

#Dl#Dz Z Z Z <PVX/yN>771(bO)X@20(Th,X,§)dXdz,

n1 mod N x mod zJ a€Dg

(7.10)

where N
So(n,x, B) = > m@)x(t Pb)Sp(v).
be ot
(b,7)=1
|b|=B
The strategy will follow closely with that of the proof of [8, Lemma 8.2]. There are two main estimates we
would need. Firstly, we would like to bound the inner sum over a. Note that trivially we can obtain the

bound:

(7.11) #Zz > 1D x(@w (Pvt;féy’v> < J < qJ(2)V2.

x mod z7/ |a€D2

Note that (7.11) already hands us a saving of an extra factor of .J(Z)/? as compared with [8, (8.4)]. This
saving is obtained from our refined bounds in Lemma 3.2, which handed us (7.7). As in [8, Lemma 8.3],
this can be further improved by utilising the sum over a. This will be our next focus. The argument here

is almost identical to that of [8, Lemma 8.3].

Lemma 7.2. For any x satisfying |Pv - x| < m]yN\,

#;2 2 |2 <PV£ZM> < T7/2] < qJ(2)"/".

x mod 27/ |a€D2

Proof. Let x mod 2/ be a Dirichlet character. Let e > 0 and choose Jy € Z such that Jy = [J/2]. Clearly,
J/2 < Jy < J. Recall that = = ¢~ and suppose that a = o’ mod z”°, for a,a’ € Dy. Then for x as in the
hypothesis of this lemma,

/

o —

Pv-x Pv-x SiSJ—Jo-
Jo

<J|2

aaq

tBayy  tBd'yn
Let us write a = ag + v%°a;, where ag € (4/x7°A)* and a; € A/2’~70A. Then

> xla)yy <w> = > >, Maot+ala)y <tB(ao Jl:\;;zal)y]v> '

a€Dy ap€(A/z0A)* a1€A/z =70 A

For fixed ag € (A/x7 A)* and x, we proceed to examine the sum

s00= X (g s ) X0+ o),

Ji
ap + x7’%a
a1eA/mT—T0 A 0 1)YN

where @y denotes the multiplicative inverse of ap mod z7/~70. As seen in the proof of [8, Lemma 8.3], the

function ¢, (a) = x(1 + z7°a) must be a twist of a standard additive character

o) = (%)
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Similarly, since |v - x| < m|yN]/|P|,

" Pv.x _y Pv.x _ Pv.x(1 — z70@a,) _ Pv.x +a1a02a”
tB(ag +zoar)yn ) " \tPao(l +zloagar)yn ) tBagyn - \tPagyy  xl N

where a” is independent of the choices of x, ag and a;. Therefore,

5090 =0 (o) X w (M),

a
0YN a1EA/xJ_JOA

J*JO J*JO

For a fixed ag, we deduce that S(x) = 0 unless a, = o mod , where o/ = —a"ag mod x , in

which case |S(x)| < J/Joy. However, for a fixed o € A/x’~70 A we have #{x : a, = a’ mod z’/~7} < .J.
X

Thus

D I DIRTON] Cos= | EE A DD DI TN

x mod z/ |a€D2 x mod z7 age(A/x70 A)*

This completes the proof of the lemma. O

We now turn our attention to the term o (1, X, ?/]y\) Let 12 : 0 — C* be the Hecke character given
by n2(r) = x(r/t1°8"). We thus focus on the following twisted averages:

(7.12) > mO)mb)Sh(v).
beot
(b.2)=1
lb|=B

We next replace the exponential sums Sy(v) by their explicit values obtained in Lemma 6.1. This will
transform the sum (7.12) to a character sum. Let

iloyn if 2| n,
(7.13) a= {E 40;(”4'1) if 2 J( n.

where ¢ = p® and i, as in (3.11). Moreover, let

-1 if2|n
7.14 =
(7:14) b {1 if 24 n.
Let us finally define a Dirichlet character 73

$%¥Q) if2]n
(7.15) n3(b) = —f*(v)

L) itz

Using Lemma 6.1, we get

pn/2 i n
> m®na®)Su(v) =a® > By (b)na(b)ns(b) x {gnw £2]

! f if 24 n.
bed beo
(b, 7)=1 (b, 7)=1

|b|=B |b|=B
At this point, we wish to invoke Lemma 3.9 to bound the character sum satisfactorily. In order to achieve
the extra square-root cancellations in the b sum, we need to make sure that 7y (b)n2(b)ns(b) is not a character
of type |b[** for any x € R. 73 can be viewed as a Dirichlet character of order 2, modulo det(M,) if n is
even and modulo —f*(v) if n is odd. This is non-trivial if det(M) is not a perfect square when n is even

)
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and when —f*(v) is not a perfect square when n is odd. However, this is not enough. We also need to
guarantee that the character 7173 is non-trivial. Since n3 is a quadratic character, it is enough to make
sure that for any b’ € € satisfying b’ | N, b’ det(M,) is not a perfect square if n is even, and that V' f*(v) is
not a perfect square if n is odd. This is due to the fact that these conditions would guarantee that f*(v)
(or det(M,)) will contain an odd power of a prime not dividing N. We now apply Lemma 3.9 to obtain

the desired square-root cancellations in the character sum (7.12):

Lemma 7.3. For any good pair c, as long as

(7.16) Wb | N, {b’ det(M,) is not a perfect square if 2 | n,

b f*(v) is not a perfect square if 21 n,
we have that given any € > 0, any B € N we have:

R BM2HY2 iro | p
7.17 Zo(m,x: B) <npy P17y 5 7
(7.17) (1, X; B) <o )iy 1P| { BVl if o4,

We will summarize our findings into the following lemma:

Lemma 7.4. Let ¢ be a good primitive pair in 0%, let € > 0, and & be a set of primes dividing d,
f*(v),det(M;) and Dp when 2 | n and a set of primes dividing d, det(M;) and Dp when 2 {n. If (7.16)
is true then we have

1 if2|n

~ —n/245/4 7. 2 -2\ p(n+1)/2
S(Z,y, B)| g |PFJ(2)7"/%5/4log |P|)Z min{Z, |P| 72} B/ {ém if2tn.

Combining this bound with the weaker one in Lemma 7.1, we get that for any 0 <~y < 1/2, we must have

1 if2|n

~ —n/245/4— 2 - . = —2 An 1)/2
(2, y, B)| g [PI7J(2)7"2H5/402 (log |P) Z min{ Z, | P| 2} B Y/ H{Ew if24n.

8. MINOR ARCS BOUND AND PROOF OF THEOREM 1.2

We continue our analysis from the last section. In the light of our results in Section 5.2, Theorem 1.2
will be established upon proving that the minor arcs contribution |E;(P))| < |P|*~*~¢, for i = 1,2. This
will be our main focus here. Our treatment in the n odd and even cases will be slightly different, due to
the nature of our exponential sum bounds. n = 9 will be the hardest case for us, n > 10 being relatively
easier, aided by the fact that Lemma 7.1 will be enough for these. In many cases, the bounds for the n = 9
case will subsume those for the even n’s. Therefore, here we shall mostly concentrate on the 2 { n case. In
each case, we will deal with the contributions from the good and bad pairs c’s separately.

Throughout this section, we will assume that ¢ is fixed, and our constants may implicitly depend on it.
We recall that .#*(v) denotes the dual variety of the complete intersection of F; and F,.

8.1. Good c contribution: n odd case. Recall the definition of Ej(dc,Y, Z) from (7.2). When n is odd
and when ¢ is good, we will split the sum over v in Ej(dc,Y, Z) into two subsums:

> =Xt X
veo”r veom v#0EO™
_Vv#0 ,9;* (v)#£0 F*(v)=0

VIYIPITHI(2) V<Y |PI1I(Z) v Y|PV I(Z)
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We call the corresponding contributions F1 1 and E 2 respectively. The reason behind doing so is that we
can obtain square-root cancellations in Lemma 7.3 as long as b f*(v) is not a perfect square for any o' | N.
For a fixed value of v satisfying .%#*(v) # 0, we are able to employ Lemma 3.8 to bound the number of ¢’s
satisfying o' f*(v) = y?, for some y € ¢ and b’ € 0. The condition that .#*(v) # 0 is crucial here as it
would imply that ¥ f*(v) is a square-free polynomial in ¢. On the other hand, when .Z*(v) = 0, we gain
by sparseness of such v’s using a Serre type bound.

We now turn to our main optimisation process. First and foremost, we write r = bry, where b denotes
the square-free part of » which is co-prime to ddet(M.)Dp if ¢ is good and is co-prime to Q7 (v)dDp if ¢
is bad. Due to our separate bounds for good, type Il and bad primes, we will write

1 = Tar3ry,

where r;’s are all pairwise co-prime. 7973 is free of any fifth power and furthermore, ged(rg, d det(M)Dp) =
1 and r3 is a 5-free number satisfying r3 | det(M,)> according to our notation (3.2), but ged(rs,dDp) = 1,
i.e., r3 consists of type II primes which are co-prime to dDp. Lastly, r4 consist of the rest, i.e., it is
composed of the primes dividing dDr and all 5-full numbers. We will now split our sum into the following
dyadic sums

A~ AN~~~

(8.1) d = (|d|,|c|, |r2], 73], |ra]) = d := (D, C, Ra, R3, R4),

where |b| = B, such that, B+ Ry + R3 + Ry = Y and 2(D + C) <Y < D + C + Q/2, with an extra
condition that c is good. We also define Ry = Ro + Rs + Ry.

As noted in the previous section, since 0 <Y < @, and Z € Z such that —5log, [P| < Z < —Y —
Q/2, there are only O(|P|®) different choices for vectors d. Therefore, it will be enough to focus on the
contribution from d = d to E; and Es for any arbitrary, permissible choice of d.

Let E1,1(d, Y, Z) denote the contribution to £ ; by the sum over d = d. Throughout, we will adopt the
notation f*(v) # [] to denote that b f*(v) # 32 for any y € ¢ and any V' | N. We may analogously define
f*(v) =[J. When f*(v) # [, we apply Lemma 7.4 with v = 1/5, and when f*(v) = [, Lemma 7.1 to
(7.3), to obtain that there exist by € 6™ and N | N such that

P R
Ba@y.2) < 25 Y S Su o ((2) B

veor  d=d
F*(v)#£0 ¢ good
[v|«V

(J(Z)1/4*1/10§1/55f*(v)¢m + El/%f*(v)zm) min{Z; + Zo, |P| % log|P| max{Z, Zs}},

Let B}, denote the contribution from f*(v) # [J and E}; from f*(v) = [J. Thus,
pr ~ ~ ~
BL(@,2) < ) A ming 2P (s (VB
(8.2) yn veom  d=d

Fr()Z0 f(v)#0
|v|<«V ¢ good

where V = Y|P|"1J(Z).

Our choice of the decomposition of r; arises from different bounds in Section 6. Lemma 6.1 provides a
satisfactory bound for the exponential sums modulo 2. Lemma 6.3 bounds the sums modulo r3. Lastly,

—~1/5

for a fixed d, the number of permissible r4 is at most O(R4 / ). We make our bounds in Lemma 6.8 work
for the sums modulo r4. More explicitly, we write

‘Sdgﬂ"l,bhl\ﬁ (V)‘ = ‘57"2 (V)S,«3 (V)Sdgm,me(v)‘?
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and obtain

1S, < B ged(ra, 7 (v) 12,

(83) 1Sr, (V)] < Rs" 7 ged(rs, ((S71)!')n, QE(V))[ V2.
(Stesrsman (V)] < DR ged(ra/d, det(My), ((571)'v),)) 2.

We now arrange the various sums in the following order and evaluate them using our previous bounds:
d r4 ¢ r3 Vv ro

Note that 2 only consists of square-full numbers and the condition f*(v) # [] guarantees that f*(v) # 0.
Therefore, for a fixed value of v, we must have

/\n/2+1+6
(8.4) > 18 (V)| < Ry
r2|=Rz

n/2+1

Combining our bounds, we obtain the following result:
n/24+1 ~

Z Z ‘Sdc ,r1,b1, N1( )| < |P|€R D

veﬁ”
Fr(v #Of*(V)#D
|v\<<V c good

Zzzzzgcdm/ddet o) (571)W)a)' /2 ged(ra, ((S7)'v)n, QE(V)) /2
(85) <<\P]€Rn/2+1DZ YOS Y

|d|=D |rq|=Rs T1lra/d |c|=C @2lrs  0#£|v|<V

¢ good F*(v)#£0

a1 |det(Me) 0
z122|((S~1)"V)n

z2|QE(v')

Before we start our final computation, we will need an estimate for
#{c: @ | det(Mo)} and #{|v| <V | (S7)V)ny | Q" (V).
Here v/ denotes the vector obtained from the first n — 1 entries of (S~1)'v. This will be our next goal.

Lemma 8.1. Given anyn > 2, any x,y € O such thaty | x, any primitive ¢ € 02, any V € N>q, we have
(8.6)

vi<V:z ~1yty, * (v V)2 min v L L '
#UVI <V iz (ST | QE(V)} < (V) {V(”\xy) <1+Hw|yyw\> <1+Hm\w!>}

Similarly, given anyn > 2, x € 0, any c, any € > 0 and any C € N>g we have

- C
3
z|°C <1 + ]x\1/2> .

Proof. We start by proving (8.6). Let (S71)! = (s;j)1<ij<n. For each i > 1, let

(8.7) #{c € 0 primitive : |¢| < C,z | det(M,)} LApe

x; = ged(z, sp1;s ey Snjie1)/ 8ed(X, Sn 1, -ns Sni)-

Here, by convention, s, o = 1. Since det(S) € F;, each row and column of S ~1 should be primitive. Thus,
Ty = ged(x, Sp 1y ey Snn—1)- If @ | Sp1v1 + ... + Sp.n¥p, then note that we must have x,, | v,. For a fixed
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choice of such vy, if (v, ..., 0n—1,v,) and (v}, ...,v},_1,v,) both satisfy = | ((S~1)'v),, then we must have
x | Z;’;ll $n,i(vi —v}). This forces that x,—1 | v,—1 — v],_;. Continuing inductively, for a fixed choice of
Vj, ..., Up, if two vectors (vy, ..., vy,) and (v, "'77);'—17 Vj, ..., Un) are both solutions of x | ((S7!)%v),, then this
must imply z;_1 | vj_1 — v;_;. Thus, the quantity in (8.6) is < [[;~,(1 + V /|z;]). This is clearly enough

J
to obtain

(8.8) #{v| <V iz | (STH V) < (V)1 <1 + V) :

]
since |x| = |z1...2p].

The second bound in (8.6) is obtained by realising this as a counting problem modulo primes. Let #;
be the variety defined by s, 1v1 + ... + spnvn = 0, of affine dimension n — 1 and let 73 denote the complete
intersection of sy, 11 + ... + sp Uy = Q¢ (V') = 0, an variety of affine dimension n — 2 modulo any prime @
which is not a bad prime. We may clearly bound the left hand side in (8.6) by

#{|v|<V:(vmod w) € %,V @ |z, (v mod @) € %,V @ | y}.

The second bound on the right hand side of (8.6) is then an easy consequence of [5, Lemma 4], which holds
in the function field setting analogously, since it only uses bounds for number of points on varieties over
finite fields.

We now focus on obtaining (8.7). For any decomposition x = z1x2, where ged(z1, x2) = 1, let
Cx ={lc| < C: ged(zq, 1) = ged(we, c2) = 1}

From now on we fix a decomposition x = x1xz9 as above, we will establish the bound

n—1/- c
#{c € Cx,z | det(M)} < (log|z|)" " C (1 + ma{[z1], |x2\}> )
This bound will clearly suffice for us. Without loss of generality, let us assume that |zo| < |z1|. For a fixed
value of ¢1, we will bound R
#{le2| < C 21 | g(erer)},
where g(T') = det(—TM; + Ms), a polynomial of degree at most n. Here, €1 denotes a multiplicative inverse
of ¢; modulo z;. If w | z; is not a bad prime, then we know that @ does not divide the discriminant of the
polynomial ¢g(7"), and therefore g(7T") does not have multiple roots modulo . Thus the number of roots of
g(T) modulo w is at most n and each root is necessarily simple. Hensel’s lemma then implies that there
are at most n roots of g(T') modulo w® for any k and that each root is simple. On the other hand, if @ is
a bad prime, then w is bounded. Moreover, we know that
n—1
o) = T[T =),
i=1

where ; are distinct elements of K. Let v1,...,7 € Op and ¥ii1, ..., Yn—1 ¢ Om. Since O is compact,
clearly suprep_ | H?:_Z-Erl(T —7j)|w > 1, (since we can’t have a sequence of elements of & converging to
7v; for any ¢ < j). Thus, [¢(T)|z > H;’:l |T — vj|w. Moreover, 1, ...,7; are all distinct elements of O
and therefore are sufficiently separated from one another. Thus, @® | g(T) must necessarily imply that
T = ~; mod "% for some ky < 1 and 1 < j <. We have thus proved that for any @ ||x1, the equation
w® | g(¢icy) must imply that Eres mod w*#(®) has at most n distinct choices. Here, k(w) = 0 if w is
not bad, and k(w) < 1 when w is bad. Thus, cico mod z; has at most O(n'°8(#D)/legloe(lzl)y — O_(|z|*)
different choices modulo x;. This leads to (8.7). O
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8.1.1. Final optimisation for good c’s. We are now set to establish the contribution of all good ¢’s to Ej.
Let us give an overview of how the optimisation process will work. Note that, for a fixed d, the number of

ry = O(EUS) and for a fixed ¢, there are only O(|P|®) choices for r3. We may trivially bound (8.5) by

(8.9) P20+ 2pR PR P,

This bound is only enough to obtain n > 11 unfortunately.

Let us get back to (8.5). A critical case for us is when Y < Q, D + C =< /2. In this case, V < Q/4. In
the worst case, |z122|1/2 < Q2. When C and |z1| are large, we may simultaneously save from the sum
over ¢ by utilising the condition z; | det(M,) in conjunction with the linear constraint zizs | ((S71)v),
by applying (8.7) and (8.8) respectively. When C' is relatively large, but 1 is small, we need to resort to
the second bound in (8.6). Note that x5 is free of any fifth power, so the factor ] w is of size at least

’1/4

w|za
|x2|'/*, making the second bound in (8.6) powerful here. When C is very small, the saving by the factor
DV/? < @ /4 appearing on the right hand side of (8.9) and the saving of size V from the linear constraint
r179 | ((S71H)v), together are enough. Lastly, when f*(v) = [] and .Z#*(v) # 0, we may employ our
counting estimates in Lemmas 3.7 and 3.8, the former being more useful when C' is small.

Let us start with bounding E4 ;. We first apply the estimate (8.6) to the inner sum over v in (8.5), along
with the observation that zo appearing there is free of any fifth power and therefore |[] 1/4
to obtain

#{V] <V iam | (S7H'V)n, 22 | Q2(v)} < min{ V' V" [ayasl, VT2 4+ V" /|ao| 2}
<Vr?y V"/\azlxz\l/z + min{‘?nfl, ‘7"/|x2]1/2} =V 2y ‘7"/|m1x2|1/2 + ‘7"/|$2\1/2 min{1, |$2\1/2/‘7}.

wlay @] <[22

Note that in principle, these bounds only work when V' > 0. However, since we are summing over v # 0,
we may assume their validity for all V' € R. Next, we apply (8.7) to obtain

(8.10) #{lc| = C: 1 | det(Me)} < |21[°C(1 + C/]a|'7?).

Applying these bounds to (8.5), and as before noting that for a fixed ¢ there are only O(|P|¢) choices for
=1

r3, and for a fixed d, only O(Ry /5) choices for Ry, we get

> Z Sy b1, (V)]

veﬁ”
FH(v #Of*(V)#D
|v\<<V ¢ good

n/2+1+€/\zz Z Z(gxl‘det M) Z Z ‘$1x2‘1/2

T4 1‘1|(’r‘4/d) < T3 mz‘rg
(8.11) (Vn/\l’lm\l/z +Vn2y V”\xglflﬂ min{1, |:c2|1/2/V})
(8.12) < BTR Pap racv 4+ BPTUR,PaD 1 a0(Ry /D) VD2
(813) n R\ln/2+l+ER 1/5 oD + C( 1/ﬁ)1/2‘7n—1.

The bounds in (8.12) are obtained from the first two terms in (8.11). It is not important to save from the
sum over ¢ in these bounds. Therefore, we will sum over ¢ trivially here. While dealing with the third
term in (8.11), we substitute our bound (8.10). The second term in (8.10) hands us back the first bound
in (8.12) and the remaining term in (8.10) hands us (8.13).
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We are finally ready to analyse the term E1171. Inserting the bounds in (8.12) and (8.13) to (8.2) we get
Bl < |P|"eyS/5n/2(1 4 |PRZ) /254107 min(Z, |P| )
8.14 DN o omma
( ) 2D+C<CVn+C<R1/D)1/2V”_2_|_Vn+(RI/D)1/2vn—1> )

We will bound the different terms on the right hand side of (8.14) separately. Let us start with the term

CV™. This term corresponds to obtaining perfect square root cancellations. Clearly, this term is at its
maximum when C' + D = Y/2. The total contribution is then

< |P|n+€}/}11/57n/2(1 + |P|22\)fn/2+5/471/102min(z\’ |P|72)‘7n
< |P|6?11/5+n/2(1 + |P\22)"/2+5/4_1/102min(?, |P|_2).
This expression is maximal when Z = :}\/\P\’2/3 = |P|72(Q/Y) > |P|"2. Thus, P2Z = |P|*3)Y = Q/Y .
We thus have that this term is
< |P‘5?11/5+n/2(@/i})n/2+5/471/10|]3‘74@/? < |P|55}1/20|P‘74@n/2+9/471/10
< |P|€|P‘_4@n/2+9/4_1/20 _ |P|n—4|P‘—n/3+3—1/15+€.
This is enough as long as n > 9 and € < 1/30
We now move to the 5(1%\1/13)1/2‘7"*2 term. This term is maximal when Y = Ry, C =Y/2 and D = 0.
Thus, the total contribution is
< ’P’n+e}/}27/10—n/2(1 + \P]QE)_"/HE’/“_VNZmin(f, ‘P‘—Z)‘/}n—Q
< ’P’2+€}77/10+n/2(1 + |P‘22)n/2717/202min<2’ ’PFQ).
The maximum is again achieved when Z = (@ / }/})|P|_2 > |P|72. Thus, this contribution is
< |P‘—2+si}n/2+7/10(Q\/S})n/2+3/20 < |P|—2+s©n/2+7/10 < |P‘n—4|P|—n/3+44/15+s
which is enough when n > 9 and € < 1/30.

Now we move on to the last term in (8.14). The maximum value is taken when Ry =Y, D =Y/2,C = 0.
Thus, this contribution is

< |P|n+6)749/20—n/2(1 + ‘P’Q/Z\)_n/2+5/4_1/102min(é\, |P|_2)‘7n_1
< ’P’1+£}7n/2+29/20(1 + ’P’QZ\)n/2+3/202min(2, ’P’_2).

The maximum is again achieved when ¥ = Q, Z = —Y/—\Q /2 =|P|72(Q/ }A/) Thus, this contribution is
< |P|—3+6Q\7’L/2+29/20 < |P|n—4|P|—n/3+44/15+6 < |P|n—4—1/15+5

for all n > 9. We thus effectively bound all contributions for Ell,l, as long as, n > 9 and € < 1/30.

We now consider the term Eil which corresponds to the validity of the conditions f*(v) = [] and
F*(v) # 0. As noted in Section 4, .#*(v) is the discriminant of the polynomial f*(v), seen as a polynomial
in ¢. Thus, this would imply that f*(v) has distinct roots in PIK, and therefore, this polynomial is necessarily
square-free. We may now apply Lemma 3.8 to count the number of ¢’s for which f*(v) = []. This bound
will be effective when C' is large. Alternatively, for a fixed good ¢, f*(v) is a smooth quadratic form and
therefore we may be able to bound the number of possible choices of v’s for which f*(v) = [, using
Lemma 3.6. We summarize these bounds into:

#{|c| < C,|v| < V : ¢ primitive, f*(v) =[]} < V + C min{V"C, C2V"1}.
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Recall that (8.2) hands us:

n+s - N -
@ v.2) <L sz B i 2P Y Y Swnmn )
d=d veon
F*(v)#0
V<Y |P|~'J(Z)
f*(v)=0
In this case, the extra saving obtained from the condition f*(v) = [] will be enough. Using (6.16), we will
3
use a weaker bound |Sge rqry by Ny (V)] < D1/2R Ry /AL to bound the sums modulo rgry. This simplifies

our process and we order our sums the following way:
19 3P
C,V 12,713,744

For a fixed value of d,c and v, there are at most O(|P|?) different choices for r3 and r4. Moreover, our
bound (8.4) dealing with the exponential sums modulo 79 still holds. Thus,

n+€ R - - PPN N PN

E11<<‘ | (1+\P\2 YTy 2432 7 min{ Z, | P| 72 ZYC D32V min{C, V}
n+s ~

<<| ' (1+ |P|2Z)"/>1yn/2+32 7 min[Z, |P|"2Z}(C + D) Vi pm-1/2

< |P|1/2+€(1 b PRZYMRHRYZ ik 71 P12 2N E 1 D)

Again, the maximum is achieved when Z = —Y — @)/2, and when C'+ D = Y/2. Thus, this contribution is
< |P|73/2+5}/}n/2+7/4(@/?)n/2+1/2_}//_\62/2.
After comparing the powers of 17, the above expression is maximum, when Y = @) and therefore the

contribution is
< ‘P‘_3/2+€Q\n/2+1/4 < ‘P‘_3/2+2n/3+1/3+5 < ’P’n_4+€_(2n_17)/6 < ’P’n—4+5—1/67

as long asn > 9 and € < 1/12.

Next, let us deal with the term Fj 2. The main saving will be obtained here from a Serre type bound
[8, Lemma 2.9], which gives us:

#{|v| <V : F*(v) =0} < V372,

Our strategy will emulate closely that of bounding Eil. We again use the decomposition r = brorsry as
before and use the bound in (6.16) to bound the sums modulo r3rs, and use (8.4) to bound the averages
modulo ry. We also arrange the sums in a simplified way as in (8.15), to get:

’ ’n+5

Ei2(d,Y, Z) < (1+ |P|2Z) /2y /243202 D312 Z min{ Z, | P| "2}V —3/2

n+€
(8.16) < \ il

(1+ |P‘ Z) n/2+lyn/2+5/2Zmln{Z ‘P‘ Q}Vn 3/2
< ‘P‘3/2+8(1 + ’P’2Z>n/271/2yn/2+12min{Z’ ‘P’f2}_
We may again assume 7 = —Y/—\Q /2 to get,
E172 < ’P|75/2+5(Q\/f/)n/2+1/2}’}n/2+1 < ‘P’f5/2+a@n/2+1 < ’P|n74‘P‘fn/3+17/6+5 < ’]3’7174|F)|71/6+57

as long asn > 9 and ¢ < 1/12.
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8.2. Good c contribution: n even case. We will obtain a bound for the contribution to E; from the
good values of ¢, when 2 | n. Since we are only aiming for n > 10 here, the analysis here is somewhat
simpler and we may recycle many of our estimates from the previous case. To establish n > 10, we do not
need our refined estimate in Lemma 7.4, we will be content in using Lemma 7.1 instead. When n is even
and c is good, we will split the sum over v in F; into two subsums:

2. = X2t

veon veon v#£0ED™
V£ F@)#0 Frv)=0
VIKTIPITLI(Z)  IYIPITLI(Z)  vI< Y|P I(2)

We again call the corresponding contributions F1 1 and F o respectively.
As always, we write r = bry, where b denotes the square-free part of r which is co-prime to f*(v)dDp

if ¢ is good and co-prime to Qi (v)dDr if ¢ is bad. Analogous to (8.2), we apply Lemma 7.1 to (7.3) to
obtain by, Ny such that

P|nte o _ S 5 in
(8.17) ELl(dg,Y,Z)<<%B"/2+1 S0 [Sarbrn (WII(Z) A Zmin{ Z, P72}
Y veom™ T’1€ﬁ,d|’r‘1
fr(v)#0 Ir|<Y

[v|<V' 71 monic

We use the same process as in the beginning of Section 8 and write r = bry = brorsry, where ro, 13,74
are chosen exactly as the analysis of Ej; in the 2 { n case, and introduce dyadic averages following the
notation in (8.1) to get:

El’l(d,Y,Z) = Z El,l(dQ7Y7Z)

d=d
¢ good
(8.18) |P|"te _ 5 . 5 _
€S BT ST (S ()1 (2) 7 Zmin{Z | P,
d=d veo™
¢ good f*(V)#0
|v|<«V

Note that our bounds in (8.3) for the exponential sums modulo 2, 73 and 74 still hold when 2 | n. Therefore,
this contribution is clearly less than our bounds for E11,1 when n > 9 was odd (as compared with the
corresponding bound (8.5)). Therefore, our analysis in Section 8.1.1 still holds and is enough to establish
a suitable bound here. Note that the only auxiliary counting estimate which used the fact that n was odd
was in Lemma 3.8, which was used to bound the number of solutions of f*(v) = [], which is not necessary
here, and was only used to bound Eil in Section 8.1.1.

In a similar vein, when f*(v) =0, [8, Lemma 2.9] gives us:
#{|v| <V : ff(v) =0} < V32,

Thus, the contribution Ej 2(d, Y, Z) can be bound using the same process as from the corresponding bound
when 2 1 n. Namely, the analysis in (8.16) hands us a suitable bound for this contribution.

8.3. Bad ¢ contribution. We now focus on the contribution of the bad values of ¢ to F;. We will deal
with both odd and even values of n here. Throughout, let ¢ denote an arbitrary, but fixed bad pair. We
know that |c| < 1. In this case, there are no type II primes, as these are already included in our list
of bad primes. However, an extra complication here arises due to the fact that when w is a good prime
satisfying @ | Q¥(v'), Lemma 6.4 hands us the bound |S_«(v)| < |@|F("+3/2) which carries an extra factor

of size O(|w|'/?) as compared with the worst bound in Lemma 6.1. For a fixed v, this bound only affects
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w | Qf(V'), which is a small set if ¢ and v are treated to be fixed. However, this would hinder us from

obtaining any saving from the congruence condition w® | ((S~1)v),. Therefore, we will instead save more
from the sum over d. This will be facilitated by the bound in Lemma 6.5. To this end, we split the sum

Eq(de,Y, Z) into two subsums:
2= 2t )

veo”r veon v#0EO™
v7Z0  Q(V)#0,F7*(v)#0 Qi (v)=0 or F*(v)=0

[vl<V lv|<V lv|l<V

We call the contribution from the first sum on the right hand side as F3 and from the second sum as Fjy.
When Q¥(v) # 0 and .Z*(v) # 0, we write d = dydads, where dj,ds, d3 are pairwise co-prime. Here d;jds
denote the square-free part of d further satisfying ged(dida, D) = 1, ged(dy,r/d1) = 1 and d3 | 7. As a
consequence, we may use Lemma 6.5 to deal with the exponential sum Sy, 4, 0.1(v). If dy is large, we save
from the fact that d% | 7, which reduces the number of permitted r’s (as opposed to just using the condition

d | r). ds consists of square-full numbers and bad primes. Therefore, the total number of permitted ds is
—~1/2+¢

at most O(Ds ).
To this end, as always we first write » = bry, where b denotes the square-free part of r which is co-prime
to dDEQ;(v’). Next, we write r; = dyrars, where ged(re, dDp) = 1, r3 | (dedsDp)®°. In other words, r2

consists of the part of r; which is free of the bad primes and of the primes dividing d, r3 only consist of the
—~ —~1/2
powers of primes diving dedsDp. Thus, for any given d, there are only O(Rgs) choices for r3, and O(R2 / )

choices for ro. We split our sum into analogous dyadic sums:

e~~~ o~~~

d = (|di|, |d2], |ds], |2, |r3]) = d := (D1, D2, D3, Ra, R3),

where as before, let || = B, B4+ D1+ Ra+ R3=Y,D = D1+ Do+ D3,2D <Y < Q/2+ D. Since d3 | 73,
we must have B+ Ry <Y — D — Dy < QQ/2 — Dy. We begin by applying Lemma 7.1 to (7.3) to get:

(8.19)

P n-+te ~ ~ ~
E3(d’ Ya Z) < ‘ /‘\ E E |SdC7T‘17b17N1 (V)|J(Z)_n/2+1BN/2+(3+62|n)/2 X Zmin{Z7 |P|_2}
yn h
veon d=d
FHV)QG(v)A0

V<Y |P|=1(Z)
Here, the term dy),, is 1 when n is even and 0 otherwise. Using the multiplicativity relation in Lemma 5.2,
we may write
Sdgﬂ"l,bLNl (v) = Sd1£7d17071 (v)Sr, (V)Sdzdsg,rs,bm]\b (v).
Lemmas 6.5 and 6.8 imply

—~n/2+3/2

|Sdye.di01(V)] < D1 ged(di, Qz(v)) F*(v))/2.

Lemma 6.4, in conjunction with an argument similar to (8.4) implies that for a fixed v satisfying Qz (V') #£0,
we have

—~n/2+1 x —~n/2+3/2+
SIS < Ry Y [ ged(ry, Qi(v)V? < Ry °.
T2 T2

Lastly, Lemma 6.8 gives us

~ ~ /241 N
|Sdydse,rsba,No (V)| < D2 D3R | ged(rs/dads, ((S7H)'v),) /2.
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As before, for a fixed d, there are only O(ﬁ;,e) choices for r3. We evaluate the sums in the following order

2. 220

dy,d2,ds T3V

Combining our bounds, we get:

Z ‘Sdg,rl,bl,N(V)’ < ﬁ Z Z Z Z Z ‘$1$2‘1/2D n/2+1/2§n/2+1§2n/2+3/2
d=d

di,d2,d3 T3 x1|rs/(dads) z2|d1 Véﬁf
V<P

A (C R

z2|QE (V) F* (v)

We may use (8.8) to bound the number of permissible v’s satisfying x1 | ((S7!)!v), and [5, Lemma 4] to
bound the number of v’s satisfying x3 | Q¢ (v').7*(v), to obtain:

/2 o 1/2/\1/2 o ~ _ _
Z\Sdcn,bl, v)| < DR, ZZ Do D wme[ PV A+ Vmin{ |z | 25 1))

T3 x1 |T3/(d2d3) Z‘Q‘dl

—_~n 2+1 —1 2/\1 2
< DRl / / / ZZ Z Z ’3311'2’1/2‘/% 1(1+V/]a:1m2]1/2)

T3 x1 |7‘3/(d2d3) xz‘dl

~ o~ ~~1/2—~n/2+1 o~~~ ~
< DD DD PR R P (B Dy 1(Da D)2 4 1),
Feeding this bound back to (8.19), we get:
i [P« o I,
(A, 7)< B2 P BB BBy A (B Ry (2) D12 min{ Z. | P2} x
/2—-1

12 1)2 N
(R3 / D, / /(DaD3)Y2 4+ V).

Thus, when 2 {n, E3 can be bounded by

~ PMte o ~1/2 ~ ~1/2~ o~~~ ~ ~ ~
(8.20) < (BRy )1/21|/n|/ pD,"*DyDs /V”*l((Rg/(D2D3)1/2+V)(1+\PPZ)*”/ZHmm{Z,yPy*Q}.

After replacing V = Y|P|7}(1 + |P|2Z), clearly, the contribution is maximum when Z = —Y — Q/2, which
we assume from now on. Let us first investigate the contribution coming from the term (R3/(D2D3))/?

on the right hand side of (8.20). This contribution is

‘P’nJr
(8.21) Yn/2-8/2
< ’P| 1- 2/3—1—5}/}71/2—1—1/4(@/}/})71/2 < |P‘—5/3+5@n/2+1/4 _ |P|2n/3—4/3+5 _ |P|n—4—(n—8)/3+a'

D3/2Vn 1(1+|P‘ Z) n/2+1|P| 2Z < |P| 1+€Yn/2+1/2+3/4(1+‘P’ Z)n/ZZ

This is admissible for n > 9 and odd, as long as ¢ < 1/16.
Now let us turn to the remaining contribution to F5. Here, we will use that B+ Re <Y —D;—2Dy— Ds.
Thus, this contribution is

A 1/2 12

Pn+ —~ —~ ~
(B+R)1/2H -DD, DyDs V™M1 4 |P2Z) > P27

< ’P’_2+85/}n/2+3/2D(1 + ’P’ Z)n/Q-HZ < |P|—2+e)’}n/2+2(1 + |P|22)n/2+12.
We may again assume that Z = —Y — @)/2 to obtain that this is
< |P|—8/3+a}7n/2+1(©/17)n/2+1 < ‘P‘—8/3+8Q\n/2+1 _ ’P|2,~b/3_4/3+8

which is clearly enough from our previous calculation.
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When 2 | n, the bound in (8.20) gets multiplied with an extra factor of size O(B/2). Here, we will
use a weaker bound B < Y/ D and combine it with our above bounds. Note that in the extreme case
when D = Y/2, B2 factor amounts to the introduction of an extra factor of size O(?l/‘l) in the final
computation. In particular, when 2 | n, the bound corresponding to (8.21) is given by

[Pt

< }/}n/ Dvn 1(1+|P| Z) TL/2+1’P’ QZ < ’P’ 5/3+€Yn/2+1/2(Q/Y)n/2<< |P|n 44+e—(n— 9)/3

which is admissible as long as n > 10 and ¢ < 1/6.

Similarly, when 2 | n, the contribution corresponding to (8.22) to E3 is bounded by:
< ‘P‘—2+€1’}n/2+2ﬁ1/2(1 + |P|22)n/2+12 < ‘P|—8/3+6©n/2+5/4 < |P|n—4—|-s—(n—9)/37
again enough when n > 10 and € < 1/6.

We now turn to the term Ej. When either #*(v) = 0 or Qg(v) = 0, we gain from the sparseness of
such v’s. We write 1 = rars, where ged(re, dDp) =1 and r3 | (dDp)*°. We split our sum into the dyadic
sums: .

= (|dl,[ral, [3]) = d := (D, Ry, Ry).
Here, D <Y/2,Y = B+ Ry + R3. In this case, we will use the following softer bound coming from Lemma
6.7:

[Siera by vy (V)] < [d] 2y /292,
Thus, following the recipe before,
52‘,1 ]P|"+

yn

Again, when 2 | n, an extra factor of BY/? arises due to our worse bounds in Lemma 7.1. When 2 {n, this
contribution is clearly sufficient from our bounds for E 3, cf. (8.16), as long as ¢ < 1/12. Similarly, when

Ey(d,Y,Z) < B2 L Vn=32D32y /2432 5 7y 7 min{ Z, | P| 2.

2 | n, the extra factor of size B2 ultimately, adds a factor of size @1/ 4 to our worst case scenario, i.e.
when D =Y/2 = @Q/2. Therefore, following similar steps as in our bounds for F3, this can be shown to be
satisfactory as long as n > 10 and ¢ < 1/12.

8.4. Bounding Fjs. Finally, we turn to the term Fs. Note that the bounds for Fy are superseded by
those for F; as long as V= 7] Y. J(Z) > 1. Thus, we only need consider bounding E» when both conditions

QA <Y < |P|and Z < (|[P|Y)™! are satisfied. Here, we may use the bound in (5.21) to get:

(8.23) |7“N’ n Z Z ’SdcrbN ‘ < Y (7 n)/2
de|<T/2 |7 =T
d|r
Thus,
Ex(Y,P,Z) = P Y S el / St (O 2:0)de
z|=2

|7«|:}A/ d|r monic, ¢ prlrmtlve
T monic Y — Q/2<|dc|<Y/2
|de2| <Y /2

< ‘P‘n+a}’}7(n77)/2j(z)fn/2+12min{Z, ’P|72}
< ‘P‘n72+si}f(n77)/2(1 + ’P’22)712 < |P‘n74+si}f(n77)/2
< ‘P‘n—4+a—A/2'
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as long asn > 8 and ¢ < A/4.

1]
[2]
3]
[4]

[5]
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