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Motivation

Consider o
eanographi
 data re
orded by the German vessel�Gauss� in May 2000 southwest of Ireland.
N = 643 Measurements on water temperature (response), salinity,water depth, oxygen 
ontent.
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Motivation (
ont.)

This is a 3-variate regression problem, with the predi
tor spa
egiven by salinity, water depth, and oxygen:
34.8 35.0 35.2 35.4 35.6 35.8
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We shade higher water temperatures red.Can we make use of the one-(?) dimensional inner stru
ture?This is a task for prin
ipal 
urves.
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Prin
ipal 
urves

Prin
ipal 
urves are `smooth 
urves through the middle of a data 
loud'.Di�erent prin
ipal 
urve algorithms vary in how the `middle' of the data
loud is de�ned/found:Traditional: Global (`top-down') te
hniques.Hastie & Stuetzle 1989: HS prin
ipal 
urves (R pa
kages pcurve and

princurve )Tibshirani 1992: Probabilisti
 prin
ipal 
urves (no publi
implementation)Kégl et al. 2002: Polygonal line algorithm (available as Java applet)Alternative: Lo
al (`bottom up') methods.Deli
ado 2001: Prin
ipal 
urves of oriented points (C++programme)Einbe
k et al. 2005: Lo
al prin
ipal 
urves (R pa
kage LPCM)Ozertem & Erdogmus 2011: `Lo
ally de�ned prin
ipal 
urves'(no publi
 implementation ?)
– p. 4



Lo
al prin
ipal 
urves (LPC)

Cal
ulate alternately a lo
al mean and a �rst lo
al prin
ipal
omponent, ea
h within a 
ertain bandwidth h.
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The LPC is the series of lo
al means.

– p. 5



Lo
al prin
ipal 
urves (LPC)

Cal
ulate alternately a lo
al mean and a �rst lo
al prin
ipal
omponent, ea
h within a 
ertain bandwidth h.

−1.0 −0.5 0.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

h

starting point
Local mean
Local PCA

The LPC is the series of lo
al means.

– p. 5



Fitting the LPC

LPC through o
eanographi
 data set, with lo
al 
enters of mass:
> require(LPCM)

> ocean.lpc <- lpc(ocean, h=0.12)

> plot(ocean.lpc, type=c("curve", "mass"))
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Parametrizing the LPC

We parametrize the LPC through the ar
 length of a 
ubi
 splinethrough the lo
al 
enters of mass (Einbe
k, Evers & Hin
hli�, 2010).
> ocean.spline <- lpc.spline(ocean.lpc)

> plot(ocean.spline, type=c("curve", "mass", "spline"))
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Proje
ting onto the LPC

We proje
t ea
h data point xi ∈ R
d onto the nearest point on the
urve, yielding a one-dimensional proje
tion index pi ∈ R

> plot(ocean.spline, type=c("spline", "project"))

34.8 35.0 35.2 35.4 35.6 35.8

4.
0

4.
5

5.
0

5.
5

6.
0

6.
5

7.
0

   0

1000

2000

3000

4000

5000

salinity

de
pt

h

ox
yg

en

– p. 8



Bandwidth sele
tion

Self-
overage: Proportion of data points within tubes around the
urve of the same radius as the bandwidth used to �tted the 
urve(Einbe
k, 2011).

> ocean.self<- lpc.self.coverage(ocean)
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Regression based on the LPC

Ba
k to initial problem: With y = temperature as response, itremains a univariate nonparametri
 regression problem
yi = g(pi) + εi.

> pi <- lpc.spline(ocean.lpc, project=TRUE)

> plot(pi, temperature, ...)
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Regression based on the LPC (
ont.)

This 
an be �tted by any nonparametri
 smoother; for instan
e, alo
al linear smoother.Could be 
onsidered as a single-index model with nonparametri
ally
onstru
ted index.

> require(KernSmooth)

> fit<- locpoly(pi[order(pi), temperature[order(pi)],...))

> lines(fit)
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Prin
ipal surfa
es

Idea for lo
al prin
ipal surfa
es:Build a mesh of �lo
ally best �tting triangles�.Lo
al PCA is (only) used to de�ne the initial triangle.Starting from the initial triangle, iteratively . . .(1) glue further triangles at ea
h of its sides.(2) adjust free vertexes via a 
onstrained meanshift. Dismiss a new triangle if the new vertexfalls below a density thresholdis too 
lose to an existing one.. . . until all triangles have been 
onsidered.(Einbe
k, Evers & Powell, 2010)
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Prin
ipal surfa
es (
ont.)

Lo
al prin
ipal surfa
e �tted to o
eanographi
 data:
> library(lpmforge) # by L. Evers, under construction

> ocean.lpm <- lpm(ocean, h=120)

> plot3d(ocean.lpm)
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Prin
ipal surfa
es (
ont.)

Postpro
essing via elasti
 net (Gorban and Zonovyev, 2005)
> ocean2.lpm<- postprocess.lpm(ocean.lpm)

> plot3d(ocean2.lpm)
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Regression on prin
ipal surfa
e

Toy example: A prin
ipal surfa
efor bivariate data.
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Next, 
onsider a response .We 
an �t separate regression models for ea
h triangle

where are the 
oordinates of the proje
ted point using thesides of the th triangle as basis fun
tions.
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h data point xi is pro-je
ted onto the 
losest triangle(or simplex), say ti.
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Regression on prin
ipal surfa
e

Toy example: A prin
ipal surfa
efor bivariate data.Initially, ea
h data point xi is pro-je
ted onto the 
losest triangle(or simplex), say ti.

Next, 
onsider a response yi.We 
an �t separate regression models for ea
h triangle j

yi = c(j)(xi)
′β(j) + ǫi for all i with closest triangle ti = j,where c(j)(xi) are the 
oordinates of the proje
ted point using thesides of the j−th triangle as basis fun
tions.
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Penalized regression

Fitting totally unrelated regres-sions within ea
h triangle is
learly unsatisfa
tory.
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Fitting totally unrelated regres-sions within ea
h triangle is
learly unsatisfa
tory.Therefore, we apply an 
ontinu-ity penalty whi
h whi
h penal-izes di�eren
es between predi
-tions of neighboring triangles atshared verti
es.Additionally, we apply a smooth-ness penalty whi
h penalizes dif-feren
e in regressions at adja
enttriangles.
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Penalized regression (
ont'd)

De�nethe parameter ve
tor β′ =
(

β′
(1),β

′
(2), . . .

),the design matrix Z (whi
h is a box produ
t of (c(ti)(xi))1≤i≤nand an adja
en
y matrix);appropriate penalty matri
es D and E.Then the entire minimization problem 
an be written as

‖Zβ − y‖2 + λ‖Dβ‖2 + µ‖Eβ‖2. (1)The solution is given by
β̂ = (Z′Z+ λD′D+ µE′E )−1Z′y.(Einbe
k, Isaa
, Evers & Parente, 2012)
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Ba
k to o
eanographi
 data

Penalized regression of water temperature on prin
ipal surfa
e
> ocean.reg <- regression.lpm(ocean2.lpm, temperature,

penalty.continuity=1, penalty.smoothness=1)

> plot(ocean.reg)
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Con
lusion

Prin
ipal 
urves and surfa
es 
an be used as a building blo
k forfurther statisti
al pro
edures (su
h as, nonparametri
 regression).Te
hniques are only suitable for data with very high inter�variable
orrelations.R pa
kage LPCM (on CRAN)Prin
ipal 
urve �tting (in
l. parametrization and proje
tion)Bandwith sele
tionMeasuring goodness�of��tMean shift (
lustering) toolsR pa
kage lpmforge (in development, L. Evers)Fitting prin
ipal surfa
es and manifolfs of higher dimensionIn
ludes fun
tionalities for post-pro
essing (elasti
 net),proje
tion, and regression.No automated smoothing parameter sele
tion yet.Finding the `right' dimension of the manifold is another issue...
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