ON THE INJECTIVITY OF THE KUDLA-MILLSON LIFT AND
SURJECTIVITY OF THE BORCHERDS LIFT

JAN HENDRIK BRUINIER AND JENS FUNKE*

ABSTRACT. We consider the Kudla-Millson lift from elliptic modular forms of
weight (p + ¢)/2 to closed g-forms on locally symmetric spaces corresponding to
the orthogonal group O(p, ¢). We study the L?-norm of the lift following the Rallis
inner product formula. We compute the contribution at the Archimedian place.
For locally symmetric spaces associated to even unimodular lattices, we obtain an
explicit formula for the L?-norm of the lift, which often implies that the lift is in-
jective. For O(p,2) we discuss how such injectivity results imply the surjectivity of
the Borcherds lift.

1. INTRODUCTION

In previous work [8], we studied the Kudla-Millson theta lift (see e.g. [19]) and
Borcherds’ singular theta lift (e.g. [3, 6]) and established a duality statement between
these two lifts. Both of these lifts have played a significant role in the study of
certain cycles in locally symmetric spaces and Shimura varieties of orthogonal type.
In this paper, we study the injectivity of the Kudla-Millson theta lift, and revisit
part of the material of [6] from the viewpoint of [8], to obtain surjectivity results
for the Borcherds lift. Moreover, we provide evidence for the following principle:
The vanishing of the standard L-function of a cusp form of weight 1 + p/2 at sy =
p/2 corresponds to the existence of a certain ”exceptional automorphic product” on
O(p,2) (see Theorem 1.8).

We now describe the content of this paper in more detail. We begin by recalling the
Kudla-Millson lift in a setting which is convenient for the application to the Borcherds
lift. Let (V, Q) be a non-degenerate rational quadratic space of signature (p, q). We
write (-,-) for the bilinear form corresponding to the quadratic form @. We write r
for the Witt index of V, i.e., the dimension of a rational maximal isotropic subspace.
Throughout we assume for simplicity that the dimension m = p + g of V is even.
We realize the symmetric space D associated to V' as the Grassmannian of oriented
negative g-planes in V(R).

Let L C V be an even lattice of level N, and write L* for the dual lattice. The
quadratic form on L induces a non-degenerate Q/Z-valued quadratic form on the
discriminant group L# /L. Recall that the Weil representation p; of the quadratic
module (L# /L, Q) is a unitary representation of SLy(Z) on the group ring C[L# /L],
which can be defined as follows [3], [6]. If (¢y),cr#,r denotes the standard basis of
C[L# /L], then py, is given by the action of the generators 7= (}1) and S = (9 ')
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of SLy(Z) by

pr(T)(e,) = e(v%/2)e,,

(—(p—q)/8)

p(S)(e,) = 3 e(—(7.6))es.

VIEEILL sl

where e(w) := e*™*. This representation factors through the group SLy(Z/NZ).
Let I' € O(L) be a torsion-free subgroup of finite index which acts trivially on
L# /L. Then

X =T\D
is a real analytic manifold. For x € L# with Q(z) > 0, we let
D,={z€D; z Lz}

Note that D, is a subsymmetric space attached to the orthogonal group H,, the
stabilizer of x in H. Put I', = I' N H,. The quotient

Z(z) =T,\D, — X

defines a (in general relative) cycle in X. For h € L#/L and n € Q, the group I'
acts on Ly, = {z € L+ h; Q(x) = n} with finitely many orbits, and we define the
composite cycle

Zh,n)= > Z(x).

deF\L}hn

Kudla and Millson constructed Poincaré dual forms for such cycles by means of
the Weil representation, see e.g. [19]. They constructed a Schwartz form g €
[S(V(R)) @ 29(D)]°V)®) on V(R) taking values in Z%(D), the closed differential
g-forms on D. Let wy be the Schrodinger model of the Weil representation of SLy(R)
acting on the space of Schwartz functions S(V(R)), associated to the standard addi-
tive character. We obtain a C[L# /L]-valued theta function on the upper half plane
H by putting

@(7’27¢KM> = U_m/4 Z Z (Woo(gT)QPKM)(l‘, Z)eh'

heL# /L x€L+h

Here 7 = u+idv € H and g, = (} }) <\(/f \/g—1> € SLy(R) is the standard element

moving the base point ¢ € H to 7. In the variable 7, this theta function transforms
as a (non-holomorphic) modular form of weight x = m/2 for SLy(Z) of type pr. In
the variable z, it defines a closed g-form on X. Kudla and Millson showed that the
Fourier coefficient at e*™"7¢;, is a Poincaré dual form for the cycle Z(h,n).

Let S, 1 denote the space of C[L#/L]-valued cusp forms of weight x and type pr,
for the group SLo(Z). We define a lifting A : S, , — Z9(X) by the theta integral

(L1) fHMﬂ:/ (). 0(r. 2 prar)) T

SLa(Z)\H v?

Y

where (-, -) denotes the standard scalar product on C[L#/L)].
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In the present paper, we consider the question whether A is injective. We compute
the L:-norm of the differential form A(f) in the sense of Riemann geometry by means
of the Rallis inner product formula [27]. First, using the see-saw

Sp(2) O(V) x O(V)

SL2 X SLQ O(V)

and the Siegel-Weil formula (see e.g. [20], [21], [23], [30]), the inner product can be
expressed as a convolution integral of f against the restriction of a genus 2 Eisenstein
series to the diagonal (see Proposition 4.7).

Such convolution integrals can be evaluated by means of the doubling method, see
e.g. [5], [13], [25], [27]. If f is a Hecke eigenform of level N, one obtains a special
value of the partial standard L-function of f (where the Euler factors corresponding
to the primes dividing the level N and oo are omitted) times a product of “bad”
local factors corresponding to the primes dividing N and oco. If m > 4, then, by
the Euler product expansion, the special value of the partial standard L-function is
non-zero. Therefore the lift A(f) vanishes precisely if at least one of the “bad” local
factors vanishes. By the analysis of the present paper we determine the local factor
at infinity.

In the special case where L is even and unimodular, the level of L is N = 1, so that
oo is the only “bad” place. The space Sy, is equal to the space S, (I'(1)) of scalar
valued cusp forms of weight s for I'(1) = SLy(Z). We obtain the following explicit
formula for the L?-norm of the lift (see Theorem 4.9):

Theorem 1.1. Assume that m > 3 + r, where r is the Witt index of V. Let f €
Se(T(1)) be a Hecke eigenform, and write || f||3 for its Petersson norm, and Dy(s)
for its standard L-function. Then A(f) is square integrable and

IAGDIE _ (. _Dslm/2= 1)

A3 Cm/2)¢(m —2)°
where C = C(p,q) is an explicit real constant, which does not depend on f.The
constant C' vanishes if and only if p = 1.

Corollary 1.2. Assume that m > max(4,3+r) and that L is even unimodular. When
p # 1, the theta lift A is injective. When p = 1, the lift vanishes identically.

It would be interesting to compute the bad local factors at finite primes (or at least
to show their non-vanishing) as well. However, in our setting, this requires first a
Hecke theory for vector valued modular forms in S . Its foundations are developed
in [9], but a newform theory is not yet available. It seems conceivable that one could
prove more general injectivity results along these lines. For the relationship between
the vector-valued modular forms in Sy ;, and the adelic language, see [17].

Note that in this context, J.-S. Li [15] has used the theta correspondence and
the doubling method for automorphic representations in great generality to obtain
non-vanishing results for cohomology when passing to a sufficiently large level.

In the body of the paper, we actually consider the generalization of the Kudla-
Millson lift due to Funke and Millson [12]. It maps cusp forms in S, to closed
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differential ¢-forms with values in certain local coefficient systems. Moreover, we use
an adelic set-up for the theta and Eisenstein series in question.

1.1. Surjectivity of the Borcherds lift. We briefly discuss how the injectivity
results on the Kudla-Millson lift imply surjectivity results for the Borcherds lift. We
revisit part of the material of [6] in the light of the adjointness result of [8] between
the regularized theta lift and the Kudla Millson lift. We restrict ourselves to the
Hermitean case of signature (p,2) where X is a p-dimensional complex algebraic
manifold. The special cycles Z(h,n) are algebraic divisors on X, also called Heegner
divisors or rational quadratic divisors.

We say that a meromorphic modular form for I has a Heegner divisor, if its divisor
on X is a linear combination of the Z(h,n). A large supply of modular forms with
Heegner divisor is provided by the Borcherds lift, see [2], [3]. We briefly recall its
construction.

A meromorphic modular form for a congruence subgroup of SLy(Z) is called weakly
holomorphic, if its poles are supported on the cusps. If k € Z, we write M,LL for the
space of weakly holomorphic modular forms of weight & for SLy(Z) of type pr. Any
[ € My, has a Fourier expansion of the form

Z Z nT)eh,

heL# /L neZ+Q(h

where only finitely many coefficients c(h, n) with n < 0 are non-zero. We write V'~
for the quadratic space (V, —Q) of signature (2,p) and L~ for the lattice (L, —Q) in
V-

Theorem 1.3 (Borcherds [3], Theorem 13.3). Let f € M| 2.1~ be a weakly holo-

morphic modular form with Fourier coefficients ¢(h,n). Assume that c(h,n) € Z for
n < 0. Then there exists a meromorphic modular form V(z, f) for T (with some
multiplier system of finite order) such that:

(i) The weight of W is equal to ¢(0,0)/2.
(ii) The divisor Z(f) of U is determined by the principal part of f at the cusp oc.

It equals
Z Zc(h,n)Z h,n

heL# /L n<0

(iii) In a neighborhood of a cusp of T' the function VU has an infinite product ex-
pansion analogous to the Dedekind eta function, see [3], Theorem 13.3 (5.).

The proof of this result uses a regularized theta lift. Let ¢2° € S(V(R)) be the
Gaussian for signature (p,2). The corresponding Siegel theta function

@<Tv Z?SOO) =v Z Z (WOO(gT)(pO)(maZ)eh
heL#/L x€L+h

transforms like a non-holomorphic modular form of weight p/2 — 1 of type p., in the
variable 7. Hence the theta integral

(1.2) B(z f) = / 1 )80 AT i
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formally defines a I'-invariant function on D. Because of the singularities of f at
the cusps, the integral diverges. However, Harvey and Moore discovered that it can
be regularized essentially by viewing it as the limit 7" — oo of the integral over the
standard fundamental domain truncated at S(7) = T, see (3], [14]. It turns out that
®(z, f) defines a smooth function on X \ Z(f) which has a logarithmic singularity
along Z(f). Moreover,

®(z, f) = —2log || ¥(z, f)l|pet + constant,

where || - ||pes denotes the Petersson metric on the line bundle of modular forms of
weight ¢(0,0)/2 over X. From this identity, the claimed properties of W(z, f) can be
derived.

Modular forms for the group I' C O(L) arising via this lift are called automorphic
products or Borcherds products. By (ii) they have a Heegner divisor.

Here we consider the question whether the Borcherds lift is surjective. More pre-
cisely we ask whether every meromorphic modular form for I' with Heegner divisor
is the lift W(z, f) of a weakly holomorphic form f € MLMZ’L,?

An affirmative answer to this question was given in [6] in the special case that the
lattice L splits two hyperbolic planes over Z. In the (more restrictive) case that L is
unimodular, a different proof was given in [7] using local Borcherds products and a
theorem of Waldspurger on theta series with harmonic polynomials [29].

The approach of [6] was to first simplify the problem and to consider the regularized
theta lift for a larger space of “input” modular forms. Namely, we let Hj ; be the
space of weak Maass forms of weight k and type pr. This space consists of the smooth
functions f : H — C[L#/L] that transform with p;, in weight k under SLy(Z), are
annihilated by the weight k Laplacian, and satisfy f(7) = O(e“") as 7 = u+iv — ico
for some constant C' > 0 (see [8] Section 3).

Any f € Hj 1, has a Fourier expansion of the form

(1.3) f@) = > ct(hne(nr)e,

heL# /L neQ
+ Z ¢ (h,0)v' Fey, + Z ¢ (hy,n)H(2mnw)e(nu)ep,
heL#/L n€eQ

n#0
where only finitely many of the coefficients ¢t (h,n) (respectively ¢~ (h,n)) with neg-
ative (respectively positive) index n are non-zero. The function H(w) is a Whittaker
type function.

For f € Hyp, put &(f) = R_x(v*f), where R_j, is the standard raising operator
for modular forms of weight —k. This defines an antilinear map & : Hy — Mz!f oL
to the space of weakly holomorphic modular forms in weight 2 —k. It is easily checked
that M, l'c ;. is the kernel of &. According to [8], Corollary 3.8, the sequence

3
0—— Ml!c,L Hyp, — MQ!—k:,L* —0

is exact. We let H ,j . be the preimage under &, of the space of cusp forms Sy_j - of
weight 2 — k with type pr-. Hence we have the exact sequence

&k

04>M127L H Sopr- —=0.
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The space H; ; can also be characterized as the subspace of those f € Hj; whose
Fourier coefficients ¢~ (h,n) with non-negative index n vanish. This implies that

f(r) = Z ZC+(h,n)e(nT)eh + O(1), 3(7) — oo,
heL# /L n<0

i.e., the singularity at oo, called the principal part of f, looks like the singularity of a
weakly holomorphic form.

For f € Hy_,/2,-, we can define the regularized theta lift ®(z, f) as in (1.2), see
[6], [8]. This generalized lift is related to the Kudla-Millson lift A defined in (1.1) in
the following way (see [8], Theorem 6.1).

Theorem 1.4. Let f € H1+—p/2,L— and denote its Fourier expansion as in (1.3). The
(1,1)-form dd“®(z, f) can be continued to a smooth form on X. It satisfies

40 (2, £) = A€_ppa(F))(2) + (0,02
Here 2 denotes the invariant Kdhler form on D normalized as in [8].

On the other hand, the following “weak converse theorem” is proved in [6], Theo-
rem 4.23.

Theorem 1.5. Assume that p > r. Let F' be a meromorphic modular form for the
group 1" with Heegner divisor

div(F) =YY ¢"(h,n)Z(h,n)

(where ¢t (h,n) = ¢*(—h,n) without loss of generality). Then there is a weak Maass
form f € Hf_p/Q ;- with principal part Y, >~ o ct(h,n)e(nt)e, whose reqularized
theta lift satisfies
(1.4) ®(z, f) = —2log || F||pet + constant.

Note that the proof in [6] is only given in the case that p > 3 (where the assumption
on the Witt index is automatically fulfilled). However, the argument extends to the

low dimensional cases. It is likely that the hypothesis on the Witt index can be
dropped as well, but we have not checked this.

Corollary 1.6. Assume that p > r. Let F' be a meromorphic modular form for the
group I with Heegner divisor as in Theorem 1.5. Let f € H be a weak Maass

form whose reqularized theta lift satisfies (1.4). Then e
A(fl—p/2(f)) = 0.
Proof. The assumption on f implies that
dd°®(z, f) = —2dd°log || F||lper = c*(0,0)82.
On the other hand, according to Theorem 1.4, we have
dd°®(z, f) = A&—p/2(f))(2) + ¢7(0,0)%2.
If we combine these identities, we obtain the claim. O

Corollary 1.7. Assume the hypotheses of Corollary 1.6. If A is injective, then f is
weakly holomorphic, and F is a constant multiple of the Borcherds lift V(z, f) of f
in the sense of Theorem 1.5.
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Proof. By Corollary 1.6 we have A(&—,/2(f)) = 0. Since A is injective, we find that
§1-pj2(f) = 0. But this means that f is weakly holomorphic. O

When the lattice L splits two hyperbolic planes over Z, it was proved in [6] that
A is injective by considering the Fourier expansion of the lift. In Section 4 of the
present paper we show (for even unimodular lattices) how such injectivity results can
be obtained by the Rallis inner products formula.

We end this section by stating a converse of Corollary 1.6. If » > 0, we let £ € L
be a primitive isotropic vector, and let £ € L# be a vector with (¢£,¢') = 1. We let Ly
be the singular lattice L N ¢+ and let K be the Lorentzian lattice Lo/Z/.

Theorem 1.8. Assume that p > 2 and p > r. Let f € H,:L, and assume that
the Fourier coefficients ¢t (h,n) (n < 0) of the principal part of f are integral. If
§1-pj2(f) € ker(A), then there exists a meromorphic modular form F for I' (with
some multiplier system of finite order) such that:

(i) The weight of F is equal to ¢*(0,0)/2.
(ii) The divisor of F is equal to

Z(f)= > > ct(hn)Z(hn).

heL# /L n<0

(iii) In a neighborhood of a cusp of T', given by a primitive isotropic vector ¢ € L,
the function F' has an automorphic product expansion

(N
Fz)=Ce((p2) [ TI (0=l +@.0)"
AEK' §eL#/L
AW)>0 5|Lo=
Here C' is a non-zero constant, and we have used the notation of [3].
Proof. Theorem 1.4 and the fact that A (Sl,p/g(f)) = 0 imply that
dd°®(z, f) = ¢*(0,0)Q.

(In particular, if ¢*(0,0) = 0, then f is pluriharmonic.) Now we can argue as in [6],
Lemma 3.13 and Theorem 3.16 to prove the claim. O

We note that the assumption on r and p is needed to guarantee that the multiplier
system of F' has finite order. (When f is not weakly holomorphic, we cannot argue
with the embedding trick as in [4], Correction).

If f is weakly holomorphic, then & _p/»(f) = 0 and the Theorem reduces to The-
orem 1.3. However, if A is not injective, and f is a weak Maass form such that
&1-pj2(f) is a non-trivial element of the kernel, then Theorem 1.8 leads to exceptional
automorphic products. If there are any cases where A is not injective, it would be
very interesting to construct examples of such exceptional automorphic products.

Remark 1.9. If p > 4, the existence of the meromorphic modular form F with
divisor (ii) is related to the fact that H'(X,Ox) = 0 in this case, which can be
proved following the argument of [10] §3.1. Therefore the Chern class map Pic(X) —
H?*(X,Z) is injective.
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2. THETA FUNCTIONS AND THE SIEGEL- WEIL FORMULA

Let (V,Q) be a non-degenerate rational quadratic space of of dimension m. We
write (-, -) for the bilinear form corresponding to the quadratic form @ so that Q(x) =
5(z, ). For simplicity we assume that m is even. We let G = Sp(n) be the symplectic
group acting on a symplectic space of dimension 2n over Q. The embedding of U(n)
into G(R) given by k = A+ iB — k = ( ‘5 A) gives rise to a maximal compact
subgroup K., C G(R). At the finite places, we pick the open compact subgroup

p = Sp(n,Zy). Then K = Ky x [], K, is the corresponding maximal compact
subgroup of G(A), the symplectic group over the ring of adeles of Q. We let w = w,
be the Schrédinger model of the Weil representation of G, acting on S(V"(A)), the
space of Schwartz-Bruhat functions on V"(A), associated to the standard additive
character of A/Q (which on R is given by t — e(t) = €*™). Note that since m is
even we do not have to deal with metaplectic coverings. We form the theta series
associated to ¢ € S(V"(A)) by

(2.1) 0(g.h,0) = Y (w(g)p)(h %),
xeV™(Q)
with g € G(A) and h € O(V)(A). We assume ¢ = ¢ ® ¢f with g € S(V*(R))
and ¢ € S(V"(Ay)).
We now briefly review the Siegel-Weil formula, see e.g. [16]. We put

(2.2) I(g,¢) = / (g, h,¢)dh,
(V)(@\ O(V)(4)

where dh is the invariant measure on O(V)(Q)\ O(V)(A) normalized to have total
volume 1. By Weil’s convergence criterion [30], I(g,¢) is absolutely convergent if
either V' is anisotropic or if

(2.3) m—r>n+ 1.

Here r is the Witt index of V| i.e., the dimension of a maximal isotropic subspace of
V over Q.

We set n(b) = (§%) for b a symmetric n X n matrix and m(a) = (&..2,) for
a € GL(n). Then the Siegel parabolic is given by P(A) = N(A)M(A) with N =
{n(b); b € Mat,, b = b} and M = {m(a); a € GL(n)}. Then using the Iwasawa
decomposition G(A) = P(A)K we define

(2.4) P(g,s) = (w(g)p) (0) - det |alg) |z,
where
(2.5) 50:%—”;1.

Thus & defines a section in a certain induced parabolic induction space (see [16]
(I.3.6)). Note that ® is determined by its values on K. Since ® comes from ¢ €
S(V"™(A)), we also see that ® is a standard section, i.e., its restriction to K does not
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depend on s, and we write (k) = ®(k,s) for £ € K. Furthermore, ® factors as
O =D @ Dy
We then define the Eisenstein series associated to ¢ by

(2.6) E(g,s,®)= Y ®(yg5),

1EP(Q\G(Q)
which for Re(s) > p, := (n + 1)/2 converges absolutely and has a meromorphic
continuation to the whole complex plane. The extension of Weil’s work [30] by Kudla
and Rallis in the convergent range is:

Theorem 2.1. ([20], [21].) Assume Weil’s convergence criterion holds.
(i) Then E(g,s,®) is holomorphic at s = sq.
(ii) We have
I(g,¢) = coE(g. 50, D),
where co =1ifm>n+1andco=2 ifm <n+1.

We translate the adelic Eisenstein series into more classical language, see [16] sec-
tion IV.2. We let K(N) C [, K, be a subgroup of finite index of level N, i.e.,

[':=G(Q) N (GR)Kf(N))

contains the principal congruence subgroup I'(N) C Sp(n,Z). We assume that ®; is
K¢(N)-invariant. Furthermore, if ¢ corresponds to the characteristic function of a
coset of an even lattice L of level N in V', then we have

®(7) =[] 2u(7)
pIN

for vy € I'. Via G(A) = G(Q)G(R)K(N) we see that the Eisenstein series E(g, s, P)
is determined by its restriction to G(R). We assume that the restriction of ®(g, s) to
K, is given by

(2.7) O (K, s) := det(k)".

We denote the unique section at the Archimedian prime with this property by ®% .
Let g, = n(u)m(a) with ‘faa = v be an element moving the base point i1, of the

Siegel upper half plane H,, to 7 = v+ ¢v. Then we obtain a classical Eisenstein series
of weight x (and level N):

E(gr,s,®) = > D% (v9-)Ps(v)
E(P@NT)\T
det(U) (s+pn—k)/2 B
= det(v)"*/? — det d)"
CORD DI () ctler + ) (),
YE(P(QNI\T
with v = (¢ %). In particular, if N =1 then
(2.8) E(g-, 5, ®) = det(v)"* B (7, (s + po — #)/2),
where
(2.9) EM(rs)= Y (detS(y7))" det(cr +d) ™"

7€l \ Sp(n,Z)
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is the classical Siegel Eisenstein series for Sp(n,Z) of weight x.
For later use, we introduce an embedding ¢ of Sp(n) x Sp(n) into Sp(2n) by

a b
a b a v a v

(2.10) (C d)x(c, d,)H o
/ d/

c

3. SPECIAL SCHWARTZ FORMS

We change the setting in this section and consider the real place only. We assume
that V' is now a real quadratic space of signature (p, q) of dimension m. Since it does
not make any extra work we do allow m odd in this section. We pick an oriented
orthogonal basis {v;} of V' such that (v,,v,) = 1fora =1,...,pand (v,,v,) = —1 for
= p+1,...,m, and we denote the corresponding coordinate functions by z, and z,,.
We let KV be the maximal compact subgroup of O(V) stabilizing span{v,1, ..., v}
Thus KV ~ O(p) x O(q). We realize the symmetric space D associated to V as the
Grassmannian of oriented negative g-planes in V. Thus D has two components

D=D,11D_.

Picking for the base point z, the space span{v,i1, ..., vy} together with the induced
orientation, we see

D, ={zCcV; dimz=gq, (,)]. <0, z has the same orientation as zy}.

Thus D, ~ SOy(V)/K{ , where the subscript indicates the connected component of
the identity. We associate to z € D the standard majorant (, ), given by

(x,2), = (0, 2,0) — (x,,2,),

where x = o, + 2,1 € V is given by the orthogonal decomposition V = z @ z+. We
write (, )o=(, )z-

Let o(V) be the Lie algebra of O(V) and let o(V) = p¥ @& €" with £ = Lie(K")
be the associated Cartan decomposition. Then p = p" is isomorphic to the tangent
space at the base point zy of D. With respect to the above basis of V' we have

o~ {(tg( )g) . X € Matp,q(R)}.

We let X, (1 <a <p,p+1 < p < p+q) denote the element of p which interchanges
v, and v, and annihilates all the other basis elements of V. We write w,, for the
element of the dual basis corresponding to X,,.

We let w = w, be the Weil representation of the metaplectic cover Mp(n,R) of
Sp(n,R) acting on the Schwartz functions S(V™). We let K = U(n) be the maximal
compact subgroup of Mp(n,R) given by the inverse image of the standard maximal
compact subgroup U(n) in Sp(n,R). Recall that K admits a character det'/? whose
square descends to the determinant character of U(n). We also write w for the as-
sociated Lie algebra action on the space of K-finite vectors in S(V"). It is given by
the so-called polynomial Fock space S(V") C S(V™). It consists of those Schwartz
functions on V" of the form p(x)yo(x), where p(x) is a polynomial function on V™.
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Here (%) is the standard Gaussian on V™. More precisely, for x = (z1,...,2,) € V"

and z € D, we let
@o(x,2) = exp (—7? Z(%Jhﬁ;) ,

i=1
and set o(x) = po(x, 29). We view

g0 € [S(V") @ C=(D)°V) = [S(v™) @ N (p9)]<"

where the isomorphism is given by evaluation at the base point zy of D. In the
following we will identify corresponding objects under this isomorphism.

Kudla and Millson (see [18]) constructed (in much greater generality) Schwartz
forms ¢ s on V' taking values in A%(D), the differential ¢-forms on D. More precisely,

prar € [S(V) © A1(D)°V) = [S(V)a @ (0%

Here S(V), is the Schwartz space for V' twisted by the spinor norm character o on
O(V). On KV = O(p) x O(q), a is given by 1®det. The Schwartz form ¢y is given
by

1 p+q p 1 8
= <75 a Aa

Here A,, denotes the left multiplication by w,,. More generally, we consider the
Schwartz forms

Pqe € [ a® /\ ) ® Sym‘ (V)<

with values in the (-th symmetric powers of V' introduced by Funke and Millson [12].
The forms ¢, , are given by

1< 1 9
Squ:[EZ(xa 2 O >®1®Ava

a=1

1 < ‘ 1 9
(e )®1®HA%

i=1

L

PKM

PKM-

Here A, denotes the multiplication with the vector v in the symmetric algebra of
V. Note that Sym‘(V) is not an irreducible representation of O(V'), and we denote
by ¢q.1g the projection of ¢, , onto H*(V), the harmonic (-tensors in V. It consists
of those symmetric E—tensors which are annihilated by the signature (p, ¢)-Laplacian

m
A=>"P_, (%z = ept1 81)2 Here we view v, and v, as independent variables. It can

be also characterized as the space of symmetric /-tensors in V' which are orthogonal
with respect to the induced inner product on Sym‘(V) to vectors of the form r2w.
-2 m
Here w € Sym™ *(V)) and r? denotes the multiplication with 377 _ v —>7"" . v,
Recall that we have Sym‘(V') = H*(V) @ r? Sym* (V) as representations of O(V).
The Schwartz form ¢, (and also ¢, ) is an eigenfunction of weight m/2+ ¢ under

the action of k € K, see [18, 12], i.e
(3.1) w(k)pge = det(k)m/QJrzSOq,e-
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Here k is the element in U(1) corresponding to k € é(v)(2) C Mp(1,R). Moreover,
©q.0(z) is a closed differential form on D.
We normalize the inner product on Sym‘(V) inductively by setting

—

)4
(wy - wp, W, - wh) = Z(w1,w§-)(w2---we,w’1---w}--~w,’g).
j=1

~ |-

With this normalization we easily see that for the restriction of (, ) to the positive
definite subspace spanf{uv,; 1 < a < p} of V we have

£ ({T11v)

at,...,ap=1 \i=1
Bi,e-sBe=1

— ¢
We let Sym (V) be the local system on D associated to Sym*(V'). Then for the wedge
e —
product, we have A : A"(D,Sym (V)) x A*(D,Sym (V)) — A"(D) by taking the
inner product on the fibers Sym‘(V). We are ultimately more interested in the form

©q,1, but calculations with ¢, are more convenient. In this context the following
lemma will be important later.

— -2
Lemma 3.1. Let n € AP~Y9(D,Sym (V). Then

1
g AT = —%(W(R)%,éﬂ) A.

Here R =5 (1)) €sl(2,C) is the standard SL(2)-raising operator.

Proof. By the adjointness of W+UA and 72 with respect to the inner product in
Sym*(V), we have p,, A r’n = ﬁ(A(pq’g) A n. Note that A operates on the
coefficient part of ¢, ,. Then switching to the Fock model of the Weil representation,
see the proof of Lemma 3.5, and using (3.9) one easily sees Ag, s = —%W(R)@q’g_g.

We leave the details to the reader. O

We let * denote the Hodge s-operator on D. Then ¢, e(x1) A *@,e(z2) with
x = (z1,72) € V2, being a top degree differential form, gives rise to a scalar-valued
Schwartz function ¢,, on V? defined by

(32) (bq,f(xa Z):u = ('pq,f(xla Z) A *gpq,f(x% Z)

Here p is the volume form on D induced by the Riemannian metric coming from the
Killing form on g. For convenience we scale the metric such that the restriction of p
to the base point zy is given by

(3.3) H=Wippri A AWiprg AwWaprr Av oo AWppig-

Note that
bu € 1S(V?) @ C=(D)°) = [S(v) & N ()"
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Lemma 3.2. We have

v D q+L
_p 1 0 1 0
R IV (G O R

/ p q+L
_ P 3 (2w - 1.9 g1 0 (x)
94+20 A ara ) \ 2T 0 B POLX)-

a=1

Example 3.3. For signature (p,2), we have

p p
1 1
a0(x) =Y (2 — 1) (@2 = o )po(x) +4 Y Ta1TsTastppo(X).
a=1 a,B8=1
af

Note that (3.1) immediately implies:
Lemma 3.4. For ki, ky € SO(2) C Mp(1,R), we have

w(Lo(k’l, kg))qbq’g = det(klkz)m/“%%g.

The action of the full maximal compact K C Mp(2,R) on ¢, via the Weil repre-
sentation is more complicated, as we now explain. We let

(34) g=tbp,. Bp_
be a Harish-Chandra decomposition of g = sp(2,C), where ¢ = Lie(K)c,

. ); XeMatg(C),tX:X},

and p_ = p,. Note that p, is the holomorphic tangent space of Hy at the base point
115 and is spanned by the raising operators

(3.6) R1=R11=p+(68), R2:R22:p+(8?),
1

(3.7) Ry = o+ (Y0)-

Note that Ry = (R, 0) and Ry = 19(0, R) are the images of the SLy-raising operator
R in sp(2, C) under the two standard embeddings of s((2) into sp(2).

Recall that the adjoint action of K on p, is isomorphic to the standard action of K
on Sym?(C?). Explicitly, the intertwiner is given by R, — e,es, Where ey, e, denotes
the standard basis of C?. We obtain an isomorphism of K-modules

(3.8) Sym® Sym? C? = EB Sym? Sym? C? ~ U(p,)

j=0
of the symmetric algebra on Sym? C? with the universal enveloping algebra of p .

Lemma 3.5. We have
pi(=1)e**

OWES ST, w(R12)"pp.
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Proof. We indicate a quick proof using the Fock model of the Weil representation.
For more details for what follows, see the appendix of [12]. There is an intertwining
map ¢ : S(V") — P(C*P*9) from the polynomial Fock space to the infinitesimal
Fock model of the Weil representation acting on the space of complex polynomials
P(CP*2)) in n(p + q) variables such that t(¢y) = 1. We denote the variables in
P(C D) by 2, (1 < o <p)and 2, (p+1 < p < p+gq) withi = 1,...,n.
Moreover, the intertwining map ¢ satisfies

1 9\ , 1
L\ oy — — L = —Z2uqi-
27T 0% i 271

Hence in the Fock model, we have

¢ 2(q+0) [ P att
_ P 1
(bq,é - 2q+gg (27TZ) [Z Za12a2] .

a=1

On the other hand, for the action of the raising operators, we find

1< = d?
(39) W<Rrs) == 8_7T Z Zarcfas — 2T Z m
a=1 p=p+1
In the Fock model, we therefore have w(R;3) gy = [% P, zalzag]qH, and the
lemma follows. U
We obtain:
Proposition 3.6. For k € K ~ U(2), we have
¢ +£
pi(=1) - ¢
w(k)pye = T det(k)P=0/2 (Ad(k) Ry12)"" 0o

Proof. This follows immediately from Lemma 3.5 and the fact that the Gaussian
has weight (p — q)/2. O

Remark 3.7. The Kudla-Millson forms ¢y, cannot be expressed in terms of ele-
ments in p.

Proposition 3.6 reduces the K-action on ¢,, to the representation theory of the
group U(2)(C) = GLy(C) on Sym® Sym? C?, which is given as follows.
Lemma 3.8. The GLy(C)-representation Sym? Sym? C? decomposes as
. [7/2] o 4
Sym? Sym? C? ~ @ Sym* % C? ® det *
i=0
into its irreducible constituents. The summand for i = [j/2] is given by

e , det’ if 7 is even
3.10 Sym% /2 €% @ det 29/4 = . :
(3.10) yi Sym?C2 @ det?=! i j is odd,

and 1s generated by the vector

(3.11)
a; = %2:] (2 (=) (e (e3) (eren)’ ™ = {Kelez)Q — e if j is even,

i=0 (ere2) [(e1e2)? — 6%63][j/2] if 7 1s odd.
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Proof. For the first statement, see e.g. [11], p.81/82. For (3.11), note that in
Sym? Sym? C? = Sym* C & det ?,
the vector
ay = (e1e2)? — efe;
generates the one-dimensional sub-representation. Then, for j even, «; is given by

the image of (az)”* € Sym?/? Sym? Sym? C2 under the projection onto Sym? Sym? C2
The argument for j odd is analogous. U

By slight abuse of notation, we also write a; for the corresponding element in U(p.)
and define another Schwartz function & = &, , € S(V?) by

(312) e= 6= )

Proposition 3.9. For the Schwartz function ¢y, there exists a v € S(V?) such that
(3.13) Ggr = Eqo + w(Rr)w(R2)y.

Proof. We have

[(a+6)/2] - ‘ A
(ere2)™ — agre=efes Y (M08 (—1)'(e]) " (e3)" H(eren) ™2

i=1
Using the intertwiner with U(p, ), we recall that e? corresponds to R;. Thus 1 is
given by

p p [(a+0)/2]
p—(_l)q [(g+6)/2] i i—1 pi—1 pg+l—2i
¥ = 2 ra+t Z ( i ) (—D'w <R1 Ry Ry ) ¥o-

i=1

One easily sees using (3.9):

Lemma 3.10. The Schwartz function & vanishes identically if and only if p =1 and
q+>1.

Example 3.11. For ¢ =2, p > 1, and ¢ = 0, we have
h20 - W = Cornr N g NP2 + C'w(Ry)w(Re)po - O

for some nonzero constants C and C’. Here ) denotes the Kahler form on the Her-
mitian domain D. But we will not need this.

In view of Lemma 3.8 and Proposition 3.6, we see for ¢ + ¢ even that
(3.14) w(k)& = det (k)™

for k € K. We let Z(g, s) be the section in the induced representation corresponding
to the Schwartz function & via (2.4).

Proposition 3.12. Let q + ¢ be even. Then = is the standard section (2.7) at the
infinite place of weight m/2 + €. More precisely,

(3.15) Z(s) = C(s)d™/ 2 (s)
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for a certain (explicit) polynomial C(s). Moreover,

C(So) 7é 0
with s = (m — 3)/2 as in (2.5) for p > 1, while C(s) =0 for p=1.

Proof. The identity (3.15) follows from (3.14) and the uniqueness of O7/* . The
precise statement follows from considerations in [22]. The element o, is trivially a
highest weight vector of weight u = (¢+¢, g+¢) of GL2(C). Therefore we can take o4
equal to the element uf, € U(p,) (or u, € U(g)) in the notation of [22], p.31/32. Then
by Corollary 1.4 of [22], we have Z(s) = uuq)gg_q)ﬂ(s) = PP (5)0m/2H (s), for a
certain polynomial P*~?/% and a nonzero constant c. One easily sees PP~ (s9) # 0

for p > 1. See also [22], p. 38. For p = 1, = vanishes identically, since already £ = 0
by Lemma 3.10. U

Remark 3.13. For g + ¢ odd, we see in the same way
E(s) = C(s)Rip®/* 7 (s)

for a certain polynomial C(s). Note that a,., is not a highest weight vector for
Sym? C? ® det 9~! (which has weight (¢ + ¢+ 1,q+ ¢ —1)).

4. THE L?*-NORM OF THE THETA LIFT

We now return to the global situation and retain the notation of Section 2. Let V'
be a non-degenerate quadratic space over Q of signature (p,q) and even dimension
m =p+q. Welet L C V be an even lattice and write L# for the dual lattice. We let
H = GSpin(V). For each prime p, we let L, = L ® Z, and let Kf be the subgroup
of H(Q,) which leaves L, stable and acts trivially on L¥/L,. Then K{' =[] K} is
an open compact subgroup of H(A;). We let K be a maximal compact subgroup
of H(R). By strong approximation we write

(4.1) H(A) = [T HQH(R)oh; K]
with h; € H(Af). Then we put

(4.2) X = Xgn = HQ\(D x H(Ay))/K}
such that

(4.3) xX~1[x;

J
with X; = T;\D,., where I'; = H(Q) N (H(R)oh; KFh;1). We let ¢; € S(V(As))<S
be a K Jf] -invariant Schwartz function on the finite adeles. Then ¢; corresponds to a

linear combination of characteristic functions on the discriminant group L# /L. Since
©q,¢ 1s an eigenfunction of weight

kK=m/2+1{
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under the action of U(1), we can form the classical theta function on H, the upper
half space, by setting

0(7, 2,000 @ p5) = v Y 0p()woo(9r) pae(, 2)
zeV(Q)

— v —£/2 Z SDf @qé \/_SL’ Z) m(:px)u

zeV(Q

Here 7 = u+iv € H, and g, = (%) (‘? vt > € SLy(R) C SLy(A) is the standard
element moving the base point ¢ € H to 7. Then 0(7, 2z, o 0 ® @y) transforms like
a non-holomorphic modular form of weight s for the principal congruence subgroup
I'(N) of SLy(Z) taking values in the differential ¢-forms on X. Here N is the level
of L, i.e., the smallest positive integer such that %N(x,x) € Z forall z € L#. In
particular, if L is unimodular, 6(7, 2z, p,¢ ® @) is a form for the full modular group
SLa(2)

We write S, (I'(N)) for the space of cusp forms of weight  for I'(/V). We normalize
the Petersson scalar product be putting

1 TN K
(4.4) (fi9) = m /F(N)\Hf(T)g(T)U dp(T)

for f,g € So(D(N)). Here du(r) = %44 is the invariant measure on H. For f €
Se(I'(NV)), we consider the theta lift

(45> A(f) = (f7 6(77 Pq,e X (Pf)) = /F(N)\]H[ f(T)0<T’ Pa,e & pr)vﬁ dﬂ(T)'

It defines a linear map
(4.6) At Sy(T(N)) — Z9(X, Sym' (V)

— ¢
into the Sym (V')-valued closed differential g-forms on X.
In order to show the injectivity of A, we study its L?>-norm given by

(4.7) IACH2 = /X A(f) A #ACP).

We will use the doubling method to compute ||A(f)||3, see [5, 13, 25, 27].

Proposition 4.1. Assume that m > 3+ so that Weil’s convergence criterion (2.3)
in genus 2 holds. Then A(f) is square integrable, and

(48) IACH)IE = (£r) © ), L, =7, 0 © 05))
where (, ) denotes the Petersson scalar product on T(N) x T'(N) and
(4.9) (11,72, ¢4 ® ) :/ 0(71,72, 2, G0 ® Of) 1

X

15 the integral over the locally symmetric space of the theta series

(4.10)  O(r1, 72,2, 800 © 65) = (0102) ™ Y D7(%) (Woo (09 )Pt (X, 2),

xeV2(Q)
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(which by (3.1) defines a modular form of weight k on I'(N) x I'(N)). Here ¢ =
vy ®@py € S(V(Ay)).

Proof. The formula (4.8) implies the square integrability since the right hand side of
(4.8) is absolutely convergent by Weil’s convergence criterion (2.3). We have

o=/ (/f G o prividn(r))

A </ J(12)0(2, %pge ® @f)vgdﬂ(72)>-
T(N)\H
Interchanging the integration, we obtain

[ [ 107 [ 6010009 00 AT w00 ) ) vney duraut).

Since ¢4 is real valued, we easily see by the explicit formulas of the Weil represen-
tation that

0(7’2, *Pgq,e X QOf) = 0(_77—% *Pq.l & Sof)
and therefore

0(71, 00 @ @r) NO(T2, %00 @ @f) = 0(T1, —Ta, 2, Pgu ® dp)
by (3.2). This implies the assertion. O

Remark 4.2. For signature (p, 2), the lift A(f) is actually always square integrable,
see [6, 8]. We expect this to be true for other signatures as well even if Weil’s
convergence criterion does not hold. In that case, one would need to regularize the
theta integral I as in [23].

Note that the Schwartz function ¢ introduced by (3.12) is KV-invariant. We can
therefore consider ¢ € [S(V?) @ C=(D)]°V)®) by setting

§(x,2) = (hogx)
with hoo € O(V)(R) such that hyzo = z. In particular, £(x, zo) = £(x).

Proposition 4.3. Define §(m, 72, 2,§ ® ¢5) and (11,72, ® o) in the same way as
for ¢ in (4.10), (4.9). Then

IAAIE = (F(r) @ Fm). D(m, ~72€ € 65))

Proof. By Proposition 3.9 and Proposition 4.1, we see (omitting ¢, from the notation)
IACHIE = () @ (), Tm, —72,640) )

= (£(m) © (). [(m, =72,0) ) + (£(m) @ F). Lm0, =T, w( B ) (R )u))

= (f) @ T (), 11, ~72,€)) + (f () @ T (), BaRal (71, =7, 1) )

By the adjointness of the Maass lowering and raising operators with respect to the
Petersson scalar product, the latter summand vanishes. O

Corollary 4.4. Letp =1 and ¢+ ¢ > 1. Then A vanishes identically.
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Proof. This is obvious from Proposition 4.3 and £ = 0 (Lemma 3.10). U

Remark 4.5. We could have defined the lift A of f by using the Schwartz form ¢,
instead of the form ¢,,. Using Lemma 3.1 we see by the argument of the proof of
Proposition 4.3 that the L?*norms ||A(f)]| coincide.

We want to relate the integral T (71,72, £®¢y) to the pullback of a genus 2 Eisenstein
series via the Siegel-Weil formula. We first need to relate the integral over the locally
symmetric space X to an integral over O(V)(Q)\ O(V)(A). We do this following [17],
pp. 332. First we define the theta series associated to & more generally for g € Sp(2, A)
and h = (hohy) € O(V)(A) by

09, h,E@dp) = Y w(@E(ha'x, 20)85(h;'x),
x€V2(Q)

where zg is the base point of D. Note that

0<7-17 T2, 2, g X ¢f) = (1)11)2)_'{/20(“)(97_1’97_2)’ hoo7£ X ¢f)
with hoo € O(V)(R) such that z = hoo2o.

Proposition 4.6. We have

1

—vol(X, 0 f(ﬁ, T2, E @ ¢f) = (Ule)‘N/?/ 0(t0(gry» Gry)s Py € @ @5 )dh.

O(V)(@\O(V)(A)

Proof. Arguing as in the proof of Proposition 4.17 of [17], we first obtain

I ol
I(11, 72, ® ¢5) = (v102) 2=

IRYERY 9(40<g7'1ag7'2)7h76®¢f)dh7
vol(X, p1) 2 /so<V)<@>\so<V>(A>

where dh is the Tamagawa measure on SO(V)(A). But now the sign representa-
tion of O(V},)/SO(V,) does not occur in the local theta correspondence for the pair
(Sp(2),0(V)) for any place v if dim V' = m > 2, see [26]. Then arguing as in [17], p.
326, we see

1
5 | blg. € o)t = | 09,1 € 6;)dh,
SO(V)(Q\SO(V)(A) O(V)(@\O(V)(4)
from which the proposition follows. O

Proposition 4.7. Let =(s) @ ®;(s) be the section associated to £ @ ¢5 via (2.4) and
let so = (m — 3)/2. Then
1

vol(X, ) IACHIE = (vrv2) ™2 <f(71) ® f(72), E(to(gr,, 9-2,), 50,2 ® <I>f)> .

Proof. Using Proposition 4.6 and the Siegel-Weil formula, Theorem 2.1, we find

1

vol(X, ) [(11, 75,6 ® ¢5) = (0102) *E(19(gr, gr), 50, E @ ).

Now the assertion follows from Proposition 4.3. U
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Corollary 4.8. Assume that q + ( is even and p > 1. Let ®% (s) be the standard
section defined by (2.7), and let ®¢(s) be the section associated to ¢y via (2.4). Then

1

vl gy AW = Clso) (vrw2) ™72 (£(r) @ F(72), B10(gr,, 9-1), 50, @5 @ @) )

where C(sg) is the nonzero constant in Proposition 3.12.

Proof. We have =(g,s) = C(s)®% (g,s) by Proposition 3.12. Hence the Corollary
immediately follows from Proposition 4.7. U

Suppose that f is an eigenform of level N and let S denote the set of primes
dividing N together with co. Then the doubling method [25, 27, 5, 13] expresses a
convolution integral as on the right hand side above as a product of the standard
L-function L (sq+ %, f) with the Euler factors corresponding to p € S omitted times
a product of “bad” local factors corresponding to the primes in S. If m > 4 then
so + 3 lies in the region of convergence of the Euler product of L9(s, f). Hence the
L-value does not vanish. Therefore the lift A(f) vanishes precisely if at least one of
the “bad” local factors vanishes. By the analysis of the present paper we determine
the local factor at infinity.

We now specialize to the case when the lattice L is even and unimodular. Then
@y corresponds to the characteristic function of L and ®¢(s) = 1. The level of L is
N =1, so that oo is the only “bad” place. By the above analysis we obtain a very
explicit formula for ||A(f)||3 as we shall now explain.

In this case (7, 2, ¢,¢) is a modular form of weight k = m/2 4 ¢ for SLy(Z) and
vanishes unless ¢ 4+ ¢ is even, which we assume from now on as well. Then & is even,
because 8 | p — ¢. By Corollary 4.8 and (2.8) we have

1

(4.11) T

IACHIE = Clso) (£() @ F(m2), BD(r, —72,~4/2))
where E;(12)<7—177—2,8) is the pullback of the classical genus 2 Siegel Eisenstein series
EY (7,) (see (2.9)) to the diagonal.

We recall the definition of the standard L-function of a Hecke eigenform f &
Se(I'(1)). We use the normalization of [1], [5], [24]. We denote the Fourier coeffi-
cients of f by ¢(n) and assume that f is normalized, i.e., ¢(1) = 1. Let p be a prime.
The Satake parameters oy ,, o , of f at p are defined by the factorization of the Hecke
polynomial

(4.12) (1—c(p)X +p"1X%) =(1- appX) (1 — appa pX).

Hence

ag,palvp = pn_l’ @ p(1+ a1p) = c(p).

According to Deligne’s theorem, formerly the Ramanujan-Petersson conjecture, we
have |y, = 1. The standard L-function of f is defined by the Euler product

(4.13) Dy(s) = [T [ —p )1 = aplp™)(1 = arw )]

p
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It converges for R(s) > 1. The corresponding completed L-function

(4.14) Up(s) =7 5T (Sgl)r(5+’;_1)r<3;”) Dy(s)

has a meromorphic continuation to C and satisfies the functional equation
(4.15) Us(s) =Us(l—5)

(see e.g. [5], [28]). It is well known (see [28], Introduction, [31]) that D;(s) can be
interpreted as the Rankin L-series

Dy(s) = ((2s) Z c(n®)n st = % Z c(n)2n ="+,

Theorem 4.9. Assume that m > 3+ so that Weil’s convergence criterion (2.3) in
genus 2 holds. Furthermore, assume that ¢+ ¢ is even and that L is even unimodular.
Let f € S.(T'(1)) be a Hecke eigenform, and write || f||3 = (f, f) for its Petersson

norm normalized as in (4.4). We have

L IAOB
Wl Xo A - Cokldm i)

n=1 n=1

Dy(m/2 - 1)
(m/2)¢(m —2)’

where

(m/2+1€/2—-1)

['(m/2+¢/2)

Proof. The statement follows from (4.11) by means of [5], identities (14) and (22). O

r
(1, K, —0)2) = 237™/2(—1)"2x

Remark 4.10. By the same argument it is easily seen that (A(f), A(g)) = 0 for two
different normalized Hecke eigenforms f and g.

Corollary 4.11. Assume that m > max(4,3 +r), p > 1, ¢+ { even, and that L is
—
even unimodular. Then the theta lift A : S.(I'(1)) — 29X, Sym (V) is injective.

Proof. This follows from Theorem 4.9, Proposition 3.12, and the convergence of the
Euler-product for Df(m/2 — 1) in this case. O
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