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Notation

y = f + ε

f̂ = Sy
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Where can we use variance estimates?

Confidence intervals

Prediction intervals

Curiosity
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Local estimates

σ̂2
L =

1

2(n − 1)

n∑
i=2

(yi − yi−1)2
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Local estimates

σ̂2
L is postively biased

E
[
σ̂2

L

]
= E

[
1

2(n − 1)

n∑
i=2

(yi − yi−1)2

]

=
1

2(n − 1)

n∑
i=2

E
[
(yi − yi−1)2

]
=

1

2(n − 1)

n∑
i=2

E
[
(fi + εi )

2 − 2(fi + εi )(fi−1 + εi−1) + · · ·
]

...

= σ2 +
1

2(n − 1)

n∑
i=2

(fi − fi−1)2
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Local estimates

(At least) two ways around this:

Introduce different lags.

Try: σ̂2
R = 1

n−2

∑n−1
i=2 (yi − ỹi )

2 where ỹi is the fitted value at xi for a
linear regression on the three closest data points.
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Global estimates

σ̂2
λ =

1

n − p

n∑
i=1

(yi − f̂i )
2,

p = degrees of freedom for smoother
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Confidence bands

(a) Conf. intervals (b) Conf. band
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Confidence bands

(c) sample smoother 1 (d) sample smoother 2
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Notation

f̂ = Sy

y = f + ε

ε ∼ N(0, Inσ
2)
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εtεσ−2 ∼ χ2
n

εtSt(SStσ2)−1Sε ∼ χ2
rank(S)

(Sε)t (SStσ2)−1 (Sε) ∼ χ2
n

(Sf + Sε− Sf )t (SStσ2)−1 (Sf + Sε− Sf ) ∼ χ2
n

(
f̂− Sf

)t
(SStσ2)−1

(
f̂− Sf

)
∼ χ2

n
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ε̂ = y− f̂ = (I− S)y = (I− S)f + (I− S)ε

Sf = f ?

ε̂ = (I− S)ε
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Detour

Recall...

F (g) = (y− f)t(y− f) + λftKf

= (y− φβ)t(y− φβ) + λ(φβ)tKφβ

. . .

⇒ β̂ =
(
φtφ+ λφtKφ

)−1
φty

Using Sherman-Morrison-Woodbury formula and φ symmetric

S = φ
(
φtφ+ λφtKφ

)−1
φt

= (I− λK)−1
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Sf = f

⇒(I− λK)f = f

⇒Kf = 0
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...back to business

ε̂t ε̂ = εt(I− S)t(I− S)ε

ε̂t ε̂

σ2
=
εt(I− S)t(I− S)ε

σ2
=?

χ2
tr(I−S−St+StS)
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n − p = tr(I− S− St + StS)

σ̂2
λ =

ε̂t ε̂

n − p
∼
σ2χ2

n−p

n − p
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Constructing the test

(
f̂− Sf

)t
(SSt σ̂2

λ)−1
(
f̂− Sf

)
∼ n − p

σ2χ2
n−p

(
f̂− Sf

)t
(SSt)−1

(
f̂− Sf

)
∼ n − p

χ2
n−p

χ2
n

∼ n − p

χ2
n−p

(χ2
n−p + χ2

p)

∼ (n − p)(1 +
χ2

p

χ2
n−p

)

∼ (n − p) + pFp,n−p (test distribution)
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Constructing the test

Nice result but assumptions may cause test to be misleading

Sf = f

(I− S) behaves like (I−H) from linear regression.
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Viewing functions from the interval

Draw MVN vectors from N (̂f, σ̂2
λ)

Accept or reject depending on the test distribution statistic.
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Viewing functions from the interval
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Model Selection

Use F-test completely analogously to the linear regression (ANOVA)
context.

If the fitted model f̂2 = S2y at least contains all the terms of f̂1 = S1y,
with residual sums of squares RSS2 and RSS1 and effective degrees of
freedom p2 and p1, then:

(RSS1 − RSS2)/(p2 − p1)

RSS2/(n − p2)
∼ Fp2−p1,n−p2
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