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ABSTRACT. In this paper, we use regularized theta liftings to construct weak Maass
forms weight 1/2 as lifts of weak Maass forms of weight 0. As a special case we give
a new proof of some of recent results of Duke, Toth and Imamoglu on cycle integrals
of the modular j invariant and extend these to any congruence subgroup. Moreover,
our methods allow us to settle the open question of a geometric interpretation for
periods of j along infinite geodesics in the upper half plane. In particular, we give
the ‘central value’ of the (non-existing) ‘L-function’ for j. The key to the proofs is
the construction of some kind of a simultaneous Green function for both the CM
points and the geodesic cycles, which is of independent interest.
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1. INTRODUCTION

Generating series of traces of singular moduli. For a non-zero integer d, let Qg be
the set of (positive definite if d < 0) integral binary quadratic forms @ = [a, b, ] of
discriminant d = b* — 4ac. The natural action of I'(1) = PSLy(Z) divides Qg into
finitely many classes. For d < 0 and ) € Qg, the root zg = %3 defines a CM point
in the upper half plane H. The values of the classical j-invariant at the CM points
have been of classical interest. For f € M}, = C[j], the space of weakly holomorphic
functions of weight 0 for I'(1), we define for d < 0 the modular trace of f by

1
(1) w(f)= Y i)
7 e, T
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Here I'(1)g denotes the finite stabilizer of (). The theory of such traces has enjoyed re-
newed interest thanks to the work of Borcherds [2] and Zagier [29], where connections
between modular traces, automorphic infinite products and weakly holomorphic mod-
ular forms of half-integral weight are established. In particular, a beautiful theorem
of Zagier [29] shows for j; := j — 744 that the generating series

(12) gi(7) = —q¢ " +2+ > tra(j1)g" = —¢ " +2 — 248¢% + 492¢" — 4119 + - --
d=1

is a weakly holomorphic modular form of weight 3/2 for the Hecke subgroup I'y(4).
Here ¢ = > with 7 = u + v € H.

On the other hand, an older result of Zagier [28] on the Hurwitz-Kronecker class
numbers H (|d|) = try(1), states that

1 < 1 < 2
1.3 = —— tra(1)q 4mnv)g "
(13) () =35 +Z Wi+ g 2 Bueldmiilg

is a harmonic weak Maass form of weight 3/2 for ['y(4). Here fBi(s) = [~ e 't *dt.

Using the methods of [11], in [5] Bruinier and Funke unified and generalized (1.2)
and (1.3) to traces of arbitrary weakly holomorphic modular functions f of weight
zero on modular curves I'\H for any congruence subgroup I'. The results in [5] are
obtained by considering a theta lift

(1.4) Lya(m, f) = . (2) - OL(7, 2, o) dpu(2)

of f against a theta series associated to an even lattice L of signature (1,2) and the
Kudla-Millson Schwartz function gy, of weight 3/2 [18]. Here du(z) = %. The
integral converges, since the decay of the theta kernel turns out to be faster than the
exponential growth of f. For f = j; and f = 1 and the appropriate choice of the
lattice L one obtains the generating series (1.2) and (1.3) above, while in addition
giving a geometric interpretation to the non-positive Fourier coefficients.

Cycle integrals of modular functions. In a different direction, turning to the natural
question of the case of positive discriminants, Duke, Imamoglu and Toth [7] recently
studied the cycle integrals of modular functions as analogs of singular moduli. Their
work gives an extention and generalization of the results of Borcherds and Zagier. For
d > 0, the two roots of @ € Qg lie in P!(R), and we let ¢g be the properly oriented
geodesic in H connecting these roots. For non-square d > 0, the stabilizer I'(1)q is
infinitely cyclic, and we set Cy = I'(1)g\cg. Then Cg defines a closed geodesic on
the modular curve. For f € M} and in analogy with (1.1) let

(15 =5 O [ fe5e

One of the main results of 7] realizes the generating series of traces of both the CM
values and the cycle integrals for any f € M as a form of weight 1/2. More precisely,



REGULARIZED THETA LIFTINGS AND PERIODS OF MODULAR FUNCTIONS 3

for f = j; we have

(1.6) hy(r Ztrd J1)q —|—2\/_ﬁ (—4mv)q — 8v/v + 2\/_Ztrd 71)B 47r|d]v)

d>0 d<0

is a harmonic weak Maass form of weight 1/2 for T'o(4). Here 5 5(s) f e st 12dt

is the ‘complementary’ function to f/2(s). The analog of (1.3) for f =1 is that
(1.7)

1
= Ztrd(l) \/— + 2\/_Ztrd 1 (4x|d]v) q*+ Z (4n*v)q" — Elogv

d>0 d<0 n#0

is a weak Maass form of weight 1/2 for Tg(4). Here a(s) = = [ log(1+t)e ™!t~ 1/2dt.

Duke, Imamoglu and Toth prove their results by first Constructmg an explicit basis
for the space of harmonic weak Maass forms of weight 1/2 constructed out of Poincaré
series. The construction of such a basis is quite delicate, due in part to the residual
spectrum. Then (1.6) is proved by explicitly computing the cycle integrals of weight
zero non-holomorphic Poincaré series in terms of exponential sums and then relating
these to Kloosterman sums. The construction of hg(z) is similar using a Kronecker
limit type formula for the weight 1/2 Eisenstein series.

The functions obtained in [28] and [29] and the ones in [7] are related via the
/28

differential operator {1/, = 2iv'/?5-, which maps forms of weight 1/2 to the dual

weight 3/2. We have

<1~8> f1/2(h1) =—2¢ and 51/2(}10) = —2go.

In this way, the results of Duke, Imamoglu and Toth contain (for SLy(Z)) the previous
work on modular traces.

The coefficients of square index. For square discriminants d, no definition for the
modular trace try in (1.5) is given in [7], and hence the geometric meaning of the
corresponding coefficients try(ji) and trg(1) in (1.6) and (1.7) is left open. Rather,
for d a square, these terms represent in [7] only the unknown d-th Fourier coefficient
of the residual Poincaré series which define the generating series. Analytically, the
Fourier coefficients of square index d are exactly where the weight 1/2 Poincaré series
have poles and residual terms have to be subtracted to obtain hy and hg (see [7] Lemma
3, (2.26) and (2.27)). This makes them rather intractable to compute. Geometrically,
the issue is that the stabilizer I'(1) is trivial for square d and hence the cycle Cg
corresponds to an infinite geodesic in the modular curve. Therefore the integral of a
modular function over Cg does not converge. This represents the principle obstacle to
a geometric definition of the trace analogous to (1.5). In fact, the authors of [7] raise
the questions whether their results can be approached using theta lifts as in [5] and
whether one can give more insight to the mysterious nature of the square coefficients.

In this paper, we indeed use the theta correspondence to study the traces and
periods of modular functions. In particular, we succeed in computing the coefficients
of square index in (1.6) and (1.7) and to give a geometric interpretation for those
terms. In fact, we consider the modular traces and periods for any (harmonic) weak
Maass form on any modular curve I'\H defined by a congruence subgroup I'.
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The central L-value of the j-invariant. We first explain how to define the modular
trace for T( ) for square index d. In view of (1.5) it suffices to regularize the period
/. CQ B 1 whenever Cq is an infinite geodesic. We will do this here only when
Q = [0,\/_ ,0] such that Q(z,1) = V/dz and Cy is (the image of) the imaginary
axis. In fact, for d = 1, we have C; = Cp. Hence the problem reduces to define the
‘central value’ of the (non-existing) L-function for f. Note that if there were a cusp
form f(z) =", ., a(n)e*™ of weight 0, then the cycle integral of f over Cy would
converge and equal the value of its L-function at s = 0 which is given by

(1.9) _2/ fzy?y_QZ /m ~tdr,

In analogy to this, for f € M}, we define
e g

(1.10) =2 " a(n)EI(2mn),

Cq n#£0
where EZ(w) is related to the exponential integrals defined in [1], 5.1.1/2 by

ET(w) := /oo ot {El(w) if w > 0

t — Ei(—w) if w <0.

w

Here in the second case the integral is defined as the Cauchy principal value.
A more geometric characterization for the regularized period is

Theorem 1.1. Let f € M}, be a modular function with vanishing constant coefficient.
Then for Cq the imaginary axis as above we have for any T' > 0 that

red dz r dz e
T =2 [ 10T [ e e e e

T

Here (2) = =2 is the Euler Digamma function.

This formula is strikingly similar to the one in [12], Lemma 4.3 and Theorem 4.4,
where the critical L-values of a modular form (not necessarily cuspidal) are inter-
preted as cohomological periods of holomorphic 1-forms with values in a local system
over certain closed ‘spectacle’ cycles. We will discuss an analogous cohomological
interpretation of Theorem 1.1 elsewhere.

For T' = 1 and using that j; has real Fourier coefficients we obtain the following
beautiful formula for the regularized integral of j; along the imaginary axis. We have

(1.11) /C;egjl(z)% _ o (/jﬂjl(z)w(z)dz) |

In fact, this formula was first suggested to us by D. Zagier, who obtained (1.11) based
on heuristic arguments and verified numerically that defining try(j;) using (1.11) gives
the correct value for try(j;) in (1.6).

The main result. Before we describe the theta lift we employ, we first state our main
result in a special case. Let p be a prime (or p = 1). We consider the set Qg
of quadratic forms [a,b,c] € Q4 such that @ = 0 (mod p). The group I'i(p), the
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extension of the Hecke group I'g(p) C I'(1) with the Fricke involution W, = (} 3'),
acts on Qg, with finitely many orbits. Let f € M}(T;(p)) be a weakly holomorphic

modular function of weight 0 for I'{(p). We define the modular trace of f of index
d # 0 by

5 oo/ (@ if d <0,
(1.12) tra(f) = {ZQGF P\Qap TG p)%f( Q) L
2 ZQGF SN\ Qa,p JTE(D)o\co f(Z)m it d > 0.

Theorem 1.2. Let f(z) =3, a(n)e(nz) € My(T'y(p)) with a(0) = 0. Then
) :Ztrd( q +2\/—ZZCL mn) B35 (—4rmv)g™ — 2/v tro(f)

d>0 m>0 n<0
+2\/_Ztrd 47T|d|’0)

d<0

is a harmonic weak Maass form of weight 1/2 for To(4p). Here
1 reg

w(f) =5 | JEdu(z) =43 a(-

5 (p)\H n>0
is the suitably reqularized average value of f on I'§(p)\H.

For p = 1 and f = j; we recover hi(7). However, now with explicit geometric
formulas for the square coefficients in the generating series. For f = 1 we have a
similar theorem which generalizes hg. The statements for any congruence subgroup
are formulated in terms of quadratic spaces of signature (2,1).

The reqularized theta lift. To prove our results we study the theta integral

(1.13) Liyo(7, f) = f(2) - OL(T, 2, ¢0) du(2).

I\H
Here the kernel function O (7, z, @) is the Siegel theta series associated to the stan-
dard Gaussian ¢, of weight 1/2 for a rational quadratic space of signature (2,1). It
is related to the kernel of (1.4) via

(1.14) 62(01(r, 2 90) = ~— (7.7, pren),

and we obtain formally the same relation for the theta lifts I,/ and I3/, which
matches (up to a constant) the relations given in (1.8). When f is a Maass cusp
form the integral (1.13) converges, and this lift has been previously studied by Maass
[21], Duke [6], and Katok and Sarnak [15] among others. However, the theta kernel
OL(7, z,¢0) in contrast to the one used for I3, in [5] is now moderately increasing.
Hence when the input function f is not a cusp form, the integral does not converge
(even for f = 1) and has to be regularized.

We analyze in detail two different approaches to regularize (1.13) for any weak
Maass form f(z) of weight 0 for I' with eigenvalue A under the Laplace operator A,.
The case A = 0 is the most interesting, which we now describe. First, following an
idea of Borcherds [2] and Harvey-Moore [14], we regularize the integral by integrating
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over a truncated fundamental domain Fr for I'\H and taking a limit. More precisely,
for a complex variable s we consider

(1.15) lim (2) - OL(T, 2, 00) y du(z),
T—o00 Fr

where Fr is a suitable truncated fundamental domain for I". For the real part of s
sufficiently large, the limit converges and admits a meromorphic continuation to the
whole s-plane. Then we regularize (1.13) by taking the constant term in the Laurent
expansion of (1.15) at s = 0.

The second approach uses differential operators in the spirit of the regularized
Siegel-Weil formula of Kudla and Rallis [20]. Using Eisenstein and Poincaré series of

weight 0 one can construct a ‘spectral deformation’ of f, that is, a family of functions
fs(z) such that A, f; = s(1 —s)f and f; = f, and then we consider

1
s(1—s) I\H

The point is that A,©L (T, z, ¢o) is of very rapid decay (like the kernel for (1.4)) and
hence the integral converges. Furthermore, by the adjointness of the Laplace operator
we see that (1.16) formally equals (1.13). Then we can regularize (1.13) to be the
constant term in the Laurent expansion of (1.16) at s = 1. We show

(1.16) fs(2) - ALOL(T, 2, ¢0) du(z).

Theorem 1.3. Let f be a harmonic weak Maass form of weight 0 for a congruence
subgroup I'. If the constant terms of the Fourier expansion of f at all cusps of T’
vanish, then the two reqularizations of (1.13) coincide. Otherwise, they differ by an
explicit linear combination of holomorphic unary Jacobi theta series of weight 1/2.

In view of this result it would be interesting to work out how one can also regu-
larize the Borcherds lift (which goes from SLs to the orthogonal group) via spectral
deformations and differential operators.

By lifting Poincaré series of weight 0, we are also able to realize the Poincaré series
of weight 1/2 which occur in [7] as theta lifts, explicitly relating our approach to the
one of Duke, Imamoglu, and Toth.

The Green function n and the Fourier expansion of the theta lift. The key to compute
the Fourier coefficients of the lift 11 5(7, f), is the construction of a Green function 7 for
the Schwarz function ¢q. We view the set of all rational quadratic forms @ = [a, b, |
together with the discriminant form d = b — 4ac as a quadratic space Q of signature
(2,1) whose associated symmetric space is equivalent to H. In this way, ¢g can be
regarded as a function on Q x H. We explicitly construct (some kind of) a Green
function n(Q, z) for po(Q, z) for all ) of non-zero discriminant. More precisely, we
have A.n(Q, z) = —4¢0(Q, z) outside the singularities of n. If d < 0, then 7(Q)
has a logarithmic singularity at the point zg, while for d > 0, the function 7(Q) is
differentiable, but not C*, and the discontinuity of On exactly occurs at the geodesic
cycle cg. We show

Theorem 1.4. Let Q) be a integral binary quadratic form with discriminant d # 0,
not a square, with stabilizer I'q in I'. Then for f a weak Maass form of weight 0 with
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eigenvalue X, the integral fPQ\Hf(z)gpo(Q, 2)du(z) converges, and we have

1
[ @A) = 3 [ T 2)in

ol <ZQ)> 261 (4rld|)e ™ ifd <0
Jeo 1)ty ) e if d >0,

This essentially computes the Fourier coefficients of non-square index for I /5(7, f)
(at least when A = 0). For the other Fourier coefficients we also utilize 7. The
square coefficients however are also in our approach quite complicated and require
some rather intricate considerations since in that case er\H f(2)eo(Q, 2)du(z) does

not converge as I'g is trivial.

The existence of such a Green function is rather surprising, and we believe is of
independent interest. Moreover, i refines Kudla’s Green function £ for ¢ s [16] which
played a crucial role in studying (1.4) in [5]. However, ¢ only has singularities along
the CM points and hence cannot detect the periods over the geodesic cycles. Note that
¢ plays an important role in the Kudla program (see eg. [17]) which is concerned with
the realization of generating series in arithmetic geometry as automorphic forms, in
particular as the derivative of Eisenstein series. It is therefore an interesting question
how the results of this paper and 7 in particular fit into this framework.

Other Input. One can also study other input functions f for the lift I 5(7, f). One
natural extension is to consider a meromorphic function f of weight 0 with at most
simple poles in H. For example, for d > 0 a non-square, taking the d-th coefficient
(in 7) of the lift of f,(2) = j'(w)/(j(2) — j(w)) (with w € H), one obtains a non-
holomorphic form of weight 2 (in w). Using the techniques of this paper one can
prove that this form is a ‘completion’ of the holomorphic generating series

Fd(w) _ Z trd(jm)e%rzmw’
m>0
which in [7], Theorem 5, is shown to be a holomorphic modular integral of weight
2 with a rational period function. Here {j,,} denotes the unique basis of M} whose
members are of the form j,,(2) = e72™™m= 4 O(e?™%).

Another interesting case is when f = log||F|| is the logarithm of the Petersson
metric of a meromorphic modular form F. For example, for F'(z) = A(z), the dis-
criminant function, one can show (similarly as in Theorem 1.2 in [5]) that Iy 5(7, f)
is equal to the constant term in the Laurent expansion at s = 1 of the derivative
of an Eisenstein series of weight 1/2. In general, one can view the lift of such input
as the adjoint of the (additive) Borcherds lift, which uses the same kernel function
OL(7, z,00). We will consider these lifts in a different paper.

The theta lift has been studied recently also by Matthes [22] using the second
regularization via differential operators. More precisely, he considers the analogous
lift for general hyperbolic n-space. In our case, he considers (mainly) input functions
with non-zero eigenvalue under the Laplace operator and employs a different method
to compute the coefficients of non-square index leaving the square coefficients open.
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2. THE ORTHOGONAL GROUP AND VECTOR VALUED MODULAR FORMS FOR SL,

2.1. Modular curves associated to the orthogonal group SO(2,1). Let N be
a positive integer. Let (V, Q) be the three-dimensional quadratic space over Q given
by the trace zero 2 x 2 matrices

(2.1) V= {X = (”“"1 "2 > € Matz(@)},

T3 —I
with the quadratic form Q(X) = —N det(X). The corresponding bilinear form is
(X,Y) = Ntr(XY), and its signature is (2,1). We let G = Spin(V), viewed as an
algebraic group over Q, and write G for its image in SO(V'). We realize the associated
Hermitean symmetric space as the Grassmannian of negative lines in V(R):

D ={zCV(R); dimz =1 and |, < 0}.
The group SLy(Q) acts on V' by conjugation
g.X =gXg !

for X € V and g € SLy(Q), which gives rise to isomorphisms G ~ SL, and G ~ PSLs.

We identify D with the complex upper half plane H as follows, see [16], section
11. Let 2o € D be the line spanned by (% §). Its stabilizer in G(R) is equal to
K =80(2). For z =z + 1y € H, we choose g, € G(R) such that ¢g.i = z and put

1 0 1 1 —T 2Z
2.2 X(z) == —=g.. = — € V(R).
x4 - ) v
We obtain the isomorphism H — D, z — ¢,2p = RX(z). We also define the quantity
1
which is nonnegative, and vanishes exactly when X € RX(z).
Let L C V(Q) be an even lattice of full rank and write L’ for the dual lattice of L.

Let I be a congruence subgroup of Spin(L) which takes L to itself and acts trivially
on the discriminant group L'/L. We set M =T\ D.

Example 2.1. A particularly attractive lattice in V' is

L:{(2 Cg);a,b,cez}.

The dual lattice is equal to

(b ¢/NY. 1
L_{(CL _b>,a,C€Z,b€WZ}.

We have L'/L = Z/2NZ, the level of L is 4N, and we can take I' = T'o(V).



REGULARIZED THETA LIFTINGS AND PERIODS OF MODULAR FUNCTIONS 9

Since V is isotropic, the modular curve M is a non-compact Riemann surface. The
group I' acts on the set Iso(V') of isotropic lines in V. The cusps of M correspond
to the I'-equivalence classes of Iso(V'), with oo corresponding to the isotropic line ¢,
spanned by ug = (). For £ € Iso(V'), we pick oy € SLy(Z) such that o,y = ¢ and
set up, = ag_luo. We let I'y be the stabilizer of £ in I". Then

a[lf‘gag = {((1) k?) i k€ Z}

for some ay € Z~, the width of the cusp £. There is also a G, € Q- such that [yu,
is a primitive element of ¢ N L. Finally, we write ¢, = ay/f,. Note that £, does not
depend on the choice of o, (even if we picked o, in SLy(Q), see [11, Definition 3.2]).

We compactify M to a compact Riemann surface M in the usual way by adding
a point for each cusp ¢ € I'\ Iso(V'). For every cusp ¢ we choose sufficiently small
neighborhoods U,. We write ¢, = e (U[lz/ozg) with z € U, for the local variable (and
for the chart) around ¢ € M. For T > 0, we let Uyyr = {w € C; |w| < 525}, and
note that for 7" sufficiently big, the inverse images q[l(Ul sr) are disjoint in M. We
truncate M by setting

Mp=M\ ] &' Uy
[(]€Iso(V)

2.2. Vector valued modular forms. Here we recall some facts on vector valued
modular forms and weak Maass forms for the Weil representations. See e.g. [2], [3]
for more details.

We let Mp,(R) be the two-fold cover of SLy(R) realized by the two choices of
holomorphic square roots of 7 — j(g,7) = ¢ + d, where g = (¢%) € SLy(R). Let
I C Mp,y(R) be the inverse image of SLy(Z) under the covering map. We denote the
standard basis of the group algebra C[L'/L] by {en; h € L'/L}. Recall that there is
a Weil representation py, of I on the group algebra C[L'/L], see [2, Section 4] or |3,
Chapter 1.1] for explicit formulas.

Let I C IV be a subgroup of finite index. For k € %Z, we let Ay (I'") be the space
of C* automorphic forms of weight & with respect to p for I'”. That is, Ay (I')
consists of those C*°-functions f : H — C[L’/L] that satisfy

f'T) = ¢* (1)L, 9) f(7)

for (v, ¢) € T'". Note that the components f;, of f define scalar valued C*° modular
forms of weight k for the subgroup I'” N I"(¢), where ¢ denotes the level of the lattice
L and I"(¢) is the principal congruence subgroup of level £.

Following [4, Section 3], we call a function f € Ay (I') a weak Maass form of
weight k& for I with representation py, if it is an eigenfunction of the hyperbolic
Laplacian

2 2
(2.4) Ay = —v? (a_ + a_) + ikv (3 + 7;3> :
(% u (%

and if it has at most linear exponential growth at the cusps of I'”. The latter condition
means that there is a C' > 0 such that for any cusp s € P(Q) of 'V and (§,¢) € T’
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with doo = s the function f,(7) = ¢(7) "% p. (6, ¢) f(67) satisfies fi(7) = O(e®?) as
v — oo (uniformly in w, where 7 = u + iv).

The function f is called a harmonic weak Maass form if it is a weak Maass form
with eigenvalue 0 under Ag. We write Hy, 1,(I'") for the space of harmonic weak Maass
forms of weight k for I with representation py.

Recall that there is a differential operator &, = 2@'1}’“% taking Hy 1, (I") to the space
of weakly holomorphic modular forms of ‘dual” weight 2 — k for I with the dual
representation of py. We let H;  (I"') be the subspace of those f € Hy (') for
which &.(f) is a cusp form. Moreover, we let M,’C’L(F”) be the kernel of &, that is, the
space of weakly holomorphic modular forms for I'”. Summarizing we have the chain
of inclusions

M,LL(F”) C H (T") € Hy (") C Ap, ().

In the case where I' = IV we will drop the I'” from the notation and, for instance,
simply write Mj ;. If the representation py, is trivial (that is, L is unimodular) we
drop the L from the notation.

—b
Example 2.1. Then given g = ZheL,/L gnen in Ay 1, the sum

(2.5) g(r) = > gn(4NT)

heL'/L

Example 2.2. We consider the lattice L = {(Z C/N) ;a,b,c e Z} of level 4N from

gives a scalar-valued form of weight k for I'y(4N) satisfying the plus condition, i.e.,
the n-th Fourier coefficient vanishes unless n is a square modulo 4N. In fact, if N = p
is a prime, and k € 27 + %, this gives an isomorphism between M,L ;, and the space
M, *(p) of scalar valued weakly holomorphic forms for Ty(4p) in the Kohnen plus
space (see e.g. [2, Example 2.3] and [8, §5]).

For an isotropic line £ in V', we define the space W = W, = ¢+ /¢ which is naturally
a unary positive definite quadratic space with the quadratic form Q(X) = Q(X).
Then

Ky=(LntY) /(Lne)

defines an even lattice in W. Using [3, Proposition 2.2], it is easy to see that the dual
lattice is given by

Ky=(L'net) /(L'ne).

We have the exact sequence

(2.6) 0—L'Nt/LNt-— LNt/ Lntt — K}/ K, —0 .
The vector valued theta function
(2.7) O, (1) = Y _ e(QN)T)ersx,
AeK

associated to K, defines a_holomorphic modular form in M, /s g,, whose components
we denote by O, ;(7) for h € Kj/K,. Recall from [3, Lemma 5.6] (or more generally
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[25, Theorem 4.1]) that there is a map from vector valued modular forms for pg, to
vector valued modular forms for p;. Using it, we see that

(2.8) O, (1) = > O, i(7)en
hel!/L
hlt

defines a vector valued holomorphic modular form in M, 5 ;. Here h denotes the image
of h under the map in (2.6). We let by(m, h) be the (m, h)-th Fourier coefficient of
Ok, (7). Note that for m > 0 we have by(m, k) = 0 unless m/N is a square and there
exists a vector X € L + h perpendicular to ¢ of length Q(X) = m. In that case we
have by(m,h) =1 if h # —h mod L and 2 otherwise.

3. CYCLES AND TRACES

In this section, we give define in our setting the cycles and traces. In particular, we
explain in detail how to regularize the periods of weakly holomorphic functions over
infinite geodescis.

3.1. Heegner points. Heegner points in M are given as follows, see e.g. [11], [15],
[16]. For X € V of negative length Q(m) < 0, we put

(3.1) Dx =RX = {z € D; R(X,z) =0} € D.

Via [16], (11.9) we see

(3.2)  R(X,z)=2msinh(d(z, D)) m

= B0,

Here d(-,-) denotes the hyperbolic distance with respect to the standard hyperbolic

distance. We note that in the upper half plane we have

~—b N i/ |d|

" 2a 2|al

for X = (4, %) with Q(X) = Nd < 0. We set Dx = 0 if Q(X) > 0. The stabilizer

Gx of X in G(R) is isomorphic to SO(2) and for X € L, the group I'x = Gy NT is

finite. We denote the image of Dy in M, counted with multiplicity ﬁ, by Z(X).
For m € Q* and h € L'/L, the group I' acts on L,,, = {X € L+ h; Q(X) =m}

with finitely many orbits. For m < 0, we define the Heegner divisor of index (m, h)
on M by

(3.3) Z(m,h)= > Z(X).

X€eM\ Ly p

z — Dx|*|z — Dx|*.

Dx

For any function f on M, we then define the trace following [29] and [5] by
1
(3.4) ran(f) = Y, 5= f(Dx).

XEM Ly #lx

For the lattice in Example 2.1 with N = 1, this gives exactly twice the trace of
modular functions defined in the introduction, since our trace counts positive and
negative definite binary quadratic forms of discriminant m.
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3.2. Geodescis. A vector X € V(Q) of positive length m defines a geodesic cx in
D via

cx={z€D; 21 X} ={2€D; (X(2),X) =0},
see e.g. [26], [15], [19]. In this situation, we have
|(X, X(2))| = 2v/msinh(d(z, cx)),

where d(z,cx) denotes the hyperbolic distance of z to the geodesic cx. Hence
R(X, z) = 2mcosh®(d(z, cx)). Explicitly, for X = (_4, %), we have

cx = {z € D; a|z]* + bR(z) + ¢ = 0}.

We orient the geodesics as follows. For X = + (} %), the geodesic cx = +(0,100) is
the imaginary axis with the indicated orientation. The orientation preserving action
of SLy(R) then induces an orientation for all cx.

We define the line measure dzy for cx by dzy = +-% for X = £/m/N (} %)

vmz
and then by dz,~1x = d(gz)x for g € SLy(R). So for X = \/LN (5. %), we have
dzx = azQiZerc’
In terms of X (z) and R(X, z) we have
(X, 0X(2))
dzx = —2i———2>
=X ! R(X,2)

Indeed, this holds for X = /m/N ({ ), since we have (X,0X(z)) = iv/mz/y*dz
and R(X,z) = 2m|z|*/y?®. Then the G-equivariance properties of X (z) and R(X, z)
imply the claim for general X.

The stabilizer 'y is either trivial (if the orthogonal complement X+ C V is isotropic
over Q) or infinite cyclic (if X+ is non-split over Q). We set ¢(X) = I'x\cx, and by
slight abuse of notation we use the same symbol for the image of ¢(X) in M. If T'yx
is infinite, then ¢(X) is a closed geodesic in M, while ¢(X) is an infinite geodesic if
[y is trivial. The last case happens exactly when Q(X) € N(Q*)2. We define the
trace for positive index m and h € L'/L of a continuous function f on M by

1
3.5 trpn(f) = — F(2) dzy.
(3.5) Tn(f) o Xer\ZLm,h/c(X) (2)dzx

Since

(3.6) / [ = / T

for g € G, this is independent of the choice of X € I'\L,, . Note that a priori the
integral only converges if the geodesics are closed, i.e., m ¢ N(Q*)2. Otherwise the
geodesics ¢(X) are infinite and fc(X) f(2)dzx may have to be regularized. We will
describe this in the next subsection.
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3.3. Infinite Geodesics. Assume that X with Q(X) = m > 0 gives rise to an
infinite geodesic in M, that is Ty = 1. So ¢(X) = cx. These geodesics correspond
to the split hyperbolic coefficients. In this section we will show how to regularize the
period of harmonic weak Maass forms over the infinite geodesics. We also define the
complementary trace which gives the contribution of the negative Fourier coefficients
of the holomorphic part of f.

3.3.1. Regularized periods and the central L-value of the j-invariant. Assume that X
with Q(X) = m > 0 gives rise to an infinite geodesic in M, that is [y = 1. So

c(X) = cx. We will describe now how for f € Hy (T'), we can regularize the period
f f(2)dzx. Note that f can be written as f = f*+ f~, where the Fourier expansions

of er and [~ are of the form

[T(oz) = Z a; (n)e(nz) and f(0p2) = Z a, (n)e(nz),

neaiZ nE(%ZZ«)

where a; (n) = 0 for n < 0.

Now X+ is split over @, a rational hyperbolic plane spanned by two rational
isotropic lines £x and (x. In fact, the geodesic cx connects the corresponding two
cusps (which are not necessarily I'-inequivalent). We can distinguish these lines by
requiring that ¢y represents the endpoint of the geodesic. Note (x = (_x. We have

_ 1 —2r
0, X =+/m/N (0 _1> :
for some r € Q. Hence the geodesic cx is explicitly given in D ~ H by

(3.7) cx =0 {z € D; R(z) =r}.

We call » = r, = Re(cx) the real part of the geodesic cx. It depends on the choice
of oy,. Pick a number ¢ = ¢; > 0. We then have (still formally

m/cxf(Z)dZX:/én(z)u P / fx( zy—i—m / f-x(iy+r- )

Here fix(2) = f(0e. %), r— is the real part of c_x and c_ = \S(O'Z}X (r+icy). If we

write r = a/b with coprime a,b € Z and b > 0, then c_ = 1/c, b*.
The extension of the definition (1.10) to the general situation is

Definition 3.1. Let f € H; (T') and let cx be an infinite geodesic connecting two
rational cusps in M. Then with the notation as above we set

\/_/ f(2)dzx = ae 0)logey + Z Clg n)e* M ET(2mney )
n#0
+ GZX (0)logc- + Z CLZX (n)e*™ - ET(2mnc_)
n#0

/szy+r+ /f zy+r)

This is well defined since the Fourier coefficients of f also depend on the choice of oy.
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We now give a different characterization of the regularized integral. We will need

Y(w) = FF((w the digamma function, see [1], for which we have
1 1

3.8 = — — .

(38) P(w) 7+nz%n—i-l n—+w

We set

G =1{z€cex;e < Y(op,2) < TV

Theorem 3.2. Let f € Hy (T'). Assume cx is a vertical geodesic. Then for any
T.,T_ >0 and the notation as above, we have

/ F(2)dzx

za#»l
- /c+,T+ f(2)dzx — . T flaxz +ry) (U(2) +9¥(1 = 2) +2log ax) dz

2 i
1 z‘aT:X-s-l
+/ . f(z)dz_ X_é/iT fla_xz+r ) (W(z)+ (1 —2)+2loga_x)dz
d
/ szy+7‘+ / [y zy—H")yy

In particular for T, = ¢, and T_ = c_ and f € M}(T) we obtain

reg 1 ii—;—i—l
L/ ﬂamxz——/ Flaxz+74) ((z) + (1 — 2) + 2log ax) dz

2 [ ex
1 flax*!
B §/c__ fla—xz+r-) (¥(z) +¥(1 — 2) + 2log a_x) dz.

Proof. For simplicity, we assume cy is the imaginary axis and also f € M}(I'). We
first show the independence of T' = T,. For that we also assume for the moment
ayx = 1. Pick another 77 > 0. By Cauchy’s theorem we have

(3.9)

—/vaW@m=—f f@wwnjflfvm@@+lfuwwm

VT T +1 i1y i1

For the first integral on the right hand side we see using ¥ (z + 1) = 9(z) + 1/z that

iT'+1 T 1T >
(3.10) —/' F(2pil2)dz = — ﬂ@M@M—/ ()2

iT1+1 iTy iTh Z

We also have

il
(3.11) %Tf(z)de:/ f(z)%.
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Then by (3.11), (3.9), and (3.10) we conclude

( [ i | zT“f(z)wz)dz) -1 ( [ oo - /i:1+1f(Z)w(2)dZ> |

The same holds for v (z) replaced by ¢ (1 — z). This shows the independence of T.
Now assume 7' = c¢; = c. With a = ax we first have

B 0 ie/actl 1— dz — — 0) T'(1+ic/a) 1 I(1—(1+4ic/a))
aey (0) (¥(2) + (1 = 2)) dz = —ay, (0) |log { 5755 08  “Fi—ic/a)

ic/o
= —2ay, (0)log(c/a).
Now consider fy(z) = f(2) — as, (0). Then from (3.8) we see
(3.12)
ic/a+1 ic/a+oo dz ic/a—oo dz
// folaz) ((2) + (1 — 2))dz = — // folan)Z 4 // fofan) %
Plugging in the Fourier expansion of f; we obtain
ic/atoo dz ic/a—oo dz
— / folaz)— +/ folaz)—
ic/a z ic/a ¥4
ic+00 d ic+00 o d
= _ZGZX (TL) (/ 627r7,nz_z +/ 6271'1nz_2> .
ic z ic “
n#0
According to [1, Equations 5.1.30/31], we have
/ic+oo eQm‘nZ@ _ Ei(2mne) ifn>0
ic —Ei(27|n|c) —ir  if n <.
So, finally,

ic+1
_%/ ’ F(2)(W(2) + (1 —2) 4+ 2log a)dz = —as, (0) log(c) + Zazx )EZ(2mnc).
ic n£0

Carrying out the same analysis for the other cusp /_x completes the proof of the
theorem. O

Remark 3.3. We consider j;(z) € M}(SLa(Z)). Then applying Theorem 3.2 gives

oo,reg dy ’L'+].-
/0 i) = —/i 71(2) (¥(z2) + (1 = 2)) dz.

This is exactly Zagier’s regularization for the ‘central L-value of j;’. He arrived to
this formula by the following heuristic considerations. We need to give a meaning to

the expression
‘ dz
2 1(z2)—.
/0 j1(2) >

We deform the path of integration to the semicircle to the left (respectively right) of
the imaginary axis starting at 0 and ending at . Under the transformation z — —1/z
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this path becomes the horizontal half line in the upper half plane beginning at oo
(respectively —oo) ending at i. Hence we obtain

i+00 ‘ dZ 1—00 ‘ dZ
/i 31(2)? +/i Jl(z);

But now these integrals converge, and by (3.12) we obtain

- [T ae e - = ([ aewees).

Here we used that the Fourier coefficients of j; are real. In fact, one can show that
this is equal to —23?f2 J1(2)¢(2) dz, where p = €2m/6,

Remark 3.4. We work out the trace tr,,2 (1) for the constant function 1. We have

277’7,54 )

1 (kB, 2
t1,2.0( Z log (kBe, 2m

2m

3.3.2. Complementary trace. Assume that X with QQ(X) gives rise to an infinite ge-
odesic, that is Ty = 1. Let f € HJ (T') be a weak Maass form with holomorphic
Fourier coefficients a/ (n). Then we define its complementary trace for m € N(Q*)?

and h € L'/L by

trs, ,(f) = Z Zazx(n)ehme(c(X))n i Zaz—_x(n)e%riRe(c(—X))n'

Xe\L,,,, n<0 n<0

Note that in [5] this quantity is denoted by tr,, ,(f). We have (see [5], Proposition 4.7)

H=2vm/N >

e\ Iso(V)

X (5g(m, h) Z az— (n)62ﬂ-ir+n + 5g(m, —h) Z az— (n)€27rir_n

Here é¢(m,h) = 1 if the (m, h)-th Fourier coefficient bg(m, h) of O, (t) is nonzero,
that is, if there exists a vector X € L,,; such that cx ends at the cusp ¢. In that
case 7 is the real part of any such X. In particular, tr5, ,(f) = 0 for m > 0.

3.4. Average values of harmonic weak Maass forms. We define the regularized
‘average value’ of a (suitable) function f on M by

/fdu = Jim [5Gz

as in [5], (4.6). By Remark 4.9 in [5] we have for weakly holomorphic f that

(3.13) / f(z)du(z Z ay Z ap(— (N).

e\ Iso(V) N€Z>g
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Here 0¢(0) = —1/24. The formula also holds for f € Hy (T'). Indeed, we let Ey(z) =
—i —24 ZZO 0 01(n)e*™* be the (non-holomorphic) Eisenstein series £5(z) of weight

2 for SLy(Z). Then 9(&;(z)dz) = —2du(z). Hence by Stokes’s theorem we obtain

/ PR == Jim [ g+ [ @FE)EEE

3 T—o0 BMT

The first term gives (3.13), while the second vanishes as the Petersson scalar product
of the cusp form &y(f) against an Eisenstein series.
We define as in [5] the trace of index (0, h) by

tron(f) = —5ho—/ f(2)du(z
Here 6y, is Kronecker delta. For f =1 we also write vol(M) = —5= [} du(z)

4. THE MAIN RESULT

We are now ready to state the main result of this paper. It will be proved using
the regularized theta lift in Sections 7 and 8.

Theorem 4.1. Let h € L' /L. Let f € HJ (T') be a weak Maass form and assume that
the constant coefficients a; (0) vanish at all cusps €. Then the generating series

Hi(7, ) == 23/vtrou(f)

fe(2
N Z o er c( 7T|m|v)e(m7_)

m<0 2\/_
+ Z e, (f)e(mr)

m>0

/o
+2 Z N2 n (f) (/ 64”Nm2w2dw> e(Nm?7)
0

defines the h-component of a weak Maass form of weight 1/2 for the representation
pr- If f has non-zero constant coefficients then one has to add

- \/%ﬂ Z a; (0)ey B (log(48;mv) + v + (ke/Be) + (1 — ke/Br))
e\ Iso(V)

+ > b(Nm? ) F(2VmoNm)e(Nm’r)
m>0
to the generating series. Here by(m,h) denotes the (m,h)-th coefficient of éKz (1),
and ke is defined by ¢ N (L + h) = ZBug + keug and 0 < ky < (. Furthermore,
we (formally) set 1¥(0) = —v, which is justified since — is the constant term of the
Laurent expansion of 1 at 0. Finally, we have set

t
F(t) :=logt — ﬁ/ o erfe(w)dw + %log(Q) + le%
0
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where erfc(w) = \% fu(jo e dt is the complementary error function. In particular, we

h
v A Hh<7 1)—— E Z(O)géer(i).
) 4\/ N” bh

e\ Iso(V

As a special case we consider the constant function f = 1.
Theorem 4.2. Let h € L'/L. Then
Hy(1,1) = — 2y/v vol(M)

+ZdegZ(m, h)erfc(22\/7r]m|v) (

e(mt)
m|

m<0

+ Z Z length(c(X)) | e(m7)

m>0 Xel'\L,,
mgN (g2 Vo
+ ) e (1)g™™
m>0
1

> e Y bd(Nm? h)(F(2vVaoNm))e(Nm’r)

e\ Iso(V) m>0

> e [log(dB7mv) + 7 + (ke/ Be) + (1 = ke/50)] -

e\ Iso(V)

- VNr
B 1
2\/N7T

defines the h-component of a weak Maass form for pr, of weight 1/2.

Remark 4.3. The special functions F above and « in (1.7) differ by a constant,
since both map to 3/, under & /5. This constant is absorbed by the undefined term
trymz(1) in (1.7).

Remark 4.4. Applying &> to Hy(7, f) we recover the generating series for the traces
of modular functions over CM points obtained in [5] (and [11] for f = 1) which in
turn generalized the results of Zagier [28, 29].

Example 4.5. We recover the theorems in the introduction by considering the lattice
of Example 2.1 for N = p using Example 2.2. Alternatively, one can consider for

N =1 the lattice
b 2¢
p={(L, %)anect]

and employ the same arguments as in [5, Section 6].

Example 4.6. We consider for N = 1 the lattice L of Example 2.1. Let h € L'/L =
Z./27 be the non-trivial element. Then for m € Z-, we have

tr, (1) = 2H (4m) and tr,m/47L(1) + tr,m/4,L+h(1) = 2H(m),

where H(m) is the Kronecker-Hurwitz class number, see e.g. [11, Section 3]. We
let 73(m) be the representation number of m as the sum of three squares. Then
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the famous class number relation states r3(m) = 12 (H(4m) — 2H(m)). Hence if we

define
H(t) :=6(2H,(47,1) + 2H 41 (47,1) — HL (1, 1)),
we obtain
gl/gH(T) = 63(7').
5. THETA SERIES AND THE REGULARIZED THETA LIFT

In this section we define regularized theta lifts of automorphic functions with sin-
gularities on M against the theta function O (7, z, o).

5.1. Some Schwartz functions. We consider the standard Gaussian ¢, on V(R),

(5.1) po(X, 2) = e TN,
where (X, X)), is the majorant associated to z € D which is given by
(5.2) (X,X). = (X, X) + (X, X(2))"

Hence (X,X). = —(X,X) + 2R(X,z). Recall that the Schwartz function ¢y has

weight 1/2 under the Weil representation acting on the space of Schwartz functions
on V(R), see e.g. [26]. Accordingly, for 7 = u + iv € H, we define

(5.3) wo(X,T,2) = \/5900(\/5)(, Z)em'(X,X)u _ \/Zem'(x,x)m’
where
(5-4) (X, X,z = u(X, X) + (X, X). = (X, X)7 + 2i0R(X, 2).

To distinguish between the Laplacians acting on functions in the two variables z € D
and 7 € H, we often write A, = A, , = —¢? (83_;2 + 8‘9—;2> for the hyperbolic Laplacian

of weight 0 on D, and write A; = A, /5 - for the hyperbolic Laplacian on H of weight
1/2 as in (2.4). We have

1
—Ay2r = LsppRipp + 5= R_3/5L1)2,

where Ry, = 2iZ + kv! and L, = —2iv?Z are the weight k raising and lowering
operators acting on functions on H. The following lemma is well known, see e.g. [26],
[15, p. 205, eqn. 2.10].

Lemma 5.1. We have
Bspo(X,7,2) = 7Au0(X,7,2).
We define another Schwartz function by
(5.5) 01 (X, T,2) = —%L;gpo(X, T, 2).
Hence ¢; has weight —3/2.

Lemma 5.2. We have
Az(p0<X, T, Z) = 47TR_3/2(p1 (X, T, Z).
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Remark 5.3. The Schwartz function ¢} = ¢ associated to the space V of signature
(2,1) is very closely related to the Kudla-Millson Schwartz form ¢Y.,, for the space
V~, which is given by considering on V' the quadratic form —Q(X) of signature (1, 2)
(see also [5], Section 7). The form ¢}, has weight 3/2, and we have

Prm(X,7,2) = v P01 (X, 7, 2)dp(2).

Here du(z) = % is the invariant volume form on D. Moreover, we see that

- 1
Croar(X, 7, 2) = —;51/2900()(, T, z)dp(z),
where fkf = ’Uk_2L_kf — Rfk'l}k?.

5.2. Theta series and theta lifts. We let ¢ be the Schwartz function g or ¢, on
V(R) of weight k (equal to 1/2 or —3/2). Then for h € L'/L, we define a theta series
by

(56) Qh(TaZ;SD): Z QO(X,T,Z).

In the variable z it is -invariant and therefore descends to a function on M. We also
define a vector valued theta series by

(5.7) OL(r,2z,0) = Z@hngo
hel! /L

As a function of 7 € Hl, we have that ©.(7, z, ¢) € Ay 1, see e.g. [2].
We let f(z) be a I-invariant function on D. We define the theta lift of f by

63 100 = [ JE0ur 2 ain) = (/ £ ()00 (r. 2 po)dn(= >)

hel! /L
where du(z) = “& is the invariant volume form on D. We also write
(5.9 Bir.f) = [ H0(r 2 0)dul2)
M

for the individual components. If f is of sufficiently rapid decay at the cusps, the
theta integral converges and defines a (in general non-holomorphic) modular form on
the upper half plane of weight 1/2 of type py. In fact, for f a Maass cusp form, the
lift was considered by Kartok-Sarnak [15]. In the present paper, we are particularly
interested in the case when f is not of rapid decay at the cusps. Then the theta
integral typically does not converge and needs to be regularized. We will carry this
out in the remainder of this section. In Sections 7 and 8 will show that I(7, f) for
f € Hf (T') will give the generating series for the traces given in Section 4.

5.3. The growth of the theta kernel. The growth of the theta functions O (7, z, )
near the cusps of M is given as follows.

Proposition 5.4. As y — oo we have



REGULARIZED THETA LIFTINGS AND PERIODS OF MODULAR FUNCTIONS 21

(i)
O )=y
T, 002,%0) =
L (2282 NG,
In particular, if (-0 (L +h) =0, then 0,(1, 0,2, 09) = O(eszf)‘
(i)

Ok, (1) + O(e~ ).

@L(Ta 0¢z, 901) = O(e_cy2>‘
(i)
@L(Tv 0y¢z, AZQDO) = O(e_cyQ)‘

In particular, 0,(7,2z,01) and 0,(7, 2, A,po) are ‘square exponentially’ decreasing
at all cusps of M.

Proof. This follows from a very special case of [2, Theorem 5.2]. For ¢, also see [3,
Theorem 2.4], and for ¢; in view of Remark 5.3 see the proof of Proposition 4.1 in
[11] and [5, Proposition 4.1]. For convenience we sketch the proof.

i) Since O (7,002, ) = @UflL(T’ z, ), it is enough to consider the cusp oo = fy. A
primitive norm 0 vector of U[lL in ¢, is given by By := (8 %ﬁ ) We may now apply (2,
Theorem 5.2] for the lattice o, 'L, the Schwartz function ¢y, and the primitive norm
0 vector B, to obtain the assertion.

ii) Since ¢, = —%Ll/ggoo and since O, (7) is holomorphic, we obtain (ii) by applying
the lowering operator Ly, to (i).

iii) This follows from (ii) by applying the raising operator R_3/5 to ©1(7, 2,¢1). O

5.4. Regularization using truncated fundamental domains. Following an idea
of Borcherds [2] and Harvey—Moore [14], we regularize the theta integral by integrating
over a truncated fundamental domain and then taking a limit.

If h(s) is a meromorphic function in a neighborhood of sy € C, we denote by
CTs—s,[h(s)] the constant term in the Laurent expansion of h at s = sy. Let F =
{z € H; |z| <1/2 and |z| > 1} be the standard fundamental domain for the action
of T'(1) = SLy(Z) on the upper half plane. For a positive integer a we put

a—1
o ._ L
Fo = UO (o 1) F.
j:

As before, let I" C T'(1) be a congruence subgroup. Recall that for ¢ € Iso(V') we chose
o, € T'(1) such that o4¢y = ¢, and oy denotes the width of the cusp ¢, see Section 2.1.

Lemma 5.5. We have the disjoint left coset decomposition
_ _ 1 4
ry= J UTa (0 1) .
LeT\Iso(V) j (a)

Consequently, a fundamental domain or the action of I' on D is given by

(5.10) FO)y= |J owF

e\ Iso(V)
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Moreover, if f is of rapid decay, the theta integral (5.8) is given by
(511) [<T7 f) = Z f(O'gZ)@L(T, U@Z,(ﬂg)dﬂ(Z)-
e\ Iso(v) V7

Now assume that f is a function on M which is not necessarily decaying at the
cusps. For T' > 0, let we truncate F* and put F§ :={z € F* y < T},

Definition 5.6. We define the regularized theta lift of f by

(5.12) I"9(1, f) = CTso [I"(7, s, f)],

where

(513) ITeg<T7 S, f) - Z jll_{n o f(UgZ)@L(T, Oyz, SOO)y_sdﬂ(z)
tem\Iso(V) Y Frt

Here s is an additional complex variable. If f is rapidly decaying at the cusps,
then it is easily seen that the regularized theta lift agrees with the classical lift (5.11).
However, as we will now see, the regularized lift makes sense for a much wider class
of functions f.

Proposition 5.7. Let f be a weak Maass form of weight zero for I' with eigenvalue
A =5 (1 —¢5"). Denote the constant term of the Fourier expansion of f at the cusp
0 by Aw® + Byy'™ with constants Ay, B, € C. Then I"9(1, s, f) converges locally
uniformly in s for N(s) > max(N(s'), 1 — RN(s')) and defines an element of Ao . It
has a meromorphic continuation to the whole s-plane, which is holomorphic in s up
to first order poles at s = s and s =1 —§'. The function

Ag By
reg
I(r,s, f) = \/_ Z ge@Ké <s—s’+s+s’—1>

e\ Iso(V)

has a holomorphic continuation to all s € C. Moreover, the reqularized theta lift
I™9(7, f) defines an element of Ay/o 1.

Proof. It suffices to show that for any ¢ € I'\ Iso(V), the integral

(5.14) L7, s, f) = lim floe2)OL(T, 00z, 00)y *du(z)

T—o0 ]:?é
converges for (s) > max(R(s’), 1 — R(s')) and has a meromorphic continuation in s
with the appropriate poles and residues. In view of Proposition 5.4, we split up the
integral as follows:

I(1,s, f) = lim f(oe2) <@L(T, 002, p0) —

T—o0 }—w

1 e —s
y WBZG)K‘(T))?J dp(z)

+ lim O, (T)y' *du(z).

floz)——=
T=oo Jrot % 5@
Because of Proposition 5.4, the function in the integral of the first summand is of
square exponential decay as y — oo. Therefore the first summand converges for all
s € C and defines a holomorphic function of s.
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For the second summand we split up the integral as

i [, o) Ol i) = <A ualr) [ Sl ()

+ L S ()/OO O%f( z)dx dy
T ag .
V Nﬁg e y=1Jz=0 ‘ y1+s

The first summand on the right hand side is an integral over a compact domain. It
converges for all s and defines a holomorphic function in s. For the second summand
on the right hand side we use the Fourier expansion of f at the cusp ¢,

z) = Z ag(n,y)e(nz/ayp).

nel

We find that it is given by

Qy ~ o dy
(5.15) G, Ok, (7) /y:1 a(0,y) ey

If we write a(0,y) = Aw® + Bey'™*, we see that the integral exists for R(s) >
max(R(s"), 1 — R(s')), and it is equal to

Qyp AZ BZ
) .
VN, (7) (S—s’+s+s’—1)
Using the fact that ¢, = ay /3, and putting together the contributions of the different
cusps £, we obtain the assertion. O

In the next proposition we give a formula for I™9(7, f) as a limit, not involving the
additional parameter s.

Proposition 5.8. Let f be a weak Maass form of weight zero for I' with eigenvalue
A =5(1—5"). Denote the constant term of the Fourier expansion of f at the cusp ¢
by Awy® + Byy =" with constants Ay, By € C. If ' # 0,1, then I"9(r, f) is equal to

. TS’ TI_S/ gé -
>, fim f(azz)GL(ﬁOez,@o)du(z)—(Ae Cen ) O >]'
(M Tso(V) s S ~

Fot
If s =0, then the same formula holds when Ts—f/ is replaced by log(T). If s = 1, then
the same formula holds when Yil_—i:, is replaced by log(T).

Proof. For a cusp ¢, we let I,(7, f) = CTs—o[L,“(7, s, f)]. Then we have

Ireg(va) = Z [geg(T’f)v

e\ Iso(V)

and it suffices to show that I,”(7, f) is given by

. Ts/ Tlfsl - (:)
lim [/ae f(002)OL(T, 002, p0)du(z) — (Ag =+ B, 3/) ¢ KZ(T)] '
7 —

T—o0 1 \/N
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The proof of Proposition 5.7 shows that I,(r, f) is equal to

i [ s022) (On(rorz. ) ~ v B (1)) )

\/_ﬁe

Vi é@KZ(T) o floez)y du(z)

& A > s’ 1—s dy
b S (1) T | [+ =
Now the simple observation
floez)y du(z / floez)y du(z / f (002)y dp(2)

]: g y=1 J =0

together with the identity
> / ! d
CTs—0 {/ (Aey®” + By ™) yl—i}
Y

=1

Ty T o -
= lim |A, / y° &y _ + By / y' s & _
T—o0 i Y s 1 y 1-4¢

/

T oy Ts Tl s’
= lim |:/ f(O'gZ)y du(z) — (Ae + B@ ):|
T—oo y=1 Jx=0 s’ -

gives the result when s’ # 0. The s’ = 0 case follows similary using the identity
CT,_ [/ }:hm U ——logT].
" y=1 yits T—ooo | J1 Y )

5.4.1. The Laplacian. We now consider the action of the hyperbolic Laplacian on the
regularized theta lift. The main result of this section is

0

Theorem 5.9. Let f be a weak Maass form for ' with eigenvalue A = s'(1 — §').
Denote the constant term of the Fourier expansion of f at the cusp £ by Awy® + By ~*
with constants Ay, B, € C. We have

A9 (r, f), ifs #0,1,
4AT[r€g(7-’ f) = — ZZEF\ISO(V) %GKZ(T), Zf s = 0,

- ZZEF\ISO(V} %@IQ(T), if s = 1.

To prove this theorem we need two propositions which will be used also in the
sequel. We start by noting that in the view of Propsition 5.4, for f € Ay(I") which
has at most linear exponential growth at the cusps of I', the integral

/M ()01 (7. 2 Aupo) du(z)

converges, and we have:
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Proposition 5.10. Let f € Ay(I") and assume that f has at most linear exponential
growth at the cusps of I'. Denote the constant term of the Fourier expansion of f at
the cusp € by a,(0,y). Then we have

/M F(2)0L(7 2 Aupo) du(z)

- > jm

e\ Iso(V)

/fae(Azfxng)@L(T, 002, 0)dp(z)

Eg(:)KZ(T) 8
- \/N |:(1 - ya_y)aé(o’ y):| y:T] :

In particular, the limit on the right hand side exists.
Proof. According to (5.10), we have
(5.16)

/Mf(z)@L(ﬂZ,AzSOo)dM(Z)Z Z lim aef(UeZ)@L(TaUeZ,Azwo)d/i(’f)‘

T—o0 F
£eT\ Iso(V) T

We use Stokes’ theorem to rewrite the integral. For smooth functions f and g on D
we have

(GAT) (009 = (Af)gdu(z) = f(Ag)du(=) + d((DN)g + f(09)).

Consequently,

X foe2)OL(T, 002, ALpo)dpu(2)
Foe

= /faz (AL f)(002)OL(T, 00z, @o)dp(2)

_ 2/8}—0% [(5f<0£2))®L(T, Oyz, gpo) —+ f(O'gZ) (a@L<7—, 0¢Z2, 900))} .

l

Using Propsition 5.4 and inserting the Fourier expansions of f at the cusps, we find
for T'— oo that

(5.18) Z )/f;% f(002)OL(T, 002, ALipo)dp(2)

£eT\ Iso(V

DI RS CECHE TS
e\ 1so(v) ¥ I’
angiT

2 5 T (fiow)ssaion (B o

e\ Iso(V) 2=0-iT
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The second term on the right hand side is equal to

—de@m { ya%)ae((),y)

Inserting this into (5.18) and then into (5.16), we obtain the assertion. O

y=T

Proposition 5.11. Let f be a weak Maass form of weight zero for I' with eigenvalue
A =$'(1—5"). Denote the constant term of the Fourier expansion of f at the cusp ¢
by ar(0,y) = Aw® + By with constants Ay, B, € C. If s' # 0,1, then

Io(r, AL f) = /M F(2)0(, 2, Auipo) du(2).

If s =0, then we have

Az€g~
N A S .
SN N OCH ol + 3 6w

If s =1, then we have
Byey ~

0=1"(1,A,f) = / F(2)OL(T, 2, Avpo) du(z) + Y ==, (7).

M €T\ Iso(V)

Proof. We use Proposition 5.10 for

/M F(2)00(7. 2, Avipo) dpl2)

together with the fact that

a / /
{(1 - y—)ae(O,y)] = (1 —s)AT +s'BIT.
oy y=T
Comparing this with the formula for I"9(7, A, f) of Proposition 5.8, we obtain the
assertion. O

Proof of Theorem 5.9. According to Proposition 5.8 and Lemma 5.1 we have

T =4 Y lim / F02) A0 (7, 002, o))

T—oo

£eT\ Iso(V)
= / f(z)@L(Ta <, AZSDO)
M
Now the assertion of the theorem follows from Proposition 5.11. U

5.5. Regularization using differential operators. Proposition 5.11 also leads to
a different way of defining the regularized integral for weak Maass forms with non-
zero eigenvalue. This regularization uses differential operators, in fact, the Laplace
operator A, on M. It is in the spirit of the regularized Siegel-Weil formula of Kudla-
Rallis via regularized theta lifts [20]. For a related treatment, see Matthes [22].
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Proposition 5.12. Let f be a weak Maass form for T with eigenvalue X\ # 0. Then

I'9(r, f) = / f(2)OL(T, 2, ALpo).

The integral on the right hand side converges absolutely.

Proof. According to Proposition 5.11, we have
1
I9(7, ) = 117, A )

1
= X/ f(2)OL(T, 2, Azpo).
M
By Proposition 5.4, the integral converges. This proves the proposition. U
By Lemma 5.2 we directly see:

Lemma 5.13. If f is a weak Maass form for I' with eigenvalue A\ # 0, then

rote )= T ([ o0 e )

5.5.1. Figenvalue zero. We now explain how the regularization by means of differen-
tial operators described in Proposition 5.12 can be extended to the case when the
eigenvalue is 0. The idea is to use a ‘spectral deformation’ of f into a family of
eigenfunctions.

Proposition 5.14. Let f € Hy(I") be a harmonic weak Maass form. There exists an
open neighborhood U C C of 1 and a holomorphic family of functions (fs)secy on D
such that fs(z) is a weak Maass form of weight 0 for T' with eigenvalue s(1 — s), and

h=1.

Proof. This result can be proved using Poincaré and Eisenstein series for I'. See for
example [10, Section 3], [13, pp. 660], or [3, Proposition 1.12]. O

Let f € Hy(I') and (fs)sev be as in Proposition 5.14. Denote the constant term
of the Fourier expansion of f, at the cusp ¢ by a,(0,y,s) = Au(s)y* + B(s)y
with holomorphic functions Ay(s), Be(s). In view of Proposition 5.12, we have for
s € U\ {1} that

1"9(r, fs) =

s(1 —s) /Mfs(Z)QL(T,Z,Azgoo) du(z).

The right hand side defines a meromorphic function for all s € U. In view of Propo-
sition 5.11, it has a first order pole at s = 1 with residue

3 Bi(1)eg
(519) /— @Kz( )
LeT\ Iso(V)

We can define a regularized theta integral by putting

(5.20) J"(T, f) = CTsy L(l—l_s)/Mfs(z)G)L(T,z,Azgoo)du(z)

We now compare this with the regularized theta integral of Definition 5.6.
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Proposition 5.15. Let f € Ho(I") and (fs)sev be as in Proposition 5.14. Denote the
constant term of the Fourier expansion of fs at the cusp ¢ by ae(0,y,s) = A(s)y® +
By(s)y'=* with holomorphic functions Ay(s), By(s). Then we have

((Dee
N )

T ) =T )+ S K (7).

LeT\ Iso(V)

Proof. We put the Laurent expansion f,(z) = f(2)+ f1(2)(s—1)+O((s—1)?) of f, a
s = 1 into the definition of J”g(T f). Here f{(z) means the value of fi(z) = 2 f(z )

at s = 1. Noticing that CTs_;[ g S)] 1, we obtain that

(5.21) (s, ) = / F(2)00(7, 2, Duipo) dp(2) / FL(2)01(r, 2, Aspo) du(2).

According to Proposition 5.11, the first term on the right hand side is equal to

We compute the second term on the right hand side of (5.21) by means of Propo-
sition 5.10. We have

0
l(l —y—)a,(0,y, s)} = (1 — 8)Ay(s)T* + sBy(s)T' %,
Jy =T
Consequently, for the derivative with respect to s at s = 1 we find

{(1 — yaﬁy)aé((), Y, 1)} = —A/(1)T + Be(1) + By(1) — Be(1)log(T).

y=T

If we call this quantity C,(T), we obtain

/M F1(2)00(r, 2, Aupo) du(2)

- > m

e\ Iso(V)

L @tioenlr o ant) - 2y .

T

Since Afs = s(1 — s) fs, we have Af] = —f. By means of Proposition 5.8, we get

/ / 54@1{ (T)
f(2)OL(T, 2, Aspo) du(z) = =1"(7, f) — (Be(1) + By(1)) —~=—.
/M Zer\zls;)(V) \/N

Inserting this into (5.21), we obtain the assertion. d

In particular, we see that the regularized theta integral J"(7, f) depends on the
choice of the spectral deformation f,. However, the dependency is mild, since only
the derivatives of the constant terms in the Fourier expansions at s = 1 enter.
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6. THE LIFT OF POINCARE SERIES AND THE REGULARIZED LIFT OF Im

6.1. Scalar valued Poincaré series of weight 0. Here we construct scalar valued
Poincaré series of weight 0 for the group I' € G(Q). We will show in Section 6 that the
theta lifts of these series are given by linear combinations of the Poincaré series of the
previous subsection. For simplicity we assume for the construction that I' = I'o(V),
since this is the only case which we will need later for the comparison of our results
with [7]. We let I'o = ((§ 1)) be the subgroup of translations.

Let I,(z) be the usual modified Bessel function as in [1, Chapter 9.6]. For s € C,
y € Ryg and n € Q, we let

27|n|2y2 I,_1 (27Inly), if n#£0,
y°, if n=0.

(6.1) Z,(y,s) = {

For m € Z we define

(62) Cnlzi9) =5 3 [Euly )elma)] o 7.

YEL o \I'

The series converges for R(s) > 1 and defines a weak Maass form of weight 0 for I'y(V).
It has the eigenvalue s(1—s) under Ag. The function Gy is the usual Eisenstein series
while G,,, for m # 0 was studied by Neunhoffer [23] and Niebur [24], among others.
If m # 0, it follows from its Fourier expansion, Weil’s bound and the properties of
the I-Bessel function that G,,(z, s) has a holomorphic continuation to R(s) > 3/4. If
m < 0, then G,,,(z,1) € Hf (T).

6.2. Vector valued Poincaré series of half-integral weight. We recall the def-
inition of vector valued Poincaré series for the Weil representation in a setup which
is convenient for the present paper. These series are vector valued analogues of the
Poincaré series of weight 1/2 considered in [7, Section 2].

Let M, ,(z) and W, ,(z) be the usual Whittaker functions (see p. 190 of [1]). For
se€C,veRypand n € Q, we let

63)  Myo,s) = {r<2f>1<4w|n|v>1/4M;lsgnn,s_;<4w|n|v>, itn 20,
viTa, if n=0.
For h € L'/L, and m € Z + Q(h) we define
1
(6.4) Po(75) = 5 > Mu(v,s)e(mu)en] 12z -
YELLNLY

Here IV := (T) ¢ T with T = ((}1),1). The series converges for R(s) > 1 and
defines a weak Maass form of weight 1/2 for I with representation py. It has the
eigenvalue (s — 1)(2 — s) under Ay, When Q(h) € Z and m = 0, the function
Pon(T,s) is a vector valued Eisenstein series of weight 1/2.

For L as in Example 2.1 we may apply the map (2.5) to P, 4(7,s) for m = ;% and

AN
d € 7Z to obtain the Poincaré series P (7, s) which were considered in [7].
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6.3. The lift of Poincaré series. We now assume that L is the lattice defined in
Remark 2.1. We identify the finite quadratic module L'/L with Z/2NZ equipped
with the quadratic form r +— r?/4N. Moreover, we assume that I' = T'y(N). In this
section we will explicitly calculate the regularized lift of the Poincaré series G_,,(z, s)
defined in Section 6.1 for m > 0.

For the cusp £y = oo, we can realize W = VN (+/las Q(! _;). Hence K := K;, =
Z('_y). Moreover L'/L ~ K'/K. For a, 3 € W(R) we define the C[K’/K]-valued
theta series

Ox(r,0,8) = Y e(QA+B)T— (A +B/2,0))ersk,

AEK'

and we write O (T, v, §) for the individual components. Notice that the theta func-
tion Ok (1) defined earlier is equal to Ok(7,0,0). The following proposition is a
special case of [2, Theorem 5.2].

Proposition 6.1. We have the identity
@L(T7 <, 800) - \/Ny@K (T7 07 0)
VNY & 7 Nny?
+ Tyz Z {exp (— » Y ) Ok(T, nx,O)} l1/2,K V-

n=1 nyF’Oo\F'

Theorem 6.2. Assume that R(s) > 1. If m is a positive integer we have that
s 1

19 _m(z, = NI (s/2 P .. . (7 -).
(G m(2,)) = VANT (5/2) 3P g (7,5 4+ )
For m = 0 we have
N2=5 . s 1
Ireg(,r’ G()(Z, S)) = B C (S)PQ()(T, 5 + Z)

Here (*(s) = 7*/*T'(s/2)((s), and P, 1(7,s) denotes the C[L'/L]-valued weight 1/2

Poincaré series defined in Section 6.2.

Proof. According to Proposition 5.12 we have

I"9(1,G_p(2,8)) = ﬁ /M G_im(z,5)0L(T, 2, Arpo) du(2).

The theta function on the right hand side is square exponentially decreasing at all
cusps. Hence, by the usual unfolding argument, we find that

1

I"9(1,G_n(z2,8)) = ST /F \HI_m(y7 s)e(—mxz)O (T, z, ALpo) du(z).

By Proposition 6.1, we may replace O (7, z, Ag o) by AQyZéL(T, 2z, o), where

- VNy & T Nn?y?
@L(Ta 2, (100) = Ty Z Z |:eXp (_ v Y ) @K(T7 n$70):| |1/2,K -

n=1 yer \I”
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The function éL(T,Z, ¢p) and its partial derivatives have square exponential de-
cay as y — oo. Therefore, for R(s) large, we may move the Laplace operator to
Z_m(y, s)e(—mz) to obtain

1

(6.5) I"9(7,G_n(z,5)) = Ey /F . (AZI_m(y, s)e(—mx))(:)L(T,z, ©o) dp(2)

= /F \H T (y, s)e(—mx)O L (T, 2, o) duu(z)

:—Z > I(rs,mon) ik 7,

n=1~yel, \I'"

where

[e'e) 1 N 2,,2
Hesma) = [~ [ Totspe-ma) o (—” il )9K<7,m,0>ydu<z>.
y=0 J z=0

Using the fact that K’ = Z (1/2N _1/2N> and the identification K'/K = Z/2NZ, we
have

2
Ok (7,nx,0) = Z (f—NT — nbx)

bEZL

Inserting this in the formula for I(7, s, m,n), and by integrating over x, we see that
I(7,s,m,n) vanishes when n { m. If n | m, then only the summand for b = —m/n
occurs, and so

o] N 2,2 d 2
(6.6) I(1,s,m,n) :/0 T m(y,s)exp (_7r ny ) ye( m )e_m/n.

) 4Nn?

We first compute the latter integral for m > 0. In this case we have
T p(y,s) = 2mmey2 I, (2mmy).

Inserting this and substituting ¢ = »? in the integral, we obtain

o Nn2y?\ d
/ I—m(y7s> exXp (_ﬂ- i ) _y
0 v Y

00 N 2,2 d

= 27r/ Vmyls 1 jo(2mmy) exp (—7r ~Y ) &

v Y

Nn?t
—7T\/_/ s—1/2 27rm\/_)exp( n )t_3/4dt.
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The latter integral is a Laplace transform which is computed in [9] (see (20) on p.197).
Inserting the evaluation, we obtain

[ee) N 2,,2 d
/ I—m(yv S) €xXp (_ﬂ- i ) _y
0

v )
_ /7l (s/2) ( Nn? 1/4M mm?v Tm*v
C I(s+1/2) \mm%v Ys/2-1/4 | N | P o2

= VT (s/2) M e (v,5/2+1/4) exp (m) |

4Nn2 2Nn2

Consequently, we have in the case n | m that

4Nn2

2
I(r,8,m,n) = /7l (5/2) M .2 (v,5/2+1/4)e (%ﬁu) €_m/n-
Substituting this in (6.5), we see that

res(r,G_, — VaNT(s/2)S " P.o o (r2+2).
(R Gon ) = VANT (61 P (i +)
Since P, (7, 5) = Pp.—n(7, s), this concludes the proof of the theorem for m > 0.
We now compute integral in (6.6) for m = 0. In this case we have Zy(y, s) = y°.
Inserting this into (6.6), we find

o0 TNn2y?\ d o0 7w Nn2y?
/ To(y, s) exp <— Y ) = =/ exp (— Y >y51 dy
0 v Yy 0 v
~ T'(s/2) ( v )8/2

2 mNn?

Hence, we obtain

[(s/2) voo\8/2
I(1,s,m,n) = 5 <7TNTL2) eo.

Substituting into (6.5), we see that

1_s

Nz272
1"9(7,Go(z,5)) = 7T (s/2)C(s) > v % |ijax Y
YETLALY
N2—3 s 1
= *(s)P, =+ -).
This concludes the proof of the theorem for m = 0. U

6.4. The case of level 1. As an application, we consider the case N = 1 where
[' = SLy(Z). We compute the lift of the space M}(T') = C[j]. A basis for this space
is given by the functions j,, for m € Z>, whose Fourier expansion starts as

Jm(z) =q¢ ™+ O(q).

For instance, we have jo = 1 and j; = 5 — 744.
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We begin by computing the lift of the constant function in terms of Eisenstein
series. As a spectral deformation of the constant function j, = 1 in the sense of
Proposition 5.14 we chose

¢*(2)
G2 —1)
It is well known that Gg(z, s) has a first order pole at s = 1, which cancels out against

the pole of (*(2s —1). We have fi(z) = 1, and the constant term of fs(z) at the cusp
by = 0o is given by A (s)y* + Buo(s)y'~* with

¢r(2) ™

fs(z) = Go(z, ).

Aso(s) = Cs—1) 5(3 —1)+0((s = 1)%),
*(2 12¢'(2
Boo(s) = Ci((23)) =1+ <”y + log(m) — er( )) (s—1)+0((s —1)%).
According to Theorem 6.2, for R(s) > 1, the lift of f; is equal to
* 1
(67) Iv"eg(7—7 fs) = #{%P&o@', % + Z)

By (5.19), the right hand side has a meromorphic continuation to C with a first
order pole at s = 1 with residue B, (1)Ok(7) = Ok(7). In particular, we see that
Poo(7,% + 1) has a first order pole at s = 1 with residue 2Ox(7). We obtain the
following corollary to Theorem 6.2.

Corollary 6.3. We have

w(*(s) P s 1
12¢*(2s — 1) 7 2 4
I"9(r,1) = J™9(7,1) — BL_(1)Ok (7).

J9(7,1) = CToy

We now compute the lift of 7, for m > 0 in terms of Poincaré series. It follows
from the Fourier expansion, Weil’s bound and the properties of the I-Bessel function
that G_,,(z, s) has a holomorphic continuation to R(s) > 3/4. The constant term of
the Fourier expansion of G_,,(z, s) is equal to

drm' o9, 1(m) |,
(25— )¢ (2s) 7
where ga51(m) = 3, d*7, see e.g. [24], [10]. We define

drm! 49 1(m)
2s — 1)¢*(2s — 1)
This function has an analytic continuation to R(s) > 3/4. The constant term in its
Fourier expansion is given by A, (s)y® + Bu(s)y'™* with

(6.8) Jm(z,8) = G_(z,8) — ( Go(z, ).

47Tm1_80'2371(m)
(2s = 1)¢*(2s — 1)’

AOO(S) - -

By (s) = 0.
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Moreover, we have

Hence, we may use the functions j,,(z, s) as spectral deformations of the j,,(2).
According to Theorem 6.2, for R(s) > 1, the lift of j,,(2, s) is equal to
s 1 C*(s) s 1

. S
I, gun15) = VAT (5) 30 Pt (725 4+ 3) + Asels) 5> Poolm 5 + )

nlm

By (5.19), the right hand side has a holomorphic continuation to a neighborhood
of s = 1. Its value at s = 1 is equal to the regularized integral J™9(r,j,,). Since
B..(s) = 0, we obtain the following corollary to Proposition 5.15.

Corollary 6.4. For m > 0 we have I"™(7, j,) = J"9(T, jm).

7. A GREEN FUNCTION FOR (g

In this section, we introduce a Green function 7 for the Schwartz function ¢q. Its
properties will be the key for the proof of the results in Section 4.

7.1. The singular function 7. We first recall the definition of Kudla’s Green func-
tion £ for ¢y (see [16, Section 11] and for our setting Remark 5.3). It is defined for
nonzero vectors X € V(R) and given by

(7.1) E(X,7,2) = v*?E (2nvR(X, 2))e(Q(X)7T)
_ U3/2 </1 e—27rvR(X,z)tﬁ) €<Q(X)7_'>

t

Here Ey(w) = [ e7'% with w € C\R< is the exponential integral as in [1]. Since

(7.2) Ey(w) = —v — log(w) + /Ow(l —e )T,

(the last function on the right hand is entire and is denoted by Ein(w)) we directly
see that £ has a logarithmic singularity for z = Dy when R(X, z) = 0 and is smooth
for Q(X) > 0. Outside the singularity one has, see [16],

(7.3) dd°¢(X,1,2) = o1(X, T, 2)dp(z)

which can be also obtained via Lemma 5.2. Here d° = 1=(8 — 0) so that

dd® = =500 = — L A.du(z).

21

For the relationship between ¢ and ¢, as currents, see Remark 7.8.
We now define for X # 0 our Green function n by

(7.4) n(X,7,2)=m ( / h E,(27R(X, z)t)e%(X’X)t%) e(Q(X)7).

We often drop the dependence on 7 in the notation. We easily calculate

52D et (/00X X)) (@),

(75)  0m(X,2) = —msen(X, X(2) "5
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= N

where X'(2) = £X(z) and erfc(t) = 1 — erf(t) = \/%7 I e " dr is the complimentary
error function. Note that
. 1 1
X) = 5 X+ e (3
For Q(X) # 0, we now analyze the singularities of 7 in more detail.
Lemma 7.1. (i) Let X € V(R) such that Q(X) = m < 0. Then n has a loga-

8z
+ — .
2y VNy \ 0 )
rithmic singularity at z = Dx. More precisely, we have

erfc(24/m|m|v)

(X, 2):=n(X,2)+7 e(m7)log |z — Dx/|?

m|
is a smooth function in a neighborhood of Dx. Furthermore, n(X) and its
derivatives On(X), On(X) are square exponential decreasing (in the coordinates
x,y) at the boundary of D.
(i) Let X € V(R) such that Q(X) =m > 0. Then n(X, z) is differentiable, but
not C*. We have

(X, 2) = %isgn(X, X (2)) exfe (Vao| (X, X (2))]) e(mr)dzx,

which is discontinuous at the cycles cx = {z € D; (X,X(z)) = 0}. Fur-
thermore, assume that Uy is infinitely cyclic. Then n(X) and its derivatives
on(X), On(X) are square exponential decreasing (in the coordinates x,y) at
the boundary of the ‘tube’ T'x\D.

Proof. For (i), we have m < 0. Via (7.2) we therefore immediately see that

n(X,z) +mlog R(X, z) ( / h e—‘“f'm't%) e(mr)

is smooth. By (3.2) the singularity of (X, z) at z = Dy is hence given by

> dt fe(2
- (/ 6_4“"”—) e(mt)log|z — Dx|* = aZ « 7T|m‘v)e(m7) log |z — Dx|?.
v \/g |m|

Since Ej(w) < e™%/w, we have [n(X)| < 7 (foo Mt_‘g/zdt) e(mt). Now the

v R(X,z)
growth behavior follows from (X, X (z2))? = yﬂz (z3]2]2 — 221 Re(2) — x5)° for X =

(75 %2,). Note that since Q(X) < 0 we must have 3 # 0.
By the G-equivariance properties of n, X (z), and dzy, it suffices to show (ii) for X =

+ <\/m_/N—\/W> Then we have (X, X(z)) = F2z/m/y, R(X,z) = 2m|z|*/y?,

(X,0X(2)) = iv/mz/y*dz, and dzx = +dz/+/mz. Hence by (7.5) we obtain
! dz

N erfc (2\/%%') e(mr)?,

which is the asserted equality for this X. For this X, we have ['y = <(6 r91 )> with
some r > 1. Hence cx is the imaginary axis and a fundamental domain for I'x\ D is
given by the annulus {z € D; 1 < |z| < r}. Then (7.6) implies the very rapid decay
in I'x\D. O

(7.6) on(X) = —sgn(x)
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The analog to (7.3) is

Proposition 7.2. Outside the singularities, we have
ddn(X,1,2) = @o(X, T, 2)du(2).
Proof. Using (7.3) we compute

~ dt
ddn(X,7,2) =7 ( / dd°Ey (21 R(X, 2)t)e* (XXt ) mi(X,X)T
dt

Vit
_ - 3/2 X —7i(X,X) (u+tit) (X, X)T
=7 u+it, 2)e e dp(z
E ) <) h(z)
_ ( ngpo(X u+it, z)) —wi(X,X)(u+it)dt> T g ()
( —W(X,X(z))zti| dt) ewi(X,X)’rd,u(z)
= po(X, T, z)du( ).
Here we used o(X, u + it, z) = /te " XX emilX.X)(utit) O

The relationship to Kudla’s Green function is given by

Lemma 7.3. Outside the singularity Dx, we have
L%U(X, T,2) = —m&(X, T, 2).

Proof. We compute

Lin(X,7,z) = —2miv % ( / h E,(27R(X, 2)t)e2m (XXt jtz) e(Q(X)7)
— o2 % / Fi(27R(X, 2)t)e XX jtg) (Q(X)7)
= —7m¢(X,T,2),
as claimed. O

To summarize we have obtained the following diagram

1
-7 L2

(7.7) n(X,7,2) ———&(X,7,2)

I dd° 1 IddC

Lyjo

o(X, 7, 2)dp(2) VT ou(X, 7, 2)dp().

7.2. Current equations. We now consider 7 as a current. The current equations
we obtain for 7 can be viewed as a refinement of Kudla’s current equation for &, see
[16], Proposition 11.1. Namely, for X # 0 we have

(7.8) dd’[§(X, 7)) + v*2e(mT)op, = [p1 (X, 7)dp(T)],
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as currents acting on functions with compact support on D. Here Dy = () if Q(X) >
0. We recover (7.8) by applying the lowering operator L;/, to the current equations
for n below.

We first note that by Proposition 7.2 for a C?-function f on D we have
(7.9) 2mif(2)po(X, 2)dp(z) = d (f(2)0n(X, 2)) — d (0f (2)n(X, 2)) + 0 f (2)n(X, 2),

away from the singularities of 7.

7.2.1. The elliptic case. Throughout this subsection we assume that X € V is a
vector of length Q(X) = m < 0. Then the stabilizer 'y of X is finite.

Proposition 7.4. The function n(X, 1, z) satisfies the following current equation:

erfc(24/m|m|v)
2¢/|ml|

as currents on C?-functions on D with at most "linear exponential” growth. That is,
for such f we have

dd* [n(X, 7')] +m e(mT)éDX = [@O(Xa T)]

[ 1@enx.72)dutz) = g%eﬁc@ Tl £(Dx)
-+ | AR T dute)

Proof. For functions with compact support this can be easily seen using (7.9), Stokes’
theorem, and the logarithmic singularity of 7. In fact, it is very special case of
the Poincaré-Lelong Lemma, see e.g.[27] p.41/42. For functions with at most linear
exponential growth the same argument goes through since n(X) and its derivatives
are square exponentially decreasing. [l

This holds in particular for f a weak Maass form of weight 0.

Corollary 7.5. Let f € H (T'). Then

/M 7)Y ol 2)du(z)

’YEF)(\F

converges, and we have

/Mf(z) veg\r wo( X, 7, y2)du(z) = ﬁ/jjf(z)cpo()(, T, 2)dp(z)

7T€27'rm7'

_ erfe(2 wym\v)rif(z)x).

2y/Im| IIx]

Proof. This is immediate from Proposition 7.4 and the linear exponential growth of
weak Maass forms. O
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7.2.2. The non-split hyperbolic case. Throughout this subsection we assume that X €
V is a vector of positive length Q(X) = m > 0. In addition, we assume that the
stabilizer I'x is infinitely cyclic.

Proposition 7.6. For X as above, the function n(X, T, z) satisfies the following cur-
rent equation:

AT (X, 7))+ elm)x aes = Lo X, 7))

as currents on C%-functions on T'x\D with at most linear exponential growth. That
is, for such f we have

[ FEem in(z) = elmn) | peyay

o(X)
1

47 I'x\D

(Af()) (X, 7, 2)dp(2).

Proof. We can assume that X = /m/N (! _;) so that cx = {z € D; (X, X(2)) =

—% = 0} is the imaginary axis, Ly = <(8 91)>, and I'x\cx inside the annulus
Px\D ={z € D;1 < |z] <r}isgiven by {z = 1y; 1 <y < r}. We define an
e-neighborhood for c¢x in I'x\D by U.(cx) = {2z € U'x\D; |(X, X(2)| = % <e}. We
have

/F TR T2 = i F(2)go(X, 7, 2)dp(2).

=0 Jrx\D-U.(ex)
Using (7.9) we obtain for fixed ¢
1 1 - 1 -
o [t 4o [ o o [ dbpGnx.a).
T Jou.( Cx\D—Ue(

271 U (cx) cx) 2m cx)

ote (cx) = — X — U:(cx))). Here we also used the very rapid decay o
Note 0U, oI'x\D — U, H ] d th id d f
©o, M, and dn at the boundary of the tube I'y\D. As ¢ — 0 the last term becomes
fFX\D (dd°f(2))n(X, 7, z)du(z). The second term vanishes since 7 is continuous. For

the first term, we define cx 4. = {z € I'x\D; —(X, X(2) = § = £¢}. Then by (7.6)
we obtain

/BUE(CXJ)C( 2)on(X; 2) [/ f(2)dzx +/ _Ef(z)de] erfc (v/mmue) e(mr).

Taking the limit completes the proof. Il

This holds in particular for f a weak Maass form of weight 0.

Corollary 7.7. Let f € Hf (T'). Then

/ 1) S wolX,mv2)dn(2)

eFX\F
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converges, and we have

[ 10 ¥ X rani) = [ feelXn i)

el x\T x\D
1
= —e(mT) / f(2)dzx.
2 e(X)

Proof. This is immediate from Proposition 7.6 and the linear exponential growth of
weak Maass forms. O

Remark 7.8 (The split hyperbolic case). Assume that X € V is a vector of positive
length Q(X) = m > 0 such that the stabilizer 'y is trivial. Hence I'x\D = D.
Then Proposition 7.6 carries to the present situation over if one assumes that f is a
function of compact support on D. However, for a function f not of sufficient decay,

| 10T enlXomz)auce)

does not converge. In fact, exactly these terms require the theta lift to be regularized.

8. THE FOURIER EXPANSION OF THE REGULARIZED THETA LIFT
In this section, we give the proofs for the results stated in Section 4. We set

(8.1) Omn(T,2) = D @o(X,7,2),

XELm’h

which defines a ['-invariant function on D. We then have

(8.2) L =% /M  F()0mn(r, 2)du(2),

meQ

which is the Fourier expansion of I (7, f). (Since picking out the m-th Fourier co-
efficient is achieved by integrating over a circle, we can interchange the regularized
integral with the ‘Fourier integral’). More precisely, let f € Hy (T') be a harmonic
weak Maass form for I' with constant terms a; (0) at the cusp ¢. Then by Proposi-
tion 5.8 the m-th Fourier coefficient of the regularized lift is given by

(8.3) /M Y F (. 2)du(2)

. log(T
- Thm f(2)0mn (T, 2)du(z) — \g}(_) Z a; (0)egbe(m, h)
T | M N €T\ Tso(V)

Here Mr is the truncated surface My defined in (2.1) and by(m,h) is the (m, h)-
Fourier coefficient of the unary theta series O, (7) as before. For m # 0, the set
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'\ L, , is finite. Therefore, for these m, we see

(8.4) /N?[”eg F(2)0mn (T, 2)du(2)

log(T)
VN

= lim | ) /f(z) > (X, 7 v2)du(z) -

T—o0 M
XGF\L”TL,}L T 'YGFX\F

> a4/ (0)eby(m, h)

£eT\ Iso(V)

For non-zero m in the elliptic and the split hyperbolic situation we have seen in

Section 7.2 that
/ S F)p0(X, 7, 2)du(2)

~el x\I'

actually converges, corresponding to the fact that by(m,h) = 0. Then the current
equations in Section 7.2, Corollaries 7.5 and 7.7, give the Fourier coefficients for
Theorem 4.1 for those m. We will consider the split hyperbolic periods below, as well
as the 0-th coefficient.

8.1. The split hyperbolic Fourier coefficients. We now consider the case m/N
is a square, when the associated cycles are infinite geodesics. Throughout X € V
denotes a vector of length Q(X) = m with m/N is a square and f € HJ (') is a
harmonic weak Maass form.

In view of the characterization of the regularized integral in (8.4), we need to
consider the behavior of fMT > ver f(2)po(X, 7,7v2)dp(z) as T — oo. For this we
have

Proposition 8.1. The asymptotic behavior of

| 3 e naznt)

~el

as T'— oo is given by

1(/mf@M@)dmﬂ

;— 2\/_[<10g2\/7w + 110g2+47 \/_/ o e" erfc(w)dw) (a}X(O)—l—aZ_X(O))

Vv . ,
+2r <\/0 647rmw2dw> (Z a’ZX (n)627rzR€(C(X))n + az—_x (n)627rz Re(C(—X))n>

n<0

+ (a/ (0) +a;”(0))log(T) | e(mT).

Before we prove the proposition, we first show how this implies the formula for this
Fourier coefficient given in Theorem 4.1. In view of (8.4) we only need to show
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Lemma 8.2.

1 1
85  —— Y. (@ 0 +af (0)=— D af(0)eby(m,h).
2\/ﬁ X€ET\Ly, 1 ¥ * \/N £eT\ Iso(V)

Proof. We can sort the infinite geodesics by the cusps ¢ to which they go. We define
d¢(m, h) to be 1 if there exists a X € L,,;, such that cx ends at the cusp ¢, that is, if

X is perpendicular to ¢. By [11], Lemma 3.7, there are either no or 24/m/Ne;, many
X in I'\L,,, », such that the corresponding cx all end in ¢. Hence the left hand side of
(8.5) is equal to

1
Z ((Be(m h) + 6o(m, —h))af (0) = —= Y egbe(m, h)af (0).
\/_ e\ Iso(V \/N e\ Iso(V)

This proves the lemma. O

The remainder of the section will be devoted to the proof of Proposition 8.1. We
begin with

Lemma 8.3. Let f € Hf (T'). Then

/ ngoXTfyz)du e(mt / f(z)dzx
Mt

yel
1
+— F(2)) on(X,7,7z)
27 J o, gy
1
+ % Zn (X, 7,72).
vel

T _
Here ¢y = cx N Mrp.

Proof. We proceed as in the proof of Proposition 7.6. Since in a truncated funda-
mental domain for I'; the only singularities of Zvef On(X,T,vz) are along ck, every-

thing goes through as before except that one obtains in addition the boundary terms
above. U

As f € Hf (T), we have that df(z) is rapidly decreasing and hence

Lemma 8.4.
1 -
Py lim T@f(z) E n(X,,vz) =0.

el

The main work is to consider

(8.6) L F(2)) on(X,772).

21 My et

By arguments exactly analogous to [5], Lemma 5.2 (where the integral of f against
0¢(X) is considered), we see that the asymptotic behavior of (8.6) as T"— oo is the
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same as the one of

67 g [ S Y X+ g /BM 1) S on(x,rye).

oM = =
Totx V€l Y€l

Here OMryy, ,0Mr,_, are the boundary components of My at the cusps £y, Ix =0_x
respectively. All other terms are rapidly decaying.
The key is the asymptotic behavior of Z’YGF[ on(X,r,vz).

Lemma 8.5. Let r € Q be the real part of the geodesic ¢(X) and write & = au,,.
Define for a nonzero integer n the function g(n,y) by

o9 2/Tom TRYW 2
_ L TRYw d
g(n’y) :/ 647”””/71}2 (6 ( w 2 Trvma) _ %ﬁerfc (2\/7wm + ) >> _’LU
1

TUMmOQ
w

Then for r < R(os2) < r+ a we have

ZaT]XT’}/O'gX)( mr)

Y€l

2m

2\/—a [Zg (n,y)e(=n(z —1)/a) — \/_/ o e’ erfe(w)dw + log(2v/Tvm/y)

+2((z —r)/a) + 3¢(1 — (z = r)/a) + loga + 3 log(2) + 17| d=.

Proof. By applying oy, we can assume that X = \/m/N (1 _2{) so that cx = {z €
D; R(z) = r} is a vertical geodesic. Hence £y represents the cusp oo and Ty, =

{(§%F); k € Z} with o = ay,,. Then (see also (7.6))

- 1 < rom & r)zw
—877(X z) = \/Ex T (/ ¢! % 2dw) e(mt)dz.
1

271 Yy z—r

Replacing z by z 4+ r, we can assume r = 0. We set for s € C

1 B 2
W(Z,S) _ _\/—E_/ e 47Tvmy2w2wsdw’
1

Yz
so that

—817(X z) = w(z,0)e(mT)dz.
2ms
We also define
Qz,8) := Zw(z + an, s),
nez
so that
— Z on(X,,vz) = Q(z,0)e(mr)dz.

2w 4=
Y€l
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Note that Q(z,s) is a holomorphic function in s. For R(s) > —1, we write

Q(z, s)
— 7rvm7<z+an)2w
(88) _ _\/— Z x -+ Om/ 4 b 2wsdw

Z+an

— wvmi(x+an)2 w?
(8.9) i z“““ / R

Z+an

For the term (8.8), we compute

Cso _ e + an)
8.10 9528/ ()~ (5+1)/2 =51 s (sl sgn(z
(8.10) (7m) y <2>Z;(§+n),§+nls

ne

Since 0 < x < a, we see

sgn(z + an) > 1 > 1
(8.11) -y : _
D R Y e e P P cea (R (e
Now (using (3.8))
li — — _ _ N
LD DY ey el R A D LR AU

Since the constant term of the Laurent expansion of the Hurwitz zeta-function H (w’, s)
at s = 11is —(w'), we conclude

- 1
Z w+n]w +nl* g—w(w)+0(s).

n=0

Via (8.10) we therefore easily see

—dom e
(8.12) — ot Z xJ”m/ om0 dw

Z+an

1 1 NG o
NG <—g+§¢(a)+§¢(1—a)_ NG +lg<—>)+0(s)'

Note I"(1/2) = —y/m(210g(2) + 7).
For (8.9), we first substitute w — 1/w in the integral and obtain

771'1)171(17%‘”)2
(8.13) Vi 2“0‘” [

Z+an

Now we apply Poisson summation. Using [5], Lemma 5.1, we see that (8.13) is equals

> g(n,y, s)e(—nz/a)
2\/_05 nez
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with
g(n,y,s)

00 _(2Y/mvm | mnyw 2
:/ e47rvm/w2 <6 ( w +2\/7Wa) QFM erfc (2\/7711771 _|_ TRYw )) w—sd_w'
1

TUmao
w

For n # 0, the function g(n, z, s) is holomorphic at s = 0, while for n = 0 we have

9(0, z,5) :/ w ¥ dw — 27r\/%/ phmom/w? g (2@) W 2dw
1 1

) N
_ \/}/ e erfe(w)dw + O(s).
S 0

Combining this with (8.12) completes the proof of Lemma 8.5. 0
Lemma 8.5 now immediately gives

Lemma 8.6. Let r € Q be the real part of the geodesic ¢(X) and write o = ay,.. Let
f(oez) = X ep ap, (n)e*™=* £ 37 _Ja, (n)e*™#/* be the Fourier expansion of f
at the cusp {x. Then

L 1) S (X, mv2)

2 Jq
M, =
X ’YEFZX

Zg n, T)e(nr/a) (a7, (n) + ag (n)e"™)

n;ﬁO

1 /Z,Za[w(z/oé)+¢(1—z/a)+210ga}f(gex(z+7a))dz

N
1 1 1 Bvmm w? +
N (5 log(2) + 17 + log(2y/mom/T) — \/E/O e erfc(w)dw) ap. (0).

U
For the first term in Lemma 8.6, using erfe(t) = O(e ) as t — oo and erfe(t) = 2
as t — —o0, we easily see
Lemma 8.7.
+ — 4mn
2\/— Jim. Z g(n, T)e(nr/a) (a7, (n) + ag, (n)e'™)
£0
Jo
=27 (/ et dw) (Z af ( m’/a)) .
0 n<0
Il

Summarizing, in view of (8.7), using Lemmas 8.6, 8.7, and Theorem 3.2 we finally
obtain the asymptotic behavior of (8.6). Namely,
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Lemma 8.8. The asymptotic behavior of

2\/_/ f(z de—i—% f(z)zan(X,T,yz)e(—mT)

as T — oo is given by

! / " f(o)dex

N
2\/_ log 2270 4 11og2 4 1y — \/_/ e erfe(w)dw | (a/(0) + a”  (0))

Jo
+27 (/0 et dw) <Z a; (n)e(nRe(c(X))/a) +a; (n)e(nRe(c(—X))/a)) :

n<0

O
Combining Lemma 8.8 with Lemma 8.4 and using Lemma 8.3 completes the proof
of Proposition 8.1!

8.2. The parabolic Fourier coefficient. Let f € H (T'). For m = 0 we have

/ F(2) 00 (. 2)dp( > / F(2)du(z /M S F)eolX,my2)du(z),

XeLg
X;Ao

/:gﬂz Tlgrolo/ F(2)dpz

where

as in [5] and

(8.14) / F(2) Y wo(X, 7, v2)du(z)
XGLO h
X#£0
= lim g / f(z E g wo( X, T,v2)du(z)— @ (0)erbe(0, h) logT|.
T—o0 ’ \Y N
e\ Iso(V ~€el'/Ty XNl p
X#0

by (8.3). Note that b,(0,h) = 1 if and only if h = 0. Otherwise b,(0, h) = 0.

For Q(X) = 0, the function (X, z) and its derivatives have no singularities in D so
that the equation ddn(X,z) = o(X, 2) holds unequivocally. The following lemma
is therefore immediate.
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Lemma 8.9. Let f € Hf (T'). Fiz a cusp {. Then for T sufficiently large we have

/f ) Y D> ol X T y2)dpz)

’YEF/FZ XGZHLO h

z#0
1
AN SIEN BETOD D SIS
OMr ~el Ty X€MLy, 5MT ~el /Ty XElnLo

X#0 X#0

As before, the second term on the right hand side in Lemma 8.9 vanishes in the

limit. In view of (8.14) the following proposition gives the constant coefficient in
Theorem 4.1.

Proposition 8.10. We can write £ N (L + h) = ZByug + keug for some 0 < ky < [y.
Then the asymptotic behavior as T — oo of

L Z Z on(X,r,vz)

2mi "’MT ~ET /Ty XENLo.p
X#0
1S given by
—aH (0)— Tlog(48210) + ~ + (k +(l —k —2logT] .
¢ ( )QW[ g(4B;mv) 4+ 4+ U(ke/Be) 4 U( 0/ Be) gT]

Here we (formally) set 1(0) = —v, which is justified since —v is the constant term of
the Laurent expansion of ¥ at 0.

Proof. We have

Z on(X,r,z)= Z/ on(nug + hy), z).

XelnLop n=—00
X#£0

Here " indicates that we omit n = 0 in the sum in the case of the trivial coset. We
can assume that ¢ corresponds to the cusp oo so that u, = (8 g ) with 0 = G, and
he = (k) for some 0 < k =k, < . We easily see

1 \/E ° 2 2 dt
0 X h — —7m(nB+k)*vNt/y dz.
2 MKt e, 2) 2y (/1 ‘ Vi)

Hence ZveF/F,@ > XenLy, ON(X, 7,vz) is rapidly decaying at all cusps except oo, and
X#0
for that cusp in the limit all terms in the sum over I'/T"; vanish except v = 1. We set

(8.15)

Z / —m(nB+k) th/y s dt
Vi

n——oo

dt
_ w(nB+k)2uNt/y? ;s w(nB+k)?vNt/y? s
s10) =0 [T e z [ e

n—foo
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For the first term in (8.16), we have

(817) — Qﬁﬁ(ﬂﬁ%]\f/gf)sf(s 4 1/2) (H(2s + 1,E/8) + H2s + 1,1 — k/5))

! _?1 Flog(r 820N /y2) + 2108 2 + 4 + b(k/B) + (1 — k/B)| + O(s).

T 28VN

Here H(s,w) =Y .~ (n+w)~* is the Hurwitz zeta function, where for w = 0 we set
H(s,w) = ((s). Then H(s,w) has a simple pole at s = 1 with constant term —(w)
in the Laurent expansion. With our convention for ¢(0) above, (8.17) also holds for
k=0.

For the second term in (8.16), we substitute ¢t — 1/t and apply the theta transfor-
mation formula to obtain

(8.18) 1 /OO Z627rink:/ﬁe—7ry2n2t/g2th—s@ _ (Sko\/_Z Oot_s_s/zdt
QBW L ez t Y

1 1
= S5 T +00),

for a function g with lim, .., g(y) = 0. Combining (8.17) and (8.18) gives an ex-
pression for ©(0)dz = 5=-0n(nX, + he, z) which we can easily integrate over My, to
obtain the lemma. g
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