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Motivating context: Radiation biodosimetry

» Radiation incident leading to (potentially) exposed individuals

» Contracted radiation dose can be estimated retrospectively by ex-
ploiting the radiation-induced change in certain biomarkers

» ‘Gold-standard’: Dicentric chromosomes (resulting from unsuccessful
DNA-damage response)
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Dicentric chromosomes: Laboratory data

Frequency of dicentric chromosomes in human lymphocytes after in vitro
exposure to doses between 1 and 5Gy of 200kV X—rays. The irradiated
blood was mixed with non-irradiated blood in a proportion 1:3 in order to
mirror a partial body exposure scenario.

Frequency of counts

dose 0 1 2 3 4 5 6 7 8 #cells
1 2713 78 8 0 1 0 0 O O 2800
2 1302 71 22 5 0 0 O O O 1400
3 1116 46 28 7 2 1 0 0 0 1200
4 929 18 14 22 13 2 0 1 1 1000
5 726 17 18 12 9 13 1 4 0 800

Clearly, many 0's! But too many for Poisson—model?
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General setup: Count data models

= Given: univariate count data yi, ..., Yn.

» Is it plausible to assume that yi, ..., ¥y, are generated from a given
(hypothesized) count distribution F'?

» Specifically, denote F' = F'(y;,0;), with both u; = E(Yi|z;) and 6;
(possibly) depending on covariates ;.

= Assume that a routine to obtain estimates fi; = EA(YZ|3:Z) and 0; is
readily available.

» Denote N(k), for k=0,1,2,..., the number of observed counts k
in Yy, ..., Yn-
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General setup: Count data models

Frequency of dicentric chromosomes in human lymphocytes after in vitro
exposure to doses between 1 and 5Gy of 200kV X-rays. The irradiated
blood was mixed with non-irradiated blood in a proportion 1:3 in order to
mirror a partial body exposure scenario.

k
T 0 1 2 3 4 5 6 7 8 #cells
1 2713 78 8 0 1 0 0 0 O 2800
2 132 71 22 5 0 0 0 0 O 1400
3 1116 46 28 7 2 1 0 0 0 1200
4 929 18 14 22 13 2 0 1 1 1000
5 726 17 18 12 9 13 1 4 0 800
N(k) 6786 230 90 46 25 16 1 5 1 n=7200
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Aim of this talk

We will develop a graphical tool which helps
to decide whether, for each count k£ =

0,1,2,..., the number N (k) is ‘plausible’
under the distribution F'.
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Distribution of N(k)

What is the distribution of the number of counts, N(k), when y; ~

F(pi,0;)? Denoting the probability of observing the count k under covari-
ate x; and model F' as

pi(k) = P(k|pui, 0:),

it is clear that N (k) is just the sum of Bernoulli r.v.'s with success probability

p1(k),...,pn(k).
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Distribution of N(k)

Consider firstly the case without covariates. Then py
01 =...=0, =0, and hence

so that clearly

N(k) ~ Bin(n, p(k))

L= Uy =,
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Distribution of N(k)

In the situation with covariates, the distribution of N (k) is a bit more
complicated, and is known as the Poisson—Binomial distribution

P(N(k)zﬁ):{n(l—pi(k:))} > wy e, (1)

i=1 i1 <<y
with parameters p1(k), ..., pn(k).
Here, w; = w;(k) = 1@;%), i=1,2,...,n, and the summation is over
all possible combinations of distinct 41,9, ...,4 from {1,2,...,n} (Chen

and Liu, 1997).
» R implementation available in R package poibin (Hong, 2013).

= Note this is different (and unrelated) to the compound Poisson
Binomial distribution.
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Example: Poisson—Binomial distribution

Nine urns are filled with black balls and white balls. Urn 1 contains 10%
white balls, urn 2 contains 20% etc. A ball is drawn from each urn.

What is a 90% prediction interval for the number of white balls drawn?

If 8 white balls were drawn, is this consistent with the percentages stated
above?

probs <- ¢(0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9)
qpoibin(c(0.05,0.95), pp=probs)

(11 27

1-(ppoibin(7, pp=probs))

[1] 0.00736272
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Estimating parameters

The Poisson—Binomial distribution of the counts N (k) depends on the
parameters p;(k) = P(k|u;, 0;),i=1,...,n.

These parameters are unknown and have to be estimated from the data.

Candidate estimate: p;(k) = P(k|fi, 0;), where fi; and §; come from the
fitted count data model F in question.

= For instance, in the special case that F'(u;,0;) corresponds to
Pois(1;), one has p;(k) = exp(—p;) i /k!.

» Clearly, this raises the question on the accuracy of ji; when the
model F' is wrong. Put aside for now.
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Plausibility intervals for N (k)

= Knowing the distribution of N(k), one can derive intervals of plau-
sible values of N (k) by considering appropriate quantiles from this
distribution.

= For fixed k, appropriate lower and upper quantiles, say g, /2(k) and
@1—a/2(k) of the Poisson-Binomial distribution can be computecﬂ
e.g. using the R package poibin.

= Do this for a range of values of k, and plot intervals (¢, /2(k), ¢1—a/2(k))
alongside observed values N (k) as a function of k.

lalternative quantiles can be used, such as ‘mid-quantiles’
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Example: simulated data

n = 100 observations y1, ..., ¥y, simulated from a Zero-inflated Poisson (ZIP)
distribution with Poisson parameter A = 1.5 and zero-inflation parameter p = 0.2.

k Nk

0 38 F1x

1 28 IR

2 15 X

3 7 =y

4 8 X

5 1 21 N

6 2 | RNV
7001 T T

data value (k)
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Example: simulated data

Consider F(u1) ~ Pois(u) with i = 7, so p(k) = e‘g%};.
k N(k) goo5(k) go.o5(k) N
0 38 19 33 TS
1 28 27 43 oIt %
2 15 17 31 A
3 7 6 16 g . +‘, \_'\t'
4 8 1 7 :E.{‘ +
5 1 0 3 - P
6 2 0 1 R
7 1 0 0 ° : +¥_$¥
6 i é 3 4 5 6 7
data value (k)
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Median-adjustment

The previous graph can be difficult
to read if the sample size is large,
and so the bounds get very tight.

We therefore adjust it by sub-
tracting the medians M (k) =
med(N (k)) from all values, where
is taken wrt to the
distribution of

the median
Poisson-Binomial
N(k).

N(k)
30 40

20

10

.

X

2 3 4 5 6 7
data value (k)
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Median-adjusted bounds

Diagnostic plot for the accuracy of the Poisson assumption

10

N(k)-M(k)

+I
X

T T
2

7
data value (k)
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Median-adjusted bounds

. Vertical version

~ 4 +x
o
o - +iX
Exchange horizontal and ] X E
vertical axis: 5 v + x
® - _ - -
‘Quantile band plot’ N AXF +
A e
o1 ¥ ¥ -«
-5 0 5 10
N(K)-M(K)
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Return to biodosimetry data

Recall: These are data which resemble ‘partial body exposure’.
Hence, we would expect inflation of zero's in the response.

Frequency of counts

dose 0 1 2 3 4 5
1 2713 788 0 1 O
1302 71 22 5 0 O

1

2

2

3 1116 46 28 7 2

4 920 18 14 22 13

5 726 17 18 12 9 13

= O O O oo
R O O O
O = O O O

Let's check: Are these more zero's than one would reasonably expect
under the Poisson assumption?

AR 1
Jochen Einbeck | 8/12/21 W Dyzham QM




Diagnostics for biodosimetry data

. k- N(k) qoos(k) qoos(k)
Do the same as before. That is, 0 6756 6442 6504
n estimate 1 230 622 700
fis = exp{fBo+ fidose; + fadose?}; 2 90 41 64
_ 3 46 1 7
* build 4 25 0 1
pi(k) = exp{—p}af /K, 5 16 0 0
= Use Poisson—Binomial distribution 6 1 0 0
with parameters p; (k). ! 5 0 0
38 1 0 0

AR 2
Jochen Einbeck | 8/12/21 W Dyzham OM



Diagnostics for biodosimetry data
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... does not look very useful since boundaries are very close.
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Diagnostics for biodosimetry data

. so apply median—adjustment and rotate:

T - T
8 ‘\ _n_
N 1 :l
“ © -!‘-
ot o - = |
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0 2 4 6 8 -400 -200 0 200
data value (k) N(K)-M(K)

We clearly observe zero-inflation (and associated 1-deflation).
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Quantile band plot: ZIP hypothesis

Do all the same as before, but

~ © H
now compute fi;, 0;, and p;(k), us- +-;.3|-
ing the zero-inflated Poisson (ZIP) e
model as the hypothesized model. \+
2 + |
2 -
S <+ F £ *
“5 /
3 + F +
o A S +
+ R +
< T + T +\r i T +
...indicates a good fit. -10 -20 0 20
N(k)-M(k)
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Quantile band plot: NB hypothesis

Repeat the procedure using the

. : . -+
negative Binomial model as the e
: ++
hypothesized model. o
- # b
< +
[} : Y
ERE + K
s : R
5 + | %
o~ F et
wIIH o+
indicates that the NB model | .= "~ "---__, 4
does not capture the data well. —40 20 0 20
N(K)-M(K)
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Quantile band plot: PIG hypothesis

Repeat the procedure using the
Poisson inverse Gaussian (PIG) +3H-
model as the hypothesized model. 1
o i
2 + ++
o N
T v + + %
s HE
g Fl+ %
~ R
oo -+ -+
. the PIG model does not cap- o | ¥ - + 3
ture the data well either. 80 60 -4 20 0 20
N(K)-M(K)
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Alternative data set: Whole body exposure

Counts of dicentric chromosomes

in 4400 blood cells after in vitro ~ ‘|jH'
‘whole body' exposure with 200kV © 4 +H +
X-rays from 0 to 4.5Gy. o + \3|—+
s, il s
g o * TR
Tel T
SR T +
. indicates that Poisson model et ; 'F‘/ ‘ +
is fairly reasonable. 0 0 N(k)?M(k) 20 °
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Multiple testing ?

= If considered as a series of statistical tests over counts £k = 0,1, 2, ...,
one can argue that multiple testing issues arise.

» For instance, if the diagram covers ten possible counts, at a signifi-
cance level of 0.1 one would expect the countline to fall beyond the
quantile bounds once, purely by chance.

= One could adjust this through a Bonferroni correction etc (which
leads, in our view, to meaningless boundaries).

= Hence, we do not make such a correction, but explicitly do not
advocate this procedure as a testing procedure.

= It should rather be seen as a diagnostic device, similar as a residual
plot or a QQ-plot.
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Comparison with score tests

= Alternatively, one can carry out traditional score tests.
= For instance, consider Hy: Poisson versus Hy: ZIP or Hy: NB.

= Score test statistic 77 = STJ~1S, where S and J are the score
function and Fisher Information matrix (resp.) evaluated under the
Poisson model. Asymptotically, T~ x2(1).

= Resulting values of T, to be compared with x7 ;g5 = 3.84 (Oliveira
et al, 2016):

Test Body exposure
Partial Whole

Pois/ZIP  1996.30 1.00

Pois/NB  6009.35 0.90
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Comparison with score tests

» Confirms that Poisson is adequate for whole body exposure but
inadequate for partial body exposure.

» ...but the score test does not tells us whether it's at all the zero's
which cause the problem, nor whether the data are zero—inflated or

—deflated!
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Back to an initial question...

The procedure needs to ‘know’, or estimate, p;(k) = P(k|u;, 6;) and hence
the distributional parameters p; and 6;.

We do not consider this estimation step as part of the methodology for the
quantile band plot. The plot assesses the plausibility of the distributional

A

assumption F, for given F' = F'(ji;,0;) as supplied by the user.

It is still worth asking: How reliable is the estimation of these parameters
if the distributional ‘hypothesis’ is wrong?
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Special case: F' = Pois(\)

How much is the estimate of A\ affected by the number of zero's?

Experiment: Sample repeatedly 100
observations from Pois(1). Estimate
the Poisson mean, for each run, by

» the usual whole sample mean,

yy

= the zero-truncated Poisson
(ZTP) model based on the
positive response data (Dietz &
Bohning, 2000).

Estimate of Mean Parameter

Estimates of Poisson Means, n=100
Orange= Whole Sample, Blue = Truncated Sample

Number of Observed Zeros
MU=1.0 Vertical lines represent 5th and 95th quantiles
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The ZTP estimator

The mean A of the Poisson distribution and the mean ( of the ZTP
distribution are theoretically related as

et

(= =g\

er—1

The inverse function, A = g~1(¢), does not have an analytical closed form
expression, but can be approximated by

sy o SL=EXD(HOE = A exp(=h(c))
1= (O + Texp(-h(0))

where h(¢) = ([l — exp(¢ — ()] (Ridout and Demétrio, 1992).
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Since the whole sample mean is biased under zero-modification, but the
ZTP estimator has high variance, Wilson & Einbeck (2019) suggest a ‘hybrid’
(weighted) mean estimate, A\, = 2/3 x  + 1/3 x Az7p.

Simulation studies show that this will not harm the mean estimate if there
is no zero-modification (inflation/deflation) present.

No such adjustments required for higher counts, or two-parameter distri-
butions.

[Alternative approach for finding P(N(0) = ng) without requiring estima-
tion of A, based on an occupancy argument, and by conditioning on the
total ny: Fernandéz-Fontelo et al (2018).]

AR
Jochen Einbeck | 8/12/21 W Dyzham 33M



A protein-based radiation biomarker: v-H2AX

= Following radiation-induced double
strand breaks, the H2AX histone re-
acts with phosphorylation, in this state
then referred to as y-H2AX.

= The resulting foci can be counted man-
ually or in a semi-automated way, using
immunofluorescence microscopy.

= Typically, one examines a sample of
500-2000 (blood) cells on a given ‘slide’
and then records the number of foci

per cell on each slide.
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A protein-based radiation biomarker: v-H2AX

Data from BfS, Germany, one slide with foci counts from 2006 cells,
irradiated at 0.5Gy:

x <- read.table("h2ax-counts05Gy.dat")$x
table(x)

## x
#i#t 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
## 340 538 455 306 181 71 46 26 16 7 9 4 2 2 3

sum(table(x))

## [1] 2006
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Find our code on ResearchGate...

Article [ Fu

ext available Research Interest ® =3

A Graphical Tool For Assessing The Suitabilty Of A Count

9
Citations o
Regression Model 2
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DOI: 10.17713/35.¥50i1.921 See details

License - CCBY 3.0
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@ Paul Wilson - @ Jochen Einbeck
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Quantile band plot using Poisson mean

Poisson
=
g _
m <- mean(x)
n 2
o |
## [1] 2.153539 x~
© |
<
quantbandplot(x, m)
«
o Tt~ ~0
—éO (I) 5IO 160

A(K)=N(k)-m(K)
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Hybrid mean estimator

h2<- function(t){
hi<-function(t) t*(1-exp(1/t-t))
h2a<-function(t) t*(1l-exp(-h1(t)))~2-(h1(t)) 2*exp(-hi(t))
h2b<-function(t) 1-(h1(t)+1)*(exp(-h1(t)))
return(h2a(t) /h2b(t))
¥
mt <- h2(mean(x[x>0])) # mean estimate from ZPT, see slide 32
mh <- 2/3%m + 1/3*mt
mh #$

## [1] 2.217165

quantbandplot(x, mh, type="vertical", main= "Poisson (hybrid)")
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Hybrid mean estimator

Poisson (hybrid)

A(k)=N(k)-m(k)
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ZIP, NB, and PIG distributions

require (gamlss)

x.zip <- gamlss(x~1, sigma.fo=~1, family="ZIP")
x.nbl <- gamlss(x~1, sigma.fo=~1, family="NBII")
x.nb2 <- gamlss(x~1, sigma.fo=~1, family="NBI")
x.pig <- gamlss(x~1, sigma.fo=~1, family="PIG")

par (mfrow=c(2,2))

quantbandplot(x, muhat= x.zip$mu.fv, disphat=x.zip$sigma.fv,
dist="zip", main="ZIP")

quantbandplot(x, muhat= x.nbl$mu.fv, disphat=x.nbil$sigma.fv,
dist="NBI", main="NB1")

quantbandplot(x, muhat= x.nb2$mu.fv, disphat=x.nb2$sigma.fv,
dist="NBII", main="NB2")

quantbandplot (x, muhat= x.pig$mu.fv, disphat=x.pig$sigma.fv,
dist="pig", main="PIG")
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ZIP, NB, and PIG distributions

ZIP

A(K)=N(K)-m(K)

NB2

A(k)=N(k)-m(k)

NB1

A(K)=N(K)-m(K)

PIG

)

o= = = 7
-20 0 20 40
A(ky=N(k}-m(Kk)
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Conclusion

We have presented an efficient diagrammatic tool to detect the presence
of deflation or inflation of any digit in count data (regression) models.

For each count k, bounds are constructed as quantiles of the Poisson-
Binomial distribution.

Question not discussed today: How exactly to compute such quantiles?
Traditional quantiles, as produced by poibin, can behave infavorably for
discrete distributions; we therefore advocate, and use in quantbandplot,
‘mid-quantiles’ (Wilson & Einbeck, 2021).
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