TRACES OF CM VALUES OF MODULAR FUNCTIONS
JAN HENDRIK BRUINIER AND JENS FUNKE*

ABSTRACT. Zagier proved that the traces of singular moduli, i.e., the sums of the
values of the classical j-invariant over quadratic irrationalities, are the Fourier co-
efficients of a modular form of weight 3/2 with poles at the cusps. Using the theta
correspondence, we generalize this result to traces of CM values of (weakly holomor-
phic) modular functions on modular curves of arbitrary genus. We also study the
theta lift for the weight 0 Eisenstein series for SLy(Z) and realize a certain generat-
ing series of arithmetic intersection numbers as the derivative of Zagier’s Eisenstein
series of weight 3/2. This recovers a result of Kudla, Rapoport and Yang.

1. INTRODUCTION

In [25], Zagier considers the normalized Hauptmodul J(z) = j(z) — 744 for the
group I'(1) = PSLy(Z), where j(z) = e™2™* + 744 + 196884e*™# + . .. is the classical
j-invariant on the complex upper half plane H. Let D be a positive integer and
write Qp for the set of positive definite integral binary quadratic forms [a, b, ¢| of
discriminant —D = b? — 4ac. The group I'(1) acts on Qp. If Q = [a,b,c] € Qp we
write I'(1)g for the stabilizer of @ in I'(1) and ag = %ﬁ for the corresponding
CM point in H. The values of j at such points o are known as singular moduli.

They play an important role in many branches of number theory. The modular trace
of J of index D is defined as

(11) D)= Y mrlag)

1
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By the theory of complex multiplication, t;(D) can also be viewed as a suitable Galois
trace. It is a rational integer.
Zagier shows that the generating series

(12) —¢ ' +2+ ) t5(D)g” = —¢7' +2 — 248¢° + 492¢" — 4119¢" + 7256¢" + ...
D=1

is a meromorphic modular form of weight 3/2 for the Hecke subgroup I'y(4) whose
poles are supported at the cusps. Here ¢ = *" with 7 = u + v € H. He gives
two proofs of this result. The first uses certain recursion relations for the t;(D),
the second uses Borcherds products on SLy(Z) and an application of Serre duality.
Both proofs rely on the fact that (the compactification of) I'(1)\H has genus zero. In
[12, 13], Kim extended Zagier’s results to other modular curves of genus zero using
similar methods.

* Partially supported by NSF-grant DMS-0305448 and NSF-grant DMS-0211133 at the Fields
Institute, Toronto.
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It is quite interesting to compare this result with an older theorem of Zagier [24]
concerning the Hurwitz-Kronecker class numbers H(D) = > .0, () W, which

we consider here as the trace t1(D) of the constant modular function 1 of weight 0.
Zagier constructs a certain Eisenstein series F (7, s) of weight 3/2 and shows that for
the special value at s = 3 (in our normalization)

1 o0

1.3 F(r,2)= > ti(D)¢” B(4mN*v)

D=0

is a non- holomorphic modular form of weight 3/ 2 for F0(4). Here t,(0) = —% =
vol(D(1)\H) and B(s) = [~ t=3%2e~*!dt. It is striking that while the positive Fourier
coefficients of (1.2) and (1.3) are both traces of modular functions, the negative
coefficients are very different in nature. Furthermore, Zagier’s proofs for (1.2) and
(1.3) are totally different.

In [9], the second named author extended (1.3) to realize the generating series of the
class numbers of CM points for general congruence subgroups I' as the holomorphic
part of a non-holomorphic modular form of weight 3/2. These modular forms take

the same form as in (1.3) and are obtained as a theta integral

(1.4) HﬂUZAw1%UZ@¢My

integrating the constant function 1 against a theta series associated to an even lattice
L of signature (1,2) and a certain Schwartz function ¢ coming from [18].

In the present paper, we use the method of [9] to generalize (1.2) to traces t; of
arbitrary modular functions f of weight 0 whose poles are supported at the cusps
on modular curves of higher genus. Namely, we consider the theta integral I(7, f)
replacing in (1.4) the constant 1 by the more general modular function f. Here the
starting point is that I(7, f) does converge since the decay of the theta kernel turns
out to be faster than the exponential growth of f at the cusps, see Proposition 4.1.
Furthermore, the Schwartz function ¢ underlying the theta kernel is closely related
to a Green function for the CM points constructed by Kudla [16]. This approach
also gives a unifying proof for (1.2) and (1.3). Furthermore, we obtain geometric
interpretations for the constant and the negative Fourier coefficients. For instance,
the constant coefficient can be interpreted as the “average value”

reg
1 (2) dz dy

2m I\H y?

9

of f on I"\H. Here f;&fﬂ indicates a certain kind of regularization of the divergent

integral. The negative coefficients involve data coming from infinite geodesics joining
two cusps of T'\H.

To illustrate our result, we now describe a special case, see section 6. For the
general statement which is phrased in terms of the orthogonal group of a rational
quadratic space of signature (1,2), see Theorem 4.5.

Let p be a prime (or p = 1). For a positive integer D, we consider the subset
Qp,p of quadratic forms [a, b, c] € Qp such that a =0 (mod p). Note that I'{(p), the
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extension of the Hecke group I'g(p) C I'(1) with the Fricke involution W, = (} 3'),
acts on Qp, with finitely many orbits.

Let f be a modular function (of weight 0) for I'j(p) whose poles are supported at
the cusp and denote its Fourier expansion by f(z) = > o . a(n)e(nz). We define
the modular trace of f of index D by

(15) em)= Y L ).

F*
ocon s Lol

where I'}(p)q is the stabilizer of @ in T§(p). Finally, we put 01(0) = —5; and o1(n) =
> it for n € Zsg and o1(z) = 0 for = ¢ Zxo.

Theorem 1.1. Let f be a modular function for T'{(p) and denote its Fourier expansion
as above. Assume that the constant coefficient a(0) vanishes. Then

Tf):Zt}( q +Z o1(n) + poy ”/P)) (—n)

D>0 n>0
2
— g g ma(—mn)q~ "™
m>0n>0

is a meromorphic modular form of weight 3/2, holomorphic outside the cusps, for the
group T'o(4p) satisfying the Kohnen plus space condition (see (6.7)). If a(0) does not
vanish, then in addition non-holomorphic terms as in (1.3) occur.

For p =1, and f = J, we recover (1.2).

One can also consider the theta lift (7, f) for other types of automorphic forms
of weight 0. We consider I(7,&y(z,s)), where &(z,s) is the (normalized) Eisen-
stein series for SLy(Z) of weight 0. Via the Kronecker limit formula we then study
I(1,log ||A(2)]|). Here ||A(z)]| is the suitably normalized Petersson metric of the
Delta function A(z).

Theorem 1.2. We have

. . 1

<1> [<T780(Z78)> :C (S+§)I(T7S>'

Here (*(s) is the completed Riemann Zeta function. Moreover,
1 1

ii ——1I(7,log ||A = F(r, =

(i) I log AR = F(r. ),

where F'(, %) is the deriwative of Zagier’s Eisenstein series al s = %

Taking residues at s = % in both sides of (i), we obtain another proof that the
theta integral (1.4) is equal to 2F (7, 3). This can be viewed as a special case of the
Siegel-Weil formula.

On the other hand, I(7,log||A||) can be interpreted in terms of arithmetic geometry.
In that way, one can recover the main result of [23], to which we refer for background
information and further details. We let M be the Deligne-Rapoport compactification
of the moduli stack over Z of elliptic curves, so that M(C) is the orbifold SLy(Z)\HU
oco. For D € Z and v > 0, Kudla, Rapoport and Yang [20, 23] construct cycles
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~

Z(D,v) in the extended arithmetic Chow group of M with real coefficients éT—I%(M),

see [3, 14, 6, 22]. For D > 0, the complex points of the underlying divisor of E(D, v)
are the I'(1)-equivalence classes of CM points of discriminant —D in H. Furthermore,
we let & be the normalized metrized Hodge bundle on M, which defines an element

a(0) = L (00, —log |A(2)|[2) in CHy(M). Finally, we let (,) be the Gillet-Soulé

12
intersection pairing. Since the divisor of A over Z does not intersect Z(D,v) at the
finite places, the D-th Fourier coefficient of — % 1(7,log [|A(z)||) turns out to be equal

~

to 4(Z(D,v),w).

Theorem 1.3 ([23]). We have
(1.6) S E(D,v),5)q" = i}"(r, L,

2
DeZ

Note that the proof of Theorem 1.3 given in [23] relies on the explicit calculation and
comparison of the Fourier coefficients on both sides of (1.6), while our method does
not require that. Also note that we realize the ‘arithmetic’ theta series (Kudla) on the
left hand side of (1.6) as an honest theta integral. Theorem 1.3 can be viewed as an
instance of an ‘arithmetic’ Siegel-Weil formula envisioned and pursued by Kudla and
his collaborators, see e.g. [17], realizing the arithmetic theta series as the derivative
of an Eisenstein series.

Finally, we show that for f a Maass cusp form of weight 0, the lift I(7, f) is
equivalent to a theta lift first introduced by Maass [21] and later reconsidered by
Katok and Sarnak [11].

We thank Ulf Kiihn for suggesting to consider (7, log ||Al|). We also thank Gautam
Chinta, Jiirg Kramer, Steve Kudla and Steve Rallis for helpful discussions on this
project.

2. PRELIMINARIES

Let V' be a rational vector space of dimension 3 with a non-degenerate symmetric
bilinear form (, ) of signature (1,2). We write g(z) = }(z,z) for the associated
quadratic form and let d be the discriminant of V| chosen to be a square-free positive
integer. We fix an orientation for V' once and for all. We let G = Spin(V') ~ SL,
viewed as an algebraic group over Q and write G' ~ PSL, for the image in O(V). We
let D = G(R)/K be the associated symmetric space, where K ~ SO(2) is a maximal
compact subgroup of G(R). We have D ~ H, where H = {z € C; &(z) > 0} is the
complex upper half plane. For our purposes, it is most convenient to identify D with
the space of lines in V(R) on which the bilinear form (, ) is positive definite:

D~{zCV(R); dimz=1and (, )|, > 0}.

Let L C V(Q) be an even lattice of full rank and write L# for the dual lattice
of L. Let I' be a congruence subgroup of Spin(L) which takes L to itself and acts
trivially on the discriminant group L#/L. We write M = I'\D for the attached
locally symmetric space. Throughout we will assume that M is a modular curve,
i.e., non-compact. Note that this happens if and only if V is isotropic over Q. We
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can then view V(Q) as the trace zero part By(Q) of the indefinite quaternion algebra
B(Q) = M»(Q). So

(1) v={x=(2 =) ecm]

T3 —I1
with ¢(X) = ddet(X) and (X,Y) = —dtr(XY). In this setting the action of G ~ SLy
on By is the conjugation:
¢.X :=¢gXg*
for X € By and g € G. Moreover, G(Q) ~ SLy(Q).

Notation. From now on, we will write z = x + iy for an element in the orthogonal
symmetric space D ~ H. The upper case letter X we reserve for vectors in V' (R),
thought of as elements in By(R). Its coefficients we denote by z;. Later on, we will
write 7 = u+iv € H for a modular form variable in H; i.e, we consider 7 as a variable
for the (symplectic) symmetric space associated to SLg ~ Sp(1).

We make the previous discussion explicit by giving the following identification of D
with the upper half plane. We pick as base point of D the line zy spanned by (% ),
and note that K = SO(2) is its stabilizer in G(R). For z € H, we define g, € G(R)/K
by the condition g,i = z; the action is the usual linear fractional transformation on
H. We obtain the isomorphism H — D,

(2.2) 2+ g.zo = span (g.. (% 4)) -

So for z = x 4+ 1y € H, the associated positive line is generated by

1 0 1\ _ 1 [(—3(z+2) =2z
In particular, ¢(X(z)) = 1 and ¢.X(z) = X(gz) for ¢ € G(R). For X = (51 %2,) €
V(R) we have

(2.4) (X, X (2)) = —\/Ta(xgzz —21(2+ 2) — x2)

_ _d(zzw — 21)* + q(X) — sy
\/33539 7

if z3 # 0. We let (, ). be the minimal majorant of ( , ) associated to z € D. One
easily sees that (X, X). = (X, X(2))? — (X, X).

The set Iso(V) of all isotropic lines in V(Q) can be identified with P1(Q) = QU oo,
the set of cusps of G(Q), by means of the map

25) ¥: PYQ) — Tso(V), o((a: f)) = span (:;;5 g;) e Iso(V).

One easily checks that 1 is a bijection, commuting with the G(Q)-actions, that is,
P(g(a : B)) = g((a : B)). So the cusps of M, i.e., the I-classes of P'(Q), can
be identified with the I'-classes of Iso(V). The cusp oo € P'(Q) is mapped to the
isotropic line ¢y € Iso(V') spanned by Xy = (§§). For £ € Iso(V'), we pick o, € SLy(Z)
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such that o,¢y = £. We orient all lines ¢ € Iso(V') by requiring that o,X| is a positively
oriented basis vector of £. We let I'; be the stabilizer of the line ¢. Then (if —1 € I)

o[lI‘mg = {ﬂ: ((1) k?é) i ke Z},

where oy € Q¢ is the width of the cusp ¢. Since o, € SLy(Z), we see that o, does
not depend on the choice of o, € SLy(Z). For each ¢, there is a 5, € Q¢ such that
(8 %@) is a primitive element of /y N O’Z_IL. Finally, we write ¢, = ay/fs. Note (see
[9], Definition 3.2) that £, would be even well defined if we picked o, € SLy(Q). The
quantities ay, B¢, and €, only depend on the I'-class of /.

We compactify M to a compact Riemann surface M in the usual way by adding a
point for each cusp ¢ € '\ Iso(V'); we also denote this point by ¢. For each ¢ € Iso(V'),
there is a neighborhood Uy of ¢ such that z = ~z’ for some v € I and z, 2’ € Uy implies
v € I'y. We write Q; = e (0, '2/y) with z € Uy for the local variable (and for the
chart) around ¢ € M. For T' > 0, we let Dy;r = {w € C; |w| < 527}, and note that
for T sufficiently big, the inverse images Q; ' D, 7 are disjoint in M. We truncate M
by setting

(2.6) My=M- [ @/'Diyr.
0\ Iso(V)

In this setting, Heegner points in M are given as follows. For X € V(Q) of positive
length, i.e., ¢(X) > 0, we put

(2.7) Dx = span(X) € D.

The stabilizer Gx of X in G(R) is isomorphic to SO(2) and for X € L#, 'y = Gx NI
is finite. We then denote by Z(X) the image of Dx in M, counted with multiplicity
\fl_xl' We set Dx =0 if ¢(X) <O0.

For m € Qs¢ and h € L#, T acts on Ly, = {X € L+ h; ¢(X) = m} with finitely
many orbits. We define the Heegner divisor of discriminant m on M by

(2.8) Z(h,m)= > Z(X).

Xe\Lp,m

On the other hand, a vector X € V(Q) of negative length defines a geodesic cy in

D via
cx={z€D; z 1L X}

We denote the quotient I'x\cx in M by ¢(X). The stabilizer I'x is either trivial
(if the orthogonal complement X+ C V is isotropic over Q) or infinite cyclic (if X+
is non-split over Q). If I'y is infinite, then ¢(X) is a closed geodesic in M, while
¢(X) is an infinite geodesic if T'y is trivial. Note that the case X+ C V(Q) split is
equivalent to ¢(X) € —d (Q*)*, see for example [9], Lemma 3.6. In that case X is
orthogonal to two isotropic lines £x = span(Y) and fx = span(Y), with Y and Y
positively oriented. We say £y is the line to associated to X if the triple (X,Y,Y) is
a positively oriented basis for V', and we write X ~ {x. Note Ix =1_x.
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3. A SCHWARTZ FUNCTION OF WEIGHT 3/2

3.1. Geometric Aspects. In [18], Kudla and Millson explicitly construct a Schwartz
function ¢y = ¢ on V(R) valued in Q%' (D), the differential forms on D of Hodge
type (1,1). It is given by

1

5.1) o06,2) = (XX (2 - 5 ) e,

where w = dmy/\gdy = %dzyLQdé. We have ¢(g.X,gz) = ¢(X, 2) for g € G(R). We define

1
B2 P09 =V ) = (4 X2 - 5 ) e,
T

where, following [16], we set

(3.3) R(X,z) =X, X), - 3(X,X) = 3(X,X(2))* - (X, X).

1
2
The quantity R(X, z) is always non-negative. It equals 0 if and only if z = Dy, i.e.,
if X lies in the line generated by X(z). Hence, for X # 0, this does not occur if
q(X) <0.

The geometric significance of this Schwartz function lies in the fact that for ¢(X) >
0, the 2-form ¢°(X,z2) is a Poincaré dual form for the Heegner point Dy, while
©%(X, 2) is exact for ¢(X) < 0. Furthermore, Kudla [16] constructed a Green function
€0 associated to ¢°. We recall the construction of £2. We consider the exponential
integral Ei(w) for w € C, defined by Ei(w) = fi”oo %tdt, where the path of integration
lies in the plane cut along the positive real axis, see e.g. [1]. It is well known that
Ei(w) has a logarithmic singularity at w = 0. For X € V(R), X # 0, we define

(3.4) (X, 2) = — Ei(-27R(X, 2)).

Hence £°(X] 2) is a smooth function on D\ Dy. For ¢(X) > 0, the function £°(X, 2)
has logarithmic growth at the point Dy, while it is smooth on D if ¢(X) < 0. In
particular, £°(X, z) is locally integrable.

We let 9, 0 and d be the usual differentials on D. We set d° =
dd® = —200.

21

(0 — 9), so that

1
41

Theorem 3.1 (Kudla [16], Proposition 11.1). Let X # 0. Away from the point Dx
(3.5) Ad°EO(X, 2) = (X, 2).

The function £°(X, z) is a Green current of logarithmic type for Dx associated to
02X, 2) (see [22]), i.e., as currents

(3.6) dd°[€°(X,2)] + dpy = [¢°(X,2)],

where 0p, denotes the delta distribution concentrated at Dx.
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Proposition 3.2. For q(X) > 0, the differential forms £°(X, z), 0¢°(X, 2), 0¢°(X, 2),
and ©°(X, z) are of “square-exponential” decay in all directions of D, i.e., they are
0(e "), as & — o0,
O(e_CyQ), as y — 0o,
O(e= "), asy — 0,

for some constants C' > 0, and uniformly in y in the first case, and uniformly in
x in the other two. In particular, the current equation (3.6) does not only hold
for compactly support functions on D, but also for functions of “linear-exponential”
growth in all directions, i.e., O(eC1), O(e“Y), and O(eC/Y), respectively.

Proof. Write X = (5. 2, ). Since ¢(X) > 0, we have x3 # 0. By (2.4) we see

—2rR(X,z) =2n(X,X) — « (d(:ch _\/%1;;4_ a(X) + \/Exgy) :

This implies the described decay of the above differential forms. O

3.2. Automorphic Aspects. For 7 = v+ iv € H we put g, = (§ %) (”10/2 v*01/2>’
and define

BT pXrs) = halg)pX,) = (XX - 5 ) e

27
where (X, X),, = u(X, X) +w(X,X), = 7(X, X) +iv(X, X(2))? Hence
(3.8) O(X, 7, 2) = 2T HX, 7).
Then, see [19, 9], for h € L# /L, the theta kernel
(3.9) On(T, 2, ) Z o(X,T,2) € QY(D)F
Xeh+L

defines a non-holomorphic modular form of weight 3/2 with values in QY'(M), for
the congruence subgroup I'(N) of SLy(Z), where N is the level of the lattice L (and
for To(N) if h = 0). More precisely, we let Mp,(R) be the two-fold cover of SLy(R)
realized by the two choices of holomorphic square roots of 7 +— j(g,7) = ¢7+d, where
g=(2%) € SLy(R). Then there is a certain representation p, of the inverse image I
of SLy(Z) in Mp,(R), acting on the group algebra C[L# /L] (see [2], [4]). We denote
the standard basis elements of C[L# /L] by ej,, where h € L# /L. For the generators
S=((Y3).v7),and T = ((§1),1) of I, the action of py, is given by

pr(T)en = 6((h h)/Q)eha
pr(S)en =

eh/
% |L#/ L h/eLZ#/L

We then define a vector valued theta series by

O(r, z,¢) Z@hngp

heL# /L
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We have, see [18, 5],
@(T, Z, (,0) € Ag/gyL ® QI’I(M),

where A3/ 1, denotes the space of C'"*°-automorphic forms of weight 3/2 with respect
to the representation py,, that is, for (v, ¢) € IV,

O(Y'T, 2,0) = 6°(7)pL(7', 9)O(T, 2, ).

More generally, we denote the holomorphic modular forms of weight k for IV with
respect to pr, by My, r, and write M, ; for those forms which are holomorphic on H
but meromorphic at the cusp, see e.g. [2, 4].

To lighten the notation, we will frequently drop the argument .

4. THE THETA INTEGRAL

We now consider O(7, z) as a vector valued top-degree differential form on M =
'\ D. We want to pair it with suitable O-forms f on M. We need the following result
on the growth of ©(7, z) in D.

Proposition 4.1 ([9], Proposition 4.1). For each h € L* and 7 € H and at each
cusp £, we have

01, (7,002) = O(e~Y) as Yy — 00,

uniformly in x, for some constant C' > 0.

Proof. This follows from the proof of Proposition 4.1, [9]. Note however the confusing
typesetting errors in this proof; several occurrences of exp(-) should be e(-). We
therefore give a very brief sketch of the argument given there.

It is easy to see that it is sufficient to assume L = Z3 in (2.1) and that it suffices to
show that 0(, z) is rapidly decreasing as y — oo. For simplicity we assume d = 1.
Note h = (}61 _(,)H) with hy = 0 or hy = 1/2. . So we have to consider the growth of

Hh(Tv Z) = Z 90<(i:13 —I’; ) Ty Z)

x1€Z+hy
r2,L3EZ

as y — oo. Applying partial Poisson summation with respect to xy, we obtain

(4.1)  Ou(1,2) = _BL/? Y7 (wasF) e (—7a}) e (—[w + 2571327 — 2m12])
v $1€Z+%1
w,r3€

2
X exp (—Wy—(w + ng)Q) dxdy.
v

— _% Z (w+ z57)° € (—=7(z1 — 237)%) € (2(z1 — 237/2)7W)

z1€Z+hy
w,r3EZL

2
X exp (—Wy—|w + x37'|2> dxdy.
v

The assertion follows. Il
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We denote by M{(T') the space of (scalar valued) weakly holomorphic modular
forms of weight 0 with respect to I'. It consists of those modular functions for I"
which are holomorphic on D ~ H and meromorphic at the cusps of I'. Hence any
f € M{(T) has a Fourier expansion at the cusp £ of the form

o0

(4.2) floz) = Z ag(n)e(nz),
nELZ
oy
with as(n) = 0 for n < 0. In particular,
floez) = O(e*™Y) (y — o0)
for some N > 0.
We define the theta lift of f by

(4.3) [(T,f):/Mf(z)@(T, (/ F(2)0n(r, z)

We also write
(4.4) B ) = [ Hme)

for the individual components. Proposition 4.1 implies the convergence of (4.3). Then
it is clear that I(7, f) defines a (in general non-holomorphic) modular form on the
upper half plane of weight 3/2.

Definition 4.2. (Modular trace for positive index)
For m € Q-g and h € L#/L, we then define the modular trace function of f by

1
(4.5) = Y fz > T |f<DX>
2€Z(h,m) XeT\Lp,m X

Definition 4.3. (Modular trace for m = 0)
For m = 0, we set

ono [ dx dy
R O

For f non-constant, the integral fM f(Z)dZ;ly

(4.6) / f(z)dxfy:hm / f(z dxdy

is divergent, and is regularized by setting

T—o0

where My is the truncated surface defined by (2.6). The regularlzed integral is com-
puted in Remark 4.9 below.

Definition 4.4. (Modular trace for negative index)

If n € Q. is not of the form n = —dm? with m € Q¢ we put ts(h,n) = 0. If
n = —dm? with m € Q- we define t¢(h, —dm?) as follows: Let X € Lj, _gp2, so that
X+ is split over Q, and ¢(X) is an infinite geodesic. We can choose the orientation

of V such that
1 m T
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for some r € Q. In this case the geodesic cx is explicitly given in D ~ H by
cx = oo {z € H; R(z) = —r/2m}.

We call the quantity —r/2m the real part of the infinite geodesic ¢(X) and denote it
by Re(c¢(X)). Recall that for the cusp £x, we denote the corresponding local variable
by Q¢ =€ (ae_xlz/agx). We write Q.(x) = nge%iRe(c(X))/wX. We now define

< f’ C(X) S = — Z (i (n> 2mi Re(c(X))n Zaé X 27riRe(c(—X))n

n<0 n<0
_ f(Qe(x)) f(Qe=x))
_ReSQ‘XZO(QgX—1)+ReS (QZX_1>
We then put

tr(h,—dm’) = Y < fe(X)>.

XEF\Lh,fdm2

Theorem 4.5. Let f € M)(T) with Fourier expansion as in (4.2), and assume that
the constant coefficients of f at all cusps of M vanish. Then the Fourier expansion
of In(7, f) is given by
Li(r )= tp(hym)q™ + Y ty(h,—dm?)g ™"
m>0 m>0

with ¢ = e*™7, and where t;(h,m) is the modular trace function defined above.

If the constant coefficients of f do not vanish, then Iy (7, f) is non-holomorphic,
and in the Fourier expansion the following terms occur in addition:

ey (0) Ty (O) 2\ —dm?
Z 0)er + Z Z B(4rvdm=)qg~ ™,
2mvud o\ o) m>0 Xer\L 8mvvdm

NL+h#0
where B(s) = [ t73/2e~*dL.

Remark 4.6. (i) The theta lift I(7, f) was studied in [9] for the constant function
f =1¢€ M)(T). There it was shown that I;,(7, 1) is non-holomorphic and

(1,1) Ztl (h,m)q™ +
m>0
Here €(h) = e 1oy Se(h)ee with d¢(h) = 1if £N L + h # 0 and zero otherwise.
This generalizes Zagier’s non-holomorphic Eisenstein series of weight 3/2 [24].
(ii) If M is compact, i.e., a Shimura curve, then M(T') = My(T') = C, and I,,(7,1)
was considered by Kudla-Millson, see e.g. [19]. Here one has

= Z t1(h,m)q

m>0

h,—dm?2

B(4mvdm?®)g~".

1
7T\/_ )+Z Zm 4/vdm

m>0X€Lh —dm2

We will now show that the trace function t;(h, —dm?) vanishes for large m > 0, so
that I(7, f) € Mé 2L For this, we sort the infinite geodesics according to the cusps
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from where they originate. For m € Qo, we define Ly, _gm2o = {X € Ly _g21n; X ~ (}

and see
—1
Lh,—dm2 = | | | | Y Lh,—dm2,£‘

e\ Iso(V) vel',/\I'

Furthermore

H\Lp—am> = > #TN\Ln—ame e

£eT\ Iso(V)

so that we conclude

2m8€ if Lh,_de’g 7é @
0 else.

(4.7) ve(h, —=dm?) == #T\ Ly, _gm20 = {

with e, = ay/f, as in section 2 (see [9], Lemma 3.7).

Proposition 4.7. Let f € M}(T) with Fourier expansion as in (4.2). Then

ty(h, —dm?) = — Z ve(h, —dm?) Z ag(n)e*™ ™

Lel\ Iso(V) ne %;Z«)
2 2mir'n
— > wl=h,—dm®) Y a(n)e™,
e\ Iso(V) "G%Z@

with r = Re(c(X)) for any X € Ly _gm2 0 and " = Re(c(X)) for any X € L_p _gm2 0.
In particular,
tr(h,—dm?®) =0 for — m>0.

Proof. We have
(48) tf(h, _dm2> E—— Z Z gy, (n)e27ri Re(c(X))n

Xel\Ly, _ 42 ne 12 Z<o

@

— Z Z ar (n)e27ri Re(c(fX))n'

XeM\L;, _gm2 neo%eZ<0

We denote the first term in (4.8) by G(h, —dm?). So the second term in (4.8) is equal
to G(—h, —dm?). We have

G(h,—dm®) = > G(h,—dm’ 1),
e\ Iso(V)

where

G(h, —dm?, () = — Z Z g(n) 2T RO

X€MLy, _ 4,2 0 ne ;11Z<0

We can assume that a set of representatives for I';/\ Lj, _gm2 ¢ is given by

{Ykzagm<(1) 27’—1—_/{:16@/771); /{::0,...,2msg—1}
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for some r € Q. In particular, Re(c(Yy)) = —r — k% Thus,

2epm—1

G(h, —de, 6) = — Z Z ae(n/ae)efZﬂi(r+k,Bg/2m)n/o<g
k=0 n€Zo

2eym—1

_ Z ag(n/ag)ef%rirn/ag Z 672Trink/(2mz-:g)

TLGZ<0 k=0

= —2mey Z ag(n/og)e2mirmiee,

ne2mepl<o

The other term, G(—h, —dm?), is treated in the same way. O

Theorem 4.5 and Proposition 4.7 imply

Corollary 4.8. Assume that all constant coefficients of f € My(T) vanish. Then

I(Tu f) < M§/2,L'

Remark 4.9. One can compute t;(h,0) as follows. We consider the Eisenstein series
for I' of weight 2 at the cusp 4, i.e., at oco:

(4.9) Ex(z,8) = ) (1,2 (v 2) 7,

’yEFgO\F

where j(g,2z) = cz+d for g = (2 }4). Then, see e.g., [15], the series Ey(z, s) converges
for s > 0 and has a meromorphic continuation to C. At s = 0, F»(z, s) is holomorphic,
and we put Es(z) = Fs(z,0) which defines a (non-holomorphic) modular form of
weight 2 for I'. The Fourier expansion Es,(z) = j(oy, 2) 2Fs(0y2) at a cusp £ is of
the form

Y

(4.10) Es(z) = <bg(0) + c(0)1> + Z be(n/ay)e? =/,

Here b,(0) = dp 4, is the Kronecker delta and ¢(0) = —#Z(OM) is independent of /.

Using Stokes’ theorem and the fact that 9(Ey(2)dz) = 0(0)% one sees similarly
to [2] section 9 that the regularized divergent integral flf\elgj f(2)du is equal to

(4.11) ~o0) Z ay Z ag(—n)be(n).

e\ Iso(V) ”GD%ZZZO

In particular, if I" is a congruence subgroup of SLy(Z), we may make this more
explicit, using the Fourier expansion

3 = :
E(z) = i 242 o1(n)e*™"
n=0
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of the (non-holomorphic) Eisenstein series £ (z) of weight 2 for SLy(Z). Here 04(0) =

—o and o1(n) = Zﬂ t for n € Z~o. Arguing as in [2] section 9 we find in this case

(4.12) e )dxdy s Y Y al-

D y £eT\ Iso(V) n€lsg

For f =1 we recover the well known relation »,cp\ 151y @ = [PSL2(Z) : T].

Proof of Theorem 4.5. We give the outline of the structure of the proof, which reduces
the theorem to the computation of several orbital integrals. We will compute these
integrals in the next section.

We define

(413)  Ohm(r,2)= > w(X,72) and 6, (v,2)= > (VX 2).

XGLh’m XeLh,m

By (3.8) we then have
(/ f ehm v Z)) q )

@) L= [ 3 () -
meQ meQ
which is the Fourier expansion of I;(7, f). (Hence interchanging summation and
integration is valid in the last step).
For m # 0, I'\ L, is finite. Therefore, for these m, we obtain for the latter integral
n (4.14):

(4.15) /Mf(z) (v, 2) Z Z f(2)" (v WX, 2)

M Xer\Lp, m 7€M x\T
- 3 [ 2 seswxoe),
XeM\Lpm M yerx\T

provided the interchange of summation and integration is valid, i.e., the integral in
(4.15) converges for all X.
Then the statement about the positive Fourier coefficients of I(7, f) follows from

Proposition 4.10. Let X € L + h such that ¢(X) > 0. Then
> FRe"(VoX,yz) € LN(M),
yel x\I'
and

/ S F)(VOX,7z) = |F1X|f<DX>.

YELx\I'

For ¢(X) < 0, the space X+ C V has signature (1,1), and we have to distinguish
two cases, depending on whether X+ is isotropic over Q or not. If X+ is isotropic
over Q, then f‘X is trivial and ¢(X) € —d (Q*)®. If not, Ty is infinite cyclic and

q(X) ¢ —d(Q*)* (see [9] Lemma 4.2).
For m ¢ —d (Q*)?, (4.15) reduces the statement about the m-th coefficient to
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Proposition 4.11. Let X € Ly, with m < 0 such that m ¢ —d (Q*)*. Hence L'x is
infinite cyclic. Then

Y FR(VoX,vz) € LN (M)

yeLX\I'

| ¥ roeixan -0

’YEF)(\F

and

For the split case, we have
Proposition 4.12. Let X € Lj, g2 (with m € Qsg) so that Tx = 1. Then
/ S F(2)6 (Vi X,72) € LY (M)
vyel
and

/§3f O(iX,72) = (a1, (0) + ar_ (0))

vyel

1
— B(4wvdm?
81/ vdmﬁ< )

. Z (g (TL 2mi Re(c(X))n Z as. X 27rzRe (e(— X))n

n<0 n<0

It remains to compute the constant coefficient of I, (7, f), which is given by

(4.16) /M W (VuX, 2).

XeL-i—h
q(X)=0
We would like to split this integral into two pieces; one for X = 0 (if h = 0) and the
other for X # 0. However, for X = 0, we simply have ¢(7, X) = ——w and therefore
Ju f Y 9(0,2) does not converge due to the exponential growth of f. In order to
split the 1ntegral (4.16) we therefore have to regularize it, as explained in (4.6). We
obtain

@i [ e 5“/’f w+A{ P(VIX, 2).

XGLh 0
X#0

The first term is t¢(h, 0).
Proposition 4.13. For the second reqularized integral in (4.17), we have

/M P(VeX,2) = 27?\/— 2«

X€Lpp e\ Iso(V)
X#0 NL+h#0

This finishes the (outline of the) proof of Theorem 4.5. O
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5. ORBITAL INTEGRALS

In this part of the paper, we will prove Propositions 4.10, 4.11, 4.12, and 4.13.
We begin with a lemma on Fourier transforms, Which we will need later. For a
function g(t) on the real line, let g(w) = [ g(t)e*™™dt be its Fourier transform.

Lemma 5.1. For a,b > 0, let

€_a2t2
h(t) =1t —ib)——.
(6) = 1t — ) 5
Then
. 1 2,9 4b2+7r2w2
h(w) = ——e*? <7rabe2”b“’ erfc (“ b*”’) Ve @ > .
a

Here erfc(x) is the standard complementary error function given by

erfc(z / .
\/_

Proof of Lemma 5.1. By [7], p. 74 (26), the Fourier transform of f(t) = t%> is

fw) = T ga?s? (e7>™" erfc(ab — mw/a) — ™" erfc(ab + mw/a)) ,

(note the different normalization there). By differentiating under the integral, we see

a2 .
that the Fourier transform of tf(t) = tzﬁ is given by the derivative —g- f'(w).
Since h(t) = tf(t) — ibf(t), we obtain for the Fourier transform of h:

h(w) = — o () — ibf(w)

But
i £ b a?b? (_—2mbw 2mbw
—2—f (w) = —5e (e erfc(ab — mw/a) + *™ erfe(ab + mw/a))
T
+ 2\/7_T€a2b267(a2b2+7r2w2/a2).
a
Lemma 5.1 follows. U

Proof of Proposition 4.10. Let X € L# such that ¢(X) > 0. Then ['x is a finite cyclic
group. Using the [-invariance of f, we see

(5.1) 1) S VX, 2) = / IR x.2)

D YELx\T

mﬂ/f O(oX, 2).

By Proposition 3.2, the decay of ¢°(\/vX, z) offsets the growth of f. Therefore the
last integral in (5.1) exists, which implies the existence of the first integral and the
validity of the unfolding. By Theorem 3.1, Proposition 3.2, and D 5y = Dx we see

/f O(iX, 2) = UM+L$WM@MWA
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But dd°f = 0, since f is holomorphic. This proves Proposition 4.10. U

Proof of Proposition 4.11. Let ¢(X) =m < 0 for X € V, so X! has signature (1, 1).
Assume that X is non-split, so that F X is infinite cyclic. By conjugation, we can
always assume that X = /—m/d(} % ). Then I'y = <(0 2 )> with some e > 1.

Using (2.4) we find for our partlcular ch01ce of X that (X, X(2))? = —4my—. There-

fore, in view of the explicit formula for ©°(X, 2), we obtain by (formally) unfolding
the orbital integral:

f@>§j¢%ﬁxwa:4vj@w%ﬁxa

yElX\T
2 1 rmves dx d
= 64’""”/ f(2) (—4mvx—2 — —) ¢ x2y.
Ix\D y* 2w Yy

A fundamental domain G of I'x\ D is the domain bounded by the semi arcs |z| = 1
and |z| = €2 > 1 in the upper half plane:

(5.2) G={zeD;1<]|z| <€}.

But in this region, the rapid decay of ¢%(X,z) offsets the growth of f(z) as z ap-
proaches the boundary of G. So all considered integrals actually exist and unfolding
is allowed. Finally, by Theorem 3.1 we have

/ F() (VX 2) = / O(JOX, 2)dd f(2) = 0
I'x\D I'x\D

since f is holomorphic. This proves Proposition 4.11. U

r\D

Proof of Proposition 4.12. Here we consider the case that ¢(X) = —dm? (m > 0).
Note that the proof of Proposition 4.11 does not carry over, since for X € Lj g2
and Ty trivial, the integral [, f(2)¢"(y/vX,z) does not exist. (Even for f =1, see
[9]). Since f is holomorphic, by Stokes’ theorem we have

/f Zw (VoX,72) = /f 1003 (X, 72)

5 ] d (f(z)aze;é)(ﬁx, 72))

= dim [ (530X ).

vyel

Note here
OR(X,z) _
] 0 X - _ ) QFR(X,Z).
(5:3) O(X, 2) R(X, 2) ©

For an isotropic line ¢, we write My, for the boundary component of My at the
cusp corresponding to £. So OMp = HEGF\ Tso(V) OMr,.

For any X € L_g,2, there is an involution Jxy € G(Q) taking X to —X and
interchanging the lines £x and /x. (It could be made unique be requiring in addition
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that JX(ﬁxﬂL) — (xNL.) For example, for X = m (} 2}), we can take Jx = T_,JT,
where J = (° -1 $) and T, = (7). So for an arbltrary X € L_g,2, we can take
Jx =00, JXIO‘Z where X' = Tp X,

Lemma 5.2.

(5.4) lim Z@é‘o (VvX,vz) = lim f(2) Z 0 (VuX,vz)

e 8MT yer e OMr,ex v€ley
+ lim f(2) Y 0 (VuX,y2).
o.9] aMT ,YGFZX

Proof. Choosing the orientation of V' appropriately, we have

/ 1y 1 2r
X'=o0, X = (O 1
for some r € Q. Then

lim F(2)) 08 (VX yz)

T—o0 OMy ver
ayp+iT
(5.5) = — hm Z / floe2) Z 0 (Vv X, y0y2)
EEF\ISO(V # €T
ayp+iT
= hm Z / f(oe2) Z 0" (VoX' o, y0ouz).
EEF\ISO(V z=iT’ ~ver
We have
+7)? 1
5.6 X X(2)? = ddm? = ddm? —1).
(5.6) (X, X(2)) e TASESU(E+ 1)
If g=(2%) € G(R), we see by means of (3.3) and (5.6) that
1 lcz + d]*|(a +rc)z + b+ rd|?
R(X', gz) = 2dm? = 2dm?
X0 = 20 S 8 ) 2

with Jy =T_,.JT, as above.

Let T' be an arithmetic subgroup of G(Q). Then there is an ¢ > 0 such that
R(X',gz) > ¢ for all g € T, uniformly on y > 1. Moreover, using (5.3), one easily
checks that there is a o > 0 such that

agO(\/EX/’ gZ) < 6—6(|cz+d\2+|(a+rc)z+b+rd\2)e—&deZ

for all g = (28) € T with ¢ # 0 and a + rc # 0, uniformly for y > 1.
This implies that

al—HT
— llm Z / f(oe2) Z 2% (Vo X', szlyagz) =0,
ZGF\Iso(V z yer
(UZ;'YUE)?EO,
C(JX/O'Z;"/O'g);éO
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where ¢(g) denotes the lower left entry of g € SLy(R). Consequently, in (5.5) we
only have to consider the terms with c(a[xlfyag) =0 or c(JX/a[leyag) = 0. But
c(ae_leyag) = 0 is equivalent to cr[Xl’yagéo = {y. Hence ¢ = o,y is T'-equivalent to
lx = o0y, lp and therefore we may assume ¢ = fy. Now C(O’ZXI’YO'gX> = 0 implies
v € I'y,. We obtain the first summand on the right hand side of (5.4).

On the other hand, C(JX/UZ 'v0,) = 0 means yoly = oo Ixby = Jxlx = Ix.
Hence ¢ is I'-equivalent to / x. So we assume { = / x and hence v € F~ This gives
rise to the second summand on the right hand side of (5.4). U

Lemma 5.3. For X € Lj, _gy,2, we have

67 o dm [ ) Y 00X 52)

v€ley

1 ,
—————ay, (0)B(4mvdm?) — (g, (n)e?m i ReXn,
871'\/@777, fX( )B< ) Z fX( )
n€@Z<O
Proof. As before, we can write X’ := U[XlX = m({?) for some r € Q. Hence

Re(¢(X)) = —r. For simplicity, we write o = oy, and g(z) = f(0s, 2) with Fourier
expansion g(z) =) -1, a(n)e(nz). We first see

(5.8) — lim f(z) > 0 (VX v2)

1 . TTan
=g, [ o 06 (Vo (3*5)
z=iT n

For Y =m( 2(“’1“”)), we note
2dm?
2
2dm?
2

R(Y,z) = (z + 7+ an)? + 2dm?,

OR(Y,z) = (x+r+ozn)(1+§(a:+r+an)).

Therefore by (5.3):

6747rvdm2 (z4r+an)?/y?

—1 2
0€" (VoY z) = —e M (a4 1 + +r+an—i dz.
(VY 2) ; e (x+7r+an)(x+7r+ an —iy) G ranE i z

Wesett=x+1r+an,a= 2—”2‘””, and b = y, and obtain

. —a2t2 .

350(\/5}/, 2) = b —a?b?y Ht — Zb) T ds — _%e_a%a
with A(t) as in Lemma 5.1. Hence, the Fourier transform of hy(t) = h(x + 7 + at) is
given by

h(t)dz

1 . ~
hl(w) _ 56_2M(I+T)w/ah(w/06>.
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By Poisson summation, Lemma 5.1 therefore gives

208 (Vom (5204) ,2)

nel

_ Z i 6—27ri(x+r)w
2cv/vdm

1
wGEZ

X <27r\/ vdme*™ erfc (2\/ modm + /Twy/2V vdm) — 6_4”“dm2_”w2y2/4“dm2> dz

Inserting the Fourier expansion for g and carrying out the integration we get for the
quantity in (5.8):

lim a (w) 67271'1'7"10 6727er

47r\/ dm T—o0

welz
X (27?\/ vdme*™ 7 erfc (2\/ mudm + /TwT /2V vdm) - e‘4mdm2_”w2T2/4”dm2>

— lim CL(U}) 6727Ti1‘w

47-(\/ dm T—oo lZ
(27TV dm erfc (2\/ vdm + \/_wT/Z\/_dm> _ —m(2Vodm+wT/2v/vdm)? ) .

The square exponential decay of e~ T(2VvdmtwT/2Vvdm)? fo 4 # 0 implies that the
contribution corresponding to these terms vanishes in the limit. Therefore the above
quantity is equal to

(5.9) — WG(O) (QW\/IEWL erfc <2\/7r_vdm> — e—4mdm2>

1 )
— — lim Z a(w)e *™ erfc (2\/ mvdm + /TwT 2V vdm) :
2T i)
’LUEE

Using the identity 8(t) = 2 (e — /wterfc(v/t)) we find that the first term in (5.9)
is equal to
1

87v/vdm

For the second term in (5.9), we first note that erfc(t) = O(e™*’) as t — 400 and
lim, , . erfct = 2. Hence the second term in (5.9) is equal to

— Z a(w)e 2,

wEéZ«)

a(0)B(4mvdm?).

This gives Lemma 5.3. U
This finishes the proof of Proposition 4.12. O

Proof of Proposition 4.13. We now consider Proposition 4.13; the sum over the non-
zero isotropic vectors. We write X, for the primitive positive oriented vector in LN/.
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We can write £ N (L + h) = ZXy + hy for some hy € L+ h if 6,(h) # 0. We then have

reg reg
)Y PWixa= [ f Y Y Y QWi
D X€Lpo D €T\ Iso(V') X€bn(L+h) 7€ \T
X0 X70

= ). 2) ). Z Vu(nXy + he),vz).

LeT\ Iso(V F\D ~ET, \['n=—0c0
5e(h)¢0
Here Y indicates that we omit n = 0 in the sum in the case of the trivial coset. As
before, we obtain by Stokes’ theorem

reg

(5.10) f(2) Y (VX 2)

D X€ELpo
X0

D SN N FECD D S I (SRR

eI\ Iso(V) OMr ~EL\I n=—00
3e(h)#0

Note (X, X(2)) = Vdr/y for X = (3#). By (5.3) we find for g = (2t) € G(R) that

9 (VuX, gz) = —

1
CETIECD
Similarly to the proof of Proposition 4.12, we then see that on the right hand side of

(5.10) in the limit the terms for v # 1 vanish, while for v = 1, we have a contribution
at the boundary component corresponding to the cusp ¢. Thus

—m;er/%(gz)QdZ.

reg 1 ‘ iT+oy 1 i )
f(2) E ‘PO(\/EX, z) = o E Th_r)go . f(2) E ZemvdnBetke)* /Y7 1
D X€ELpo ¢eT\ Tso(V) T e —o0 Yy
X#0 8e(h)#0

Here o, (X + hg) = (J P¢{*) for some number k. Note that in the limit a possible
term for n = 0 and ky; = 0 vanishes. Then, by carrying out the integral and Poisson
summation we obtain

o0

1
/ e WX, 2) = ) g—;;ag(()) lim Y Te—wvd(nﬁww/w

T—o0
XELh 0 e\ Iso(V) n=—o0

X#0 5¢(h)#£0

6[@3(0) . —rw?T?2 ) (vdB2
= Z _— hm Z ( wke/ﬁ ) Tw (v Bé)
terTm(v) 2TV vd T2 0y

S¢(R)#0
= X )
e\ Iso(V) &

3e(h)#0

This concludes the proof of Proposition 4.13. U
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6. EXAMPLE

We explain how to obtain the example from the introduction. Let p be a prime. We
consider the quadratic space V(Q) as in (2.1) with the quadratic form ¢(X) = det(X).
We let L be the lattice

b 2c
({1 %) wneen)

Then L has level 4p and is stabilized by I'y(p). The modular curve M = T'y(p)\D
is compactified by adding the two cusps 0o, 0 of I'y(p), which are represented by the
isotropic lines

01 0 0
(6.1) lp = span <O 0) : ¢, = span (_1 0> :

We may take oq, =1 and oy, = (9 '). One checks that ag, =1, g, = 2, 4, = 1/2,
and oy, = p, Be, = 2p, €0, = 1/2.

The Heegner points now can be described as follows. If X = (,Qbap E%) € Lisa
vector of positive norm —A = ¢(X), then the matrix

_(ap b/2Y _1/0 -1
(02 o=(h "2)=5(1 o)~
defines a definite integral binary quadratic form of discriminant A = b? — 4pac =
—q(X). Here the I'y(p)-action on L corresponds to the natural right action on qua-
dratic forms, and the cycle Dy coincides with the CM point aq (resp. a_g) cor-

responding to @ (resp. —Q) if @ is positive (resp. negative) definite as in the
introduction. We then easily see

(6.3) Z0,-A)= > 2

OéQ.
I
QEQ A ,/To(p) To(Pe

Let f € M}(To(p)) be a weakly holomorphic modular form and denote its Fourier
expansions at the cusps oo, 0 by

[ =Y atnenz)  and  flon2) = 3 bln)e(nz),

nez 1
nGpZ

respectively. By (6.3), we have
2
(6.4) t;(0,-A) = Z Wf(o@)-
Qe0 a /mom) 0@

By means of Remark 4.9, we see that

t7(0,0) =4 > (a(-=n)o1(n) + pb(—n)o1(n)).

neZZO
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We find a different expression for t(0,0) by applying the residue theorem to the
meromorphic 1-form f(2)(&2(2) — El2(W,)(2))dz on To(p)\H. This yields

> a(=n)(o1(n) — por(n/p)) = > b(—n/p)(o1(n) — por(n/p)),

HEZZO nEZZO

and therefore

(6.5) £0.0)=2 3 (a(=n) +b(=n/p)) (7:(n) + pos(n/p)).

TLGZZO

For the modular traces of f with negative index n, we first recall that by Propo-

sition 4.7, we have t(0, n) = 0 unless n = —m? with m € N. Furthermore,
(0 %.) € Lo _m24, and (" 2) € Lo _m2,. This implies that the quantities r and r’
in Proposition 4.7 are equal to 0. Thus
(6.6) tr(0,—m?) = —2m Y (a(—mk) + b(—mk/p)).

k€Z>0

Collecting the terms (6.4), (6.5), (6.6) now shows that Theorem 4.5 implies The-
orem 1.1 of the introduction: For f € M}(T¢(p)) (i.e., f is in the +1-eigenspace for
the Fricke involution W), we have a(n) = b(n/p), and t;(0, N) = 2t3(NN) for N > 0.
Thus, if a(0) = 0, then

G(r, f) = 7 1Lo(7, f)-

Finally note that —¢(X) is congruent to a square modulo 4p for X € L (which we
write as —¢(X) = O (4p)). Consequently, G(r, f) belongs to M;;Q'(p), the Kohnen

plus space of weakly holomorphic modular forms of weight 3/2 for the group I'(4p)
having a Fourier expansion of the form

(6.7) g(r)= > cn)g"
—ngéz(llp)

If f € M}(To(p)) is in the —1-eigenspace for W,, we have a(n) = —b(n/p), and

I()(T, f) = 0,

since we directly see t;(0,N) = 0 for N > 0, while for N < 0 we have t;(0, N) =0
by (6.5), (6.6).
For p =1, we get G(7, f) = 51o(7, f), and for f = J, we recover Zagier’s result.

7. EXTENSIONS

In this section, we consider other automorphic forms of weight 0 for I' as input for
the theta lift under consideration in this paper.
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7.1. The Lift of the weight 0 Eisenstein Series and log|A|. For z € H and
s € C, we let

Eo(z,8) = %C*(QS +1) Z (%(72»5—1-%

~v€ls\ SL2(Z)

be the (normalized) real analytic Eisenstein series of weight 0 for SLy(Z). Here
P = (§%) and ¢*(s) = 7 */*T(£)((s) is the completed Riemann Zeta function.
Recall that &(z, s) converges for R(s) > 1/2 and has a meromorphic continuation to
C with a simple pole at s = 1/2 with residue 1/2. Furthermore, it is well known that
Eo(z,—s) = &(z, 9).

We consider the quadratic space V(Q) as in (2.1) with the quadratic form ¢(X) =
det(X). For simplicity, we let L in this section be the lattice

L—{(b C); a,b,cEZ}.
a —b

We have L# /L = 7,/27, the level of L is 4, and I = SLy(Z) takes L to itself and acts
trivially on L# /L. We let ¢, e; be the standard basis of C[L# /L] corresponding to
the cosets h = (%1 —(f)n) with h; = 0 and hy = 1/2, respectively.

We let K be the one-dimensional lattice Z together with the negative definite
bilinear form (b,b') = —2bl'. We naturally have L# /L ~ K# /K. We define a vector
valued Eisenstein series &3/ i (7, s) of weight 3/2 for the representation px by

1 1. ., 161
Epp (T, 8) = ——(s+ )" (25 +1) Z (UQ( 2)90> 372,675

47 2
Y ETLALY
where the Petersson slash operator is defined on functions f : H — C[K# /K] by
(flaje.x 7)(T) = o(7) " pi! (V) f(y7)

for v/ = (v,¢) € I". Here I'’_ is the inverse image of I'y, inside I". Again we have
Es/2,k (T, —8) = E32,k (7, 5), as we will also see below. We set

(71) .F(T,S) = (53/27[((47', 8))0 + (53/27[((47', S))l'

Then the value of F(7,s) at s = 1/2 is a (non-holomorphic) modular form of weight
3/2 for T'y(4) and is equal to Zagier’s Eisenstein series as in [10, 24]. This can be
seen as follows. The right hand side of (7.1) realizes the isomorphism of vector
valued modular forms of type px with the space of modular forms for I'y(4) satisfying
the Kohnen plus-space condition, see [8], section 5. On the other hand, Zagier’s
Eisenstein series is the only Eisenstein series of weight 3/2 for I'g(4) in the plus-space
and has the same constant coefficient as F(7, 5). Note that our F (7, s) has a different
normalization as Zagier’s F (7, s), see also [23], section 3.

Theorem 7.1. With the notation as above, we have

(7.2) I(r,60(25)) = C'(5 + 5)Espax(r,5)
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Proof. As in [2], section 4 we define the theta series
k(ma,B)= > Y e(-T(@+p)’)e(=(z1+5/2,a)) e
heK# /K x1€K+h

By (4.1) we then have

2
O(r,z) = _3i/2 (w + 237)% exp <—7ry—|w + x37'|2) Ok (1, —wz, —x37)drdy
v w,r3EZL v
e F+d)? " e 4 dp) d dud
- _mZn Z (cT+d) exp | —m leT + d| i (7, —ndz, —ncx)dxdy.
n=1 c,deEZ
ged(c,d)=1
Now take a,b € Z such that 7/ = ((g ). Ver + d) € I". By [2], Theorem 4.1 we find
(7.3) Ok (7, —ndx, —ncz) = (c7 +d) * pit () Ok (v'7, —nx, 0).
Hence
n2y? ,
O(r 3/22 Z (c7 4+ d)** exp —7T7|C7'+d|
= v eTL AT

X p (V) Ok (v, —nwx, 0)dady.
Then by the standard Rankin-Selberg unfolding trick we obtain for R(s) > 1

I(7,80(2,8)) = (*(2s + 1) /F \H O(r, 2)y’ts

v (28 4 1) Zn S (eF+ )

= o el“l \1“/

0 2 2 d
></ exp (— n |c7'+d|2> 3%
0 Y
1
X pgt () < / Or('T, —mc,O)dx>
0

1 1 1
_ _C*(QS + 1)F (5(8 + 5) + 1) 7.{.—(1-1—%(5-&-%))4"(5 + 5)
1 1
1 vz(5—3) 1 L
X = Pk (7") e
2 yermye ler +df* 2 (et +d)*?
L1
= (" (s+ 5)E/2,x(T,5).

2

Taking residues at s = 1/2 on both sides of (7.2) we obtain
Corollary 7.2.

1
](T, ].) == 253/27]( (T, 5) .
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We let

oo

Az) = p2miz H (1 . e27rinz)24

n=1

be the Delta function. We normalize the Petersson metric of A such that
IA(2)] = e *“|A(z) (4my)°],

with C' = (v + log 47).

Theorem 7.3. We have

1 1
~ 51 (g (1A = & (73
Proof. Recall that the Kronecker limit formula states

(7.4) 5 Tog (JAG)Y]) = lim (En(z,5) — C*(25 — 1)).

1
53

By (7.4), Theorem 7.1 and Corollary 7.2 we have

_1—121(7, log (|A(z)y6|)) — il—{l% (I (1,&0(z,8)) — I(7,(*(2s — 1)))

. . 1
= 1im (¢*(s + )€/ (m,5) = 20"(25 = DEsa(r. ;)

/ L1 1
= & (T, 5) + 5 (log(4m) — ) E3/2,k (T, 5)
Here we used ) .
¢'(s) = pon 5log(dm) —v) + O(s — 1).

The theorem follows now follows from
1 1 1
—QI(T, log(4m) — C) = D) (log(4m) — ) &2,k (7, 5)
O

With the notation as in the introduction, the cycles ZA(m,v) for m > 0 with

—m = 0,1 mod 4, are given by, see [23] section 3,
~ ~ 1

Z(m> U) = (Z(m)a E(ma 1})) € CHR(M)
Here Z(m) is the divisor in M given by the moduli stack over Z of elliptic curves E
such that there is an embedding O,, — End(F), where O,,, is the order of discriminant
—m in Q(v/—m). Thus Z(m)(C) = Q,,/SLy(Z) =: Z(m) (with each elliptic curve
counted with multiplicity m) Moreover,

_ 1 0
E(m,v) = 1 E £’ (2v/vX)
XeL#
(X, X)=m

o~

is a Green function for Z(m). For m < 0, the Z(m,v) are defined similarly using £°
with the divisor either supported at oo (if m = —n? or m = 0) or empty (otherwise).
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Remark 7.4. In [23] and in section 6 (with p = 1), the cycles Z(m) are constructed
using the trivial coset of the lattice L = {(4, %); a,b,c € Z} in V(Q). Since

L =2L#, we can use L instead. On the other hand, for the proof of Theorem 7.1, the
setting of vector valued modular forms and theta series, in particular (7.3), is quite
convenient. Via (7.1) we then can go back to the scalar valued situation.

Theorem 7.5. We have
~ 1
(7.5) Z(Z(m, v),w)q" = ZF’(T,

meZ

1
3)

Proof. We only show this for m > 0. For the other coefficients we refer to [23]; they
can be done with the methods developed in this paper as well. We have

Flrg) =15 [ 3 PRVIX.2)log(|AE]) 0T,

XeL#
This follows from (7.2). By (3.6) we have

19 -5 X [ Levxelanl - > (1A

L XeL# z€Z(m
5(X,X)=m
1 _ dxdy
— [ E(m,v)—5.
2m Jur Yy
Since the divisor of A over Z is disjoint to Z(m), we now easily see using the definition
of the star product that (7.6) is equal to 4(Z(m,v), ). O

Our method should generalize to modular curves of higher level. Furthermore, the
results above suggest that one should consider I(7,log || f||) for other modular forms
than A. In particular, the case when f is a Borcherds lift [2, 4] could be of interest.

7.2. The lift of Maass cusp forms. We let L2, (I'\D) be the space of cuspidal
square integrable functions on I'\D = M. It is clear that we consider I(7, f) for
f e L2,,(\D) as well. It turns out that this lift is closely relating to another
theta lift first considered by Maass [21] and later reconsidered by Katok and Sarnak
[11]. Namely, they considered, in our notation, the space V'~ which is the space V'
together with the negative bilinear form —(, ). Hence V'~ has signature (2,1). The

Siegel theta series for V'~ is given by
On(T, 2, 021) = Z P2,1(X, 7, 2)

XeL+h

with q91(X,7,2) = pemi(—u(X,X)+iv(X,X).)

weight 1/2 for 7 € H. We can then define

it f) = 30 ( / f<z>eh<m,soz,1>dzfy) o

heL*/L

Then 6,(7, z,p21) is automorphic with

for f € L%, (T\D). In fact, in [21, 11] only Maass forms are considered, that is,

cusp

eigenfunctions of the hyperbolic Laplacian A = —? (88—;2 + 38—;>.
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For the relationship between I and [I,;, first recall that the Maass raising and
lowering operators are given by Ry = 22’%%—]{:1}4 and Ly = —QiUQ%. Hence Ry_oLj =
—A}, where A} is the weight k Laplacian for 7 € H as in [4]. We also need the operator
& which maps forms of weight &k to forms of “dual” weight 2 — k. It is given by

&&()(T) = " 2L f(7) = Rt f(7).

Lemma 7.6. The two kernel functions oxy = @ and @a1 of the two lifts I and Iy
satisfy the following fundamental relationship:

§12021(X, 7, 2) - w = —Torm (X, T, 2).
Furthermore, we have

—4A/%902’1 (X, T, Z) = ASOZJ(X) T, Z)

Proof. This can be easily seen by a direct and straightforward calculation. Alter-
natively, one can switch to the Fock model of the Weil representation, see e.g. [5],
section 4, and perform the calculation there. ]

Theorem 7.7. For f € L2, (T'\D), we have

cusp

fl/QIM(Ta f) = _T‘-I(Ta f)
If f is an eigenfunction of A with eigenvalue X\, then we also have

A

53/21(7',f) = —EIM(Tyf)-

Proof. The first assertion immediately follows from the lemma. For the second, note
that £3/281/2 = R_3/2L1)2 = _A/1/2~ Then by the adjointness of A we see

1 A

53/2[(7—7 f) = _%63/251/2[1\4(7—7 f) = %All/ZIM@—a f) = _EIM(Ta Af) = _EIM(ﬂ f)
]

The theorem shows that the two lifts are equivalent on Maass forms. Note however,
that due to the moderate growth of 8, (7, 2, p2,1) one cannot define I;(f) on M. On
the other hand, since I(7, f) is holomorphic for f € M}, we have &2I(, f) = 0.

7.3. The lift of weak Maass forms. In [5], section 3, we introduced the space of
weak Maass forms Hy(I"). It consists of those forms f(z) on D of weight k for I which
are annihilated by the weight & Laplacian and satisfy f(o,2) = O(e®¥) as z — oo for
some constant C'. Here we are only interested in Hy(I'). A form f € Hy(I') can be
written as f = fT + f~, where the Fourier expansions of f* and f~ are of the form

[Ho) = ) af(n)e(n2)

”EQ%Z
frloz) =a; (0)o+ > a(n)e(n2),
nEO%ZZf{O}

where a (n) = 0 for n < 0 and a; (n) =0 for n > 0. We let H; (T') be the subspace
of those f that satisfy a, (n) = 0 for n > 0 (for all £). It consists for those f € Hy(I')
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such that f~ is exponentially decreasing at the cusps. It significance lies in the fact
that & maps H{ (T') onto Sy(T), the space of weight 2 cusp forms for I'. We define
tr(h,m) for m > 0 as before, while we define the modular trace of negative index
t¢(h, —dm?) by replacing a,(n) with the holomorphic coefficients a; (n).

Theorem 7.8. Let f € H (T') and assume that a; (0) = 0 for all £. Then

= tp(hym)g™ + Y ty(h,—dm?®)q """,

m>0 m>0

Proof. Since f is harmonic, the proofs for the positive coefficients and for ¢(X) =
m ¢ —d (QX)Q, the non-split case, are still valid. That is, Propositions 4.10 and 4.11
carry over with no change. The term for X = 0 stays also the same. Hence we only
need to analyze the orbital integrals over the isotropic lines and for the split case,
q(X) = —dm?. For the extension of Proposition 4.12, we let X € L_g,2> and see

[ 10X @ ixan =5 [ 1003 (Wi, 2)

~erl ~yel

— % Md(f(Z)ﬁZ@(ﬁX,vz)) _%/M(éﬂz))azg(ﬁ)ﬁvd.

vyel vyer

The first term is handled in exactly the same manner as in the proof of Proposi-
tion 4.12. Only at the end of the proof of Lemma 5.3, when inserting the Fourier
expansion of f, an extra term occurs. But one easily sees that this extra term vanishes
in the limit. For the second term, we have

/M (0(2)0 Y €(/oX,2) = - /M d(éf(z)ZfO(ﬁW))

vyer vyer

+ [ (008N T (i, 2).

yel

But the first summand vanishes by Stokes’ theorem, since Of(z) is rapidly decreasing
as f € Hy, while second term is zero since 99 f(z) = 0 as f is harmonic. The orbital
integrals over the isotropic lines are treated in the same manner. O
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