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Semi�linear model
y = x′β + g(z) + σεwhere

x = (x1, . . . , xp)
′ and z = (z1, . . . , zq)

′ are multivariate ovariates;

g : Rq −→ R is a smooth, unspei�ed funtion.the error ε follows an unknown distribution F , with E(ε) = 0 and

E(ε2) = 1;

β, g(·), and σ have to be estimated from iid observations

{yi,xi,zi} ∈ R
1+p+q, i = 1, . . . , n.

Important subases:the linear model for ;the nonparametri regression model for ;the partial linear model for and .
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x = (x1, . . . , xp)
′ and z = (z1, . . . , zq)

′ are multivariate ovariates;

g : Rq −→ R is a smooth, unspei�ed funtion.the error ε follows an unknown distribution F , with E(ε) = 0 and

E(ε2) = 1;

β, g(·), and σ have to be estimated from iid observations

{yi,xi,zi} ∈ R
1+p+q, i = 1, . . . , n.Important subases:the linear model for q = 0;the nonparametri regression model for p = 0;the partial linear model for p ≥ 1 and q = 1.
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Example: Onions data (ont.)

84 observations from an experiment involving the prodution ofwhite Spanish onions in two South Australian loations.Plotted is onion yield in grammes per plant vs. areal density ofplants (plants per square metre):
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Example: Onions data (ont.)

Linear model:

log(yieldi) = β0 + β1locationi + β2densiwhere locationi = 1{i−th obs. from Purnong Landing}.

50 100 150

3.
5

4.
0

4.
5

5.
0

5.
5

Linear model fit

dens

lo
g(

yi
el

d)

Purnong Landing
Virginia

– p. 4



Example: Onions data (ont.)

Semi-linear model:

log(yieldi) = β0 + β1locationi + β2g(densi)where locationi = 1{i−th obs. from Purnong Landing}.
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Example: Onions data (ont.)

Consider residual distribution:

LM residuals

onions.lm$res
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The latter looks more `normal', but an we test for this formally?
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Tests for the error distribution

We wish to test forthe spei� parametri form of the error distribution F , i.e.whether or not it orresponds to a spei� family of distributionssuh as Normal (or perhaps Laplae);

Why?justify the use of inferential tools (on�dene intervals, values,et.)hek whether the model ��ts well�. If rejeted, either ofthe modelthe method of estimationmay be inadequate.

– p. 6



Tests for the error distribution

We wish to test forthe spei� parametri form of the error distribution F , i.e.whether or not it orresponds to a spei� family of distributionssuh as Normal (or perhaps Laplae);Why?justify the use of inferential tools (on�dene intervals, p−values,et.)hek whether the model ��ts well�. If rejeted, either ofthe modelthe method of estimationmay be inadequate.
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Charateristi funtions

Reall that, for ε ∼ F , the harateristi funtion of ε is given by
φF (t) = E

(
eitε

)

Closed expressions exist for a wide range of distributions. Forinstane, if F = N(0, 1), then
φN(0,1)(t) = e−

1

2
t2For observed residuals {ε̂i}ni=1, φF (t) an be estimated through theempirial harateristi funtion of the residuals,

ϕn(t) =

∫
eitε̂dFn(ε̂) =

1

n

n∑

j=1

eitε̂j
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Testing for a parametri distribution
H0 : ε ∼ F0.Construt test by omparing ϕn(t) with φF0

(t).Omnibus test statisti:

T = n

∫ ∞

−∞
|ϕn(t)− φF0

(t)|2w(t)dt,

w(t) is some weight funtion that is hosen so that T an beexpressed in losed form.Spei�ally, if F0 ∼ N(0, 1), and w(t) = e−at2 , then

T ≡ Ta = 1
n

√
π
a

(∑n
j,k=1 e

−(ε̂j−ε̂k)2/4a
)
+ n

√
π

1+a−

2
√

2π
1+2a

(∑n
j=1 e

−
ε̂2
j

(2+4a)

)
.

The limiting distribution of is unknown, and hard to derive.
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Bootstrapped p-values

Reprodue the sampling distribution of Ta via the Bootstrap.(i) On the basis of data {yi,xi,zi}, ompute estimators (β̂, ĝ(·), σ̂)and the orresponding residuals ε̂i, i = 1, 2, ..., n.(ii) Compute the test statisti Ta = Ta(ε̂1, ..., ε̂n).(iii) Repeat B times (typially, B = 200):Generate iid. repliates ε∗i , i = 1, 2, ..., n, from F0, and de�nebootstrap observations
y∗i = x′

iβ̂ + ĝ(zi) + σ̂ε∗i .Based on {y∗i ,xi,zi}, ompute (β̂
∗
, ĝ∗(·), σ̂∗) andorresponding residuals ε̂∗i , i = 1, 2, ..., n.Compute the test statisti T ∗

a := Ta(ε̂
∗
1, ..., ε̂

∗
n).If k of the T ∗

a exeed Ta, then p = k/(B+1) is the p−value of the test.
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Simulation study

Data sets of size n = 100 are generated from the model
y = x+ sin(2πz) + σεwhere both x and z are uniformly distributed in the interval [0, 1], and

σ = 0.5. The simulated error distributions are:(N) Gaussian distribution with mean 0 and standard deviation 1;(L) Laplae distribution with mean 0 and sale parameter 1.(SN) Skew-Normal distribution entered at 0, with sale parameter 1 andskew parameter 10;(SL) Skew-Laplae distribution entered at 0, with sale parameter 1and skew parameter 3.
– p. 10



Simulation study (ont.)

We estimate the model, y = βx+ g(z) + σε, using �bak�tting�with a ubi spline smoother for g, whih is alibrated to produe anonparametri term orresponding to approximately 4 degrees offreedom.For eah of the error distributions (N), (L), (SN), and (SL), weonsider the null hypotheses H(N)
0 and H

(L)
0 , i.e. Normal andLaplae�distributed error, respetively.We generate 2000 Monte repliations for eah test problem andount the number of rejetions of the orresponding nullhypothesis.The test is ompared with the (bootstrapped versions of the)lassial Cramér�von Mises (CM) and Anderson�Darling (AD)tests, whih employ empirial distribution funtions (rather thanempirial harateristi funtions).
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Simulation study (ont.)

Perentage of rejetion of the null hypothesis H(N)
0 (Normality) forfour di�erent true error distributions.

a = 1/2 a = 1 a = 2 AD CM(N) α = 0.05 5.0 5.1 5.0 4.3 4.2

α = 0.10 9.2 10.0 10.1 9.0 8.8(L) α = 0.05 77.9 75.7 70.5 71.1 69.4

α = 0.10 86.5 84.7 81.5 80.1 79.5(SN) α = 0.05 84.5 85.6 85.3 82.6 76.7

α = 0.10 90.8 91.6 91.0 89.1 85.3(SL) α = 0.05 100.0 100.0 100.0 100.0 99.9

α = 0.10 100.0 100.0 100.0 100.0 100.0
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Simulation study (ont.)

Perentage of rejetion of the null hypothesis H(L)
0 (Laplae) forfour di�erent true error distributions.

a = 1/2 a = 1 a = 2(N) α = 0.05 57.9 62.0 44.3
α = 0.10 73.1 75.5 65.5(L) α = 0.05 4.8 4.9 4.6
α = 0.10 11.2 10.4 9.7(SN) α = 0.05 91.0 95.6 93.9

α = 0.10 95.6 97.9 98.0(SL) α = 0.05 100.0 99.9 99.9

α = 0.10 100.0 100.0 100.0
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Bak to onions data

We �t both the linear and the semi-linear model, and ompute the
p−value for testing H0: Normality of errors.
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One obtainsfor the linear model, p = 0.00 (Normality is rejeted).for the semi�linear model, p = 0.42 (Normality is not rejeted).We onlude that the semi-linear model �ts signi�antly betterthan the linear model.
– p. 14



Related test problems

Symmetry test: H0: F is symmetri.Key idea: Deompose harateristi funtion of ε,
φF (t) = E(cos(tε)) + iE(sin(tε)) ≡ C(t) + iS(t)

C(t) aptures the full information on the symmetri omponentof the error distribution.Hene, the Fourier formulation of H0 is
H0 : S(t) = 0, t ∈ R,and we use the test statisti
S = n

∫
S2
n(t)w(t) dt

with Sn(t) =
1
n

∑n
i=1 sin(tε̂i)
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Related test problems (ont.)

Model spei�ation test: Given ovariates v = (x′,z′)′, test
H0 : y = x′β + g(z) + εfor some β ∈ R

p, g : Rp −→ R.Key idea (adapted from Bierens, 1982): H0 is true i�

E[{y − x′β − g(z)}eit
′
v] = 0, ∀ t ∈ R

p+q, (1)whih we estimate via En(t) =
1
n

∑n
i=1 ε̂ie

it′vi .Omnibus proedure for spei�ation testing is to rejet the nullhypothesis H0 for large values of the test statisti

R =

∫

Rp+q

|En(t)|
2w(t)dt, (2)
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Related test problems (ont.)

For these tests, the bootstrap routines are not idential to that onegiven earlier, but similar in spirit, see Meintanis & Einbek (2010,2011).Results for onions data:Test of H0: F is symmetriLM: p = 0.12 (lose to rejetion)Semi-LM: p = 0.69 (learly not rejeted).Spei�ation test for
H0 : E(log(yield|location, dens) = β0 + β1location + . . .

. . . β2dens: p = 0.07 (LM rejeted at the 10% level).

. . . g(dens): p = 0.31 (Semi-LM not rejeted).
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Conlusion

Empirial harateristi funtions are a versatile tool for takling awide range of test problems in the ontext of semi- andnon-parametri regression.The limit distribution of the resulting test statistis is di�ult toderive, exept for speial ases as the linear model, or the univariateNadaraya-Watson estimator (Hu�sková & Meintanis, 2007, 2010).However, suitably adapted bootstrap routines an be onvenientlyemployed instead.The methods ahieve generally higher test powers than tests basedon the empirial distribution funtion (whether these arebootstrapped or not), and good ompliane with the targetsigni�ane level.
– p. 18



Referenes

Bierens, H.J. (1982). Consistent model spei�ation tests. Econometrica
20, 105�134.
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