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Prin
ipal 
urves

Prin
ipal Curves are smooth 
urves passing through the `middle' of amultivariate data 
loud X = (X1, . . . ,Xn), where Xi ∈ R
d.Example: Speed-Flow data from a Californian �freeway�.
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Prin
ipal 
urves: Original de�nition
Hastie & Stützle (HS, 1989) de�ne ea
h point on the prin
ipal 
urve m asthe average of all points whi
h proje
t there (`self-
onsisten
y'), i.e.

m(t) = E(X|tm(X) = t) ,where tm(X) is the proje
tion index of X onto the 
urve m.If the prin
ipal 
urve is linear, then it is aprin
ipal 
omponent.If a 
urve m(t) is self-
onsistent, it is a
riti
al point of the distan
e fun
tion
△(m) = E

(

inft ||X − m(t)||2
)

.However, it was later shown that the
riti
al point is a
tually just a saddle pointof △(m).If X = g(T ) + ǫ with T uniform and

ǫ ∼ N(0, σ2I), then generally m 6= g! (from: Hastie et al, 2001))

– p. 3/42



Types of prin
ipal 
urves

Today exist a variety of di�erent notions of prin
ipal 
urves, whi
h varyessentially in how the �middle� of the data 
loud is de�ned/found:Global (`top-down') algorithms start with an initial line (usually the1st PC) and bend this line or 
on
atenate other lines to it untilsome 
onvergen
e 
riterion is met (HS, Tibshirani 1992, Kégl et al2002, . . . )Allows theoreti
al analysis.Goes wrong if initial oder of proje
tion indi
es is not right.Extension to bran
hed or dis
onne
ted data 
louds di�
ult.Lo
al (`bottom-up') algorithms estimate the prin
ipal 
urve lo
allymoving step by step through the data 
loud (Deli
ado 2001,Einbe
k et al 2005)More �exible, but far more variable.Extend straightforwardly to bran
hed and dis
onne
ted data.Theoreti
al investigations rather di�
ult.

– p. 4/42



Deli
ado's PCOPs
Delicado (2001) de�nes principal curves of oriented points (PCOPs) as asequen
e of �xed points of the fun
tion µ∗(x) = E(X|X ∈ H),where H is the hyperplane through x minimizing lo
ally thevarian
e of the data points proje
ted on it.Works �ne for most (nottoo 
omplex) data sets.Mathemati
ally elegantHowever, quite
ompli
ated and
omputationallydemanding.Requires a 
luster analysisat every point of the prin-
ipal 
urve.
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Lo
al prin
ipal 
urves (LPCs)
Einbeck, Tutz & Evers (2005) : Cal
ulate alternately a lo
al 
enter ofmass and a �rst lo
al prin
ipal 
omponent.
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Algorithm for LPCs

Given: A data 
loud X = (X1, . . . ,Xn), where Xi = (Xi1, . . . ,Xid).
1. Choose a starting point x0. Set x = x0.

2. At x, calculate the local center of mass µx =
∑n

i=1 wiXi, where

wi = KH(Xi − x)Xi/
∑n

i=1 KH(Xi − x).

3. Compute the 1st local eigenvector γx of Σx = (σx
jk)(1≤j,k≤d), where

σx
jk =

∑n
i=1 wi(Xij − µx

j )(Xik − µx
k).

4. Step from µx to x := µx + t0γ
x
1 .

5. Repeat steps 2. to 4. until the µx remain constant. Then set x = x0, set
γx := −γx and continue with 4.The sequen
e of the lo
al 
enters of mass µx makes up the lo
alprin
ipal 
urve (LPC).
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Appli
ation on tra�
 data

LPC (red 
urve, h=12) with lo
al 
enters of mass µx (bla
ksquares). For 
omparison, also a HS 
urve is shown (bla
k,dashed).
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Interpretation of LPCs

A lo
al prin
ipal 
urve approximates the density ridge. Forinstan
e, speed-�ow data:
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Te
hni
al Details

�Signum �ipping�: Che
k in every 
y
le if
γx

(i−1) ◦ γx
(i) > 0.Otherwise, set γx

(i) := −γx
(i).Angle penalization, to hamper the prin
iple 
urve from bending o�at 
rossings.Use multiple initializations if data 
loud 
onsists of severalbran
hes.Adaptive bandwidth redu
tion at boundary (M. Zayed).
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Another des
riptive toy example

LPC through European Coastal Resorts.
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Is this everything?

Most prin
ipal 
urve papers stop about here (after some analysis ofgoodness of �t, theoreti
al properties, et
.)Surprisingly, the literature has rarely pro
eeded with exploiting aprin
ipal 
urve on
e it's there.The value of their parametri
 
ounterpart, prin
ipal 
omponents,also brings to bear only when they are used for data 
ompression orregression.So, why not do the next step?
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Motivation: GAIA data

GAIA is an astrophysi
s mission of the European Spa
e Agen
y(ESA) whi
h will undertake a detailed survey of over 109 stars inour Galaxy and extragala
ti
 obje
ts.Satellite to be laun
hed in 2011.Aims of the mission (among others)Classify obje
ts (star, galaxy, quasar,...)Determine astrophysi
al parameters (�APs�: temperature,metalli
ity, gravity) from spe
tros
opi
 data (photon 
ounts at
ertain wavelengths).Work is led by the group �Astrophysi
al parameters� based atMPIA Heidelberg, being part of the DPAC (Data Pro
essing andAnalysis Consortium) whi
h is responsible for the general handlingof data from the GAIA mission.Yet, one has to work with simulated data generated through
omplex 
omputer models.
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GAIA data

Photon 
ounts (n = 8286) simulated from APs:
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GAIA data: Estimation of APs

For the a
tual estimation problem, the photon 
ounts form the
predictor space and the APs form the response space (this is oppositeto the dire
tion of simulation!)Hen
e, the regression problem may be degenerate (i.e., one set ofphoton 
ounts may be asso
iated to two di�erent APs).Try linear model for the temperature, using training sample of size

n = 1000:

> lm(temperature˜ spec1 +...+ spec16, data= gaia)

Estimate Std. Error t value Pr(>|t|)

(Intercept) -14033286 21104764 -0.665 0.506

spec1 14065842 21104812 0.666 0.505

. . . . .

spec16 13886697 21106076 0.658 0.511

Residual standard error: 1978 on 983 degrees of freedomDoes not seem to be a useful model for this data.
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Dimension redu
tion

Usual remedies:Model/ variable sele
tion pro
eduresDimension redu
tion te
hniquesLook at s
ree plot:

Comp.1 Comp.2 Comp.3 Comp.4 Comp.5 Comp.6 Comp.7 Comp.8 Comp.9 Comp.10
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ipal 
omponents appear to be su�
ient.

> lm(temperature ˜ Comp1 + Comp2 + Comp3, data = gaiapc)

Estimate Std. Error t value Pr(>|t|)

(Intercept) 10835.90 65.14 166.34 <2e-16 ***
Comp1 -187339.39 1706.85 -109.76 <2e-16 ***
Comp2 -173967.35 3157.61 -55.09 <2e-16 ***
Comp3 -155314.86 6726.19 -23.09 <2e-16 ***
Residual standard error: 2060 on 996 degrees of freedomlooks better than LM, but...

– p. 16/42



Prin
ipal 
omponent s
ores

We plot the the �rst three prin
ipal 
omponent s
ores.
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Prin
ipal 
omponent s
ores (
ont.)

We plot the the �rst three prin
ipal 
omponent s
ores and shadehigher temperatures red.
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A
tually, we seem to need only one parameter if we were able to laya smooth 
urve through the data 
loud.The parametrization along su
h a 
urve would be informative w.r.t.to the target variable, temperature.
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GAIA data and prin
ipal 
urves

Hen
e, the following is to do:(1) Estimate the smooth 
urve 
apturing the stru
ture of the(3-dim/16-dim) predi
tor spa
e.(2) Parametrize this 
urve.(3) Proje
t all data points onto it.(4) Fit temperature (or other APs) against the (1-dim.)proje
tions.The a
tual new taks in the 
ontext of LPCs are (2) and (3).
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Parametrization and Proje
tion

Unlike HS 
urves, LPCs do not have a natural parametrization, soit has to be 
omputed retrospe
tively.De�ne a preliminary parametrization s ∈ R based on Eu
lideandistan
es between neighboring µ ∈ R
d.For ea
h 
omponent µj , j = 1, . . . , d, use a natural 
ubi
 spline to
onstru
t fun
tions µj(s), yielding together a fun
tion

(µ1, . . . , µd)(s) representing the LPC (no smoothing involvedhere!).Re
al
ulate the parametrization along the 
urve through the ar
length of the spline fun
tion.Ea
h point xi ∈ R
d is proje
ted on the point of the 
urve nearestto it, yielding the 
orresponding proje
tion index ti
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Illustration: tra�
 data

Original LPC, Spline, and proje
tions for speed-�ow data:
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Ba
k to GAIA data

LPC through �rst three prin
ipal 
omponent s
ores of photon
ounts

> gaia.lpc <- lpc(gaia.pc$scores)
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Ba
k to GAIA data (
ont.)

LPC (in spline representation) through PC s
ores, with verti
alproje
tions:

> lpc.spline(gaia.lpc)
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Regression

We want to predi
t stellar temperature from 16-d spe
tral data,using the proje
tion indi
es of the spe
tra as predi
tors.
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Regression (
ont.)

This is now a simple one-dimensional regression problem.
yi = m(ti) + εi .Using penalized smoothing splines:
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Short
ut

LPC �tted directly through 16- dimensional spa
e:

V1
0.7750.7800.7850.7750.7800.785

0.7600.7650.770
0.7600.7650.770

V20.005
0.0100.0050.010

0.000
0.005

0.0000.005

V30.010
0.015
0.0200.0100.0150.020

0.000
0.005
0.010

0.0000.0050.010

V40.015
0.020
0.0250.0150.0200.025

0.005
0.010
0.015

0.0050.0100.015

V50.04
0.060.040.06

0.00
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V8
0.010
0.0150.0100.015

0.000
0.0050.0000.005

V90.010
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V10
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0.006
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Short
ut (
ont.)

Zoom into the the �rst three dimensions:Data LPC
Scatter Plot Matrix

spec10.77

0.78

0.79
0.77 0.78 0.79

0.75

0.76

0.77

0.75 0.76 0.77

spec2

0.010

0.015
0.010 0.015

0.000

0.005

0.000 0.005

spec3
0.010

0.015

0.020
0.010 0.015 0.020

0.000

0.005

0.010

0.000 0.005 0.010

Scatter Plot Matrix

V1
0.775

0.780

0.785 0.775 0.780 0.785

0.760

0.765

0.770

0.760 0.765 0.770

V2
0.005

0.010

0.005 0.010

0.000

0.005

0.000 0.005

V30.010

0.015

0.020 0.010 0.015 0.020

0.000

0.005

0.010

0.000 0.005 0.010

Dire
t data 
ompression with LPCs works in prin
iple, but ispotentially �dangerous� as data gets sparse in high dimensions andremote parts of the predi
tor spa
e maye be missed.
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Predi
tion

For a new observation xnew (i.e., here, a new set of spe
tra),predi
tion pro
eeds as follows:Proje
t xnew onto the LPC, giving tnew.Compute ŷnew = m̂(tnew) from the �tted regression model.Comparison: We sample n′ = 1000 test data from the remaining

8286 − 1000 observations and observe the predi
tion error:predi
tion error /103 LM PC+LM PC+AM PC+LPC LPC (2nd run)average(ε̂2

i

) 4'593 4'967 1'732 1'430 1'044 (2'025)median(ε̂2

i

) 1'049 1'124 104 52 69 (71)

where ε̂i is the di�eren
e between true and predi
ted temperature.
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Density estimation

Having now a parametrization of the 
urve, this 
an be easily usedfor other purposes su
h as �density estimation along the prin
ipal
urve�:
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Limits of one-dimensional data summaries

Look at �metalli
ity�
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The relevant information seems to be orthogonal to the prin
ipal
urve!
– p. 30/42



Lo
al prin
ipal surfa
es

To handle this and more 
omplex data, the extension to local
principal surfaces and manifolds should be 
onsidered.To this end, �rstly observe that, from the two 
omponents of theLPC algorithm, namely(1) lo
al 
enter of mass (mean shift)(2) lo
alized �rst prin
ipal 
omponentthe more important is (rather surprisingly) (1).Instead of (2), any other movement "roughly in the dire
tion of thedata 
loud" 
an be made, and step (1) will shift it ba
k to the data
loud.We exploit this observation for the extension to lo
al prin
ipalsurfa
es.
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Lo
al prin
ipal surfa
es (
ont.)

Instead of points x, we work with the �building blo
k� triangles ∆.Lo
al PCA is only used to determine the initial triangle, say ∆0.Then, the algorithm iterates(1) For a given triangle ∆, we glue further triangles at ea
h of itssides j = 1, 2, 3.(2) For j = 1, 2, 3, adjust the free triangle vertex via the meanshift. We dismiss the new triangle ifthe new vertex falls into a region of small density, orthe new vertex is too 
lose to an existing one (Delaunaytriangulation).until all sides of all triangles (in
luding the new ones) havebeen 
onsidered.
– p. 32/42



Lo
al prin
ipal surfa
e for GAIA data

Lo
al prin
ipal surfa
e (LPS) for PC s
ores based on training dataset with n = 1000:
– p. 33/42



Regression on the surfa
e

Then, how to use this surfa
e for regression?It seems hard to de�ne a meaningful 2-dim. parametrization on thesurfa
e.Instead, we do some sort of kernel smoothing: For ea
h triangle,we 
an 
ount the distan
e d to all other triangles through thesmallest number of triangle borders that have to be 
rossed to walkfrom one to the other.Lo
al weights are assigned through a dis
rete distan
e-based kernel

κ(d) = e−d/λThe smoothing parameter λ ∈ [0,∞) steers the degree ofsmoothing on the manifold: the higher λ, the smoother it is.

– p. 34/42



Regression on the surfa
e (
ont.)

The entire �tting pro
ess is summarized as follows:(I) Fit a LPS as explained above, leading to surfa
e with, say, Rtriangles.(II) Assign ea
h data point Xi, i = 1, . . . , n to their nearest triangle.(III) For ea
h triangle r = 1, . . . , R, 
ompute the mean ȳr over theresponse values of all data points assigned to it.(IV) Compute all pairwise distan
es dr,s between all triangles on thesurfa
e.(V) Use the dis
rete kernel κ(·) to smooth over the manifold. Thesmoothed response value mr on triangle r is given by

mr =

∑

s κ(ds,r)ȳs
∑

s κ(ds,r)whi
h is at the same time the �tted value of all data pointsassigned to triangle r.
– p. 35/42



Simulation study

Predi
tion errors for n′ = 1000 test data. The LPS is �tted with λ = 1.Temperaturepredi
tion error /103 LM PC+LM PC+AM PC+LPC PC+ LPSaverage(ε̂2

i

) 4'593 4'967 1'732 1'430 1'252median(ε̂2

i

) 1'049 1'124 104 52 49Metalli
itypredi
tion error LM PC+LM PC+AM PC+LPC PC+ LPSaverage(ε̂2

i

) 2.601 3.084 2.849 3.070 3.067median(ε̂2

i

) 1.287 1.821 1.671 1.859 1.323
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The torus

Simulate a torus:

> t <- 0:60/30

> t <- cbind(rep(t,each=length(t)),rep(t,length(t)))

> t <- t + 0.01 * rnorm(length(t))

> data <- cbind(sin(pi * t[,1]) * (1-0.4 * cos(pi * t[,2])),

cos(pi * t[,1]) * (1-0.4 * cos(pi * t[,2])),0.4 * sin(pi * t[,2]))

> data <- data + 0.05 * rnorm(length(data))

– p. 37/42



The torus (
ont.)

Fit the LPS:

> lpm(data, h=25)

LPS verti
es (left), and triangle mesh (right):


ould be used for regression, et
...
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Manifolds of higher dimension?

The te
hniques proposed earlier extend to lo
al prin
ipal manifolds(LPMs) of higher dimensions by using tetrahedrons instead oftriangles.Visualization of 
ourse tri
ky....Slightly 
ontrived example: Approximate 3D-Torus through a 3Dmanifold with a �too large� bandwidth:

– p. 39/42



Con
lusion

After parametrization through 
ubi
 splines, LPCs 
an be used fordimension redu
tion provided thatthe intrinsi
 (topologi
al) dimensionality of the data 
loud is
lose to 1, or, at least,the proje
tions on the 
urve are informative for the targetvariable.Extension of LPCs to LPMs works by 
onsidering the buildingblo
k �triangles� or �tetrahedrons�.Regression on surfa
es/manifolds is (yet) done via a dis
rete kernelapproa
h (due to a la
k of parametrization).R pa
kage LPCM in development, available on request from authors.Appli
ations ???
– p. 40/42
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