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1 Introduction

1.1 Background and motivation

Let T be a discrete subgroup of PSL(2, C) and suppose that I', the stabiliser of co in T,
contains the translation A(z) = z+t where, without loss of generality, ¢ is a positive real
number. The Margulis lemma implies that there is a universal € > 0 so that the horoball
in H% where the hyperbolic translation length of A is less than ¢ has the property that
this horoball is disjoint from all its images under elements of I' not fixing co. That
is, this horoball is precisely invariant under 'y in I". The Shimizu-Leutbecher lemma,
which is a particular case Jgrgensen’s inequality, quantifies this statement. Specifically,
it says that if I's contains A(z) = z + ¢ then the horoball H; = {(z1,22,23) : x5 > t}
is precisely invariant under I' in I'.

In higher dimensions there are parabolic isometries fixing oo that are not translations.
These screw motions translate along an axis and rotate the orthogonal complement of
this axis. Of particular interest are those where the rotation has infinite order. Given
such a screw motion A acting on Hf with n > 4, Ohtake [8] showed that for any horoball
H in Hy, one may construct a discrete group I' containing A and an element B so that
B(H)N H # (. The key point is the centre of the isometric sphere of B must be a
long way from from the axis of rotation of A. Waterman [11] quantified this and showed
that the permissible radius R of an isometric sphere is bounded by a function that
asymptotically is a linear function of the distance r from the axis of rotation. It is then
straightforward to use this result to construct a precisely invariant sub-horospherical
region whose boundary function is asymptotically a linear function of the distance from
the axis of rotation as well; see Proposition 3.8.

In a beautiful paper, Erlandsson and Zakeri [2], following earlier work by Susskind
[10], have considered the case of real hyperbolic 4-space Hﬁ“{. They consider discrete
groups containing a screw parabolic map A with rotation angle 27w, where « is irra-
tional. By examining the continued fraction expansion of «, they are able to show that
there is a precisely invariant sub-horospherical region whose boundary function grows
asymptotically like the square root of the distance to the rotation axis.

Roughly speaking, the argument is the following. The sub-horospherical regions
corresponding to a power A7 of A is a bowl whose cross-section is a hyperbola. As the



powers g of A increase, so the heights of the centres of these bowls increase. However,
the closer 2mqa comes to being a multiple of 27, the flatter the bowls become. Therefore,
very far from the axis of A, a better bound may be obtained by considering extremely
flat bowls that may be very high (see Figure 1 of Susskind [10] for example). The precise
relationship between the size of ¢ with the height and the degree of flatness of the bowls
is determined by the continued fraction expansion of the irrational number «.

The sub-horospherical region constructed by Erlandsson and Zakeri is quite compli-
cated and depends heavily on the continued fraction expansion of the rotation angle.
Therefore, they are only able to give the asymptotic behaviour of the boundary of their
sub-horospherical region, mostly without constructing actual functions or constants. The
purpose of this paper is to give a sub-horospherical region that is slightly smaller than
the one constructed by Erlandsson and Zakeri, but which is given by a reasonably well
behaved function. This enables us to give much better information about the asymptotic
behaviour of such a region.

Precisely invariant sub-horospherical regions coming from generalisations of Shimizu’s
lemma in complex hyperbolic space H(% have been given by Cao and Parker [1] (see also
Jiang and Parker [6] and Kamiya and Parker [7] for different statements along similar
lines). It is natural to ask whether Erlandsson and Zakeri’s methods can be applied in
this case. This was done by Ren, Wang and Xie [9], who give a sub-horospherical region
whose boundary is asymptotically linear in the distance to the axis. We use similar
methods to the real hyperbolic case to give complex hyperbolic estimates which improve
those given by Ren, Wang and Xie. We also exhibit an unbounded sequence of points
in the Margulis region that all lie on the same horosphere.

1.2 Summary of results for real hyperbolic 4-space

Define A = Aq : Hfll& — Hﬂ‘i by
A=Au: (r,0,v,u) — (1,0 + 21, v + t,u). (1)

Note that this differs from equation (7) of [2] since Erlandsson and Zakeri assume that
t = 1. We prefer to keep t arbitrary and to give formulae that are homogeneous in r, v
(that is in ¢) and u. Let Uyq gt be the region in Hg where, for an integer ¢ > 1, the map
A*4 moves points by a hyperbolic distance at most . This region is given by:

Ugaqt = {(7“, 6,v,u) e Hy : u > c(e)\/él sin?(mqa)r? + q2t2}

where ¢(e) = 1/2sinh(e/2); compare equation (9) of [2]. We take € to be (at most) the
Margulis constant for Hg (see Section 3.1 for detailed definitions of the above quantities).

Following Erlandsson and Zakeri (equation (10) of [2]) define the boundary function
Ba,(r) by

_ ; n2 2 4 242
Bat(r) = c(e) ;Izlii \/4 sin®(mqa)r? + ¢t (2)



(Note that this formula is homogeneous in 7, v and u since ¢ behaves like v and By, ¢(r)
behaves like u.) From this, we define the sub-horospherical region

Tt = U Ugaqt = {(r, 0,v,u) € Hﬁl@ U > Bmt(r)}.
q>1

The geometrical meaning of T, is that the point (r,60,v,u) lies in Ty, ¢ if and only if
there is a power A? of A moving this point a hyperbolic distance at most €. In other
words, Ti,; is one component of the corresponding Margulis region. Erlandsson and
Zakeri prove the following theorem about the boundary function:

Theorem 1.1 (Theorem A of Erlandsson and Zakeri [2]) (1) For every irrational
a and t > 0, the boundary function B, satisfies the asymptotic upper bound

Ba+(r) < const. \/7

for large r. Moreover, when r > ﬂq% one can take the constant to be at most

c(e) \/ (872 4 1)24mt //3 < 1000Vt
where ¢ is the Margulis constant and c(¢) = 1/(2sinh(g/2)).

(2) If a is Diophantine of exponent v > 2, then By, satisfies the following lower bound
fO’f’ lCLT'ge r
Boi(r) > const. v/ =2,

Note that in both cases the constant depends on ¢, but this is not immediately
apparent from [2] since the authors have normalised ¢t = 1. Using scaling by loxodromic
maps fixing oo it is clear how to make the constants depend on ¢ so that the formulae
are homogeneous.

As well as the Margulis region, we want to have a region which does not depend
on e. We show, Proposition 3.8, that for any discrete group I' with I'es = (A), for
all ¢ € Z — {0} with 4|sin(mrqa)| < 1/2 the sub-horospherical region Uyq g is precisely
invariant under I'g in I'" where

~ 4sin?(Tqa)r? + ¢2t2
U o — , 9’ , € H4 : > .
Jougt {(7“ v, u) R - U \/ Ag (4| sin(wqa)D

where Ag(X) is the following function of X € [0,1/2]:

(1+vT-2X)" - X2

4 )

Agr(X) =

Now let faﬂg be the union of the regions ﬁqa’qt over all ¢ > 1 for which 4| sin(rqa)| < 1/2.
That is R R R
Tt = U Ugagt = {(r, 0,v,u) € H?R Dou > Ba,t(r)}
q
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where

PN ) 4sin?(rqa)r? + ¢2t2
B = inf . 3
o(r) 1]2 \/ AR (4] sin(ﬂqa)|) (3)

and the infimum is taken over all integers ¢ > 1 for which 4] sin(mga)| < 1/2.

Theorem 1.2 Let e denote the Margulis constant for Hy and let c(e) = 1/(2sinh(g/2)).
Let A= Ay : Hy — Hg be given by (1) where « is irrational and t > 0. Let p,/qn
for n € N be the rational convergents of . Suppose that Ay € (0,1] is a constant for
which ¢n/gn+1 < AN for alln > N. Let Bo4(r) and ga,t(r) be the boundary functions
defined by (2) and (3). Then

(1) For all v > q3it/2m we have
Bat(r) < c(e)y/(1+ A%)2mt /1.

(2) Let o be Diophantine of exponent v > 2 and let K be the associated constant
defined in (12) below. Then

C(E) (4K)1/VV1/2t(1/—1)/1/ 1/1/'

Ba’t(r) = (1/ — 1)(V—1)/2y r

In particular, if v = 2 then

Bai(r) > c(e) V8Kt /T
(3) Suppose that N is chosen so that qy > 8. Then for all r > q3it/2m we have
PN 1+ A3)2mt
Ba,t(r) ( + N) r

AR(Q\/27Tt/T)
= /14 )N} <\/ 2t/ + 27t + O(T_I/Q)).
(4) Let ro > 0 be any positive constant. Then there exists a discrete group T' for which

I = (A) and a point (r,0,v,u) € HE with r > ro and u > +/t/2\/r that cannot
lie in any precisely invariant sub-horospherical region for I.

We prove the different parts of this theorem in separate sections. Part (1) is Proposi-
tion 3.3, part (2) is Proposition 3.5, part (3) is Proposition 3.9 and part (4) is Proposition
3.6.

Remark 1.3 (1) Comparing the constants from Theorem 1.1 (1) and Theorem 1.2 (1)
with Ay = 1, we have

(872 + 1)247t /\/3
J i = /(372 + 1)2v/3 = 9.51454...

Therefore Theorem 1.2 (1) improves Theorem 1.1 (1) by a factor of 9.51454 . . ..




(2) Note that for v > 2 we have r'/* > r'/*=2) for all r > 1, and so, for Diophan-

tine « with exponent greater than 2, Theorem 1.2 (2) improves the power of v in
Theorem 1.1 (2).

(3) The example in Theorem 1.2 (4) and the upper bound from Theorem 1.2 (1) both
give a power of rY/2. Thus this exponent is sharp.

(4) The examples in Theorem 1.2 (4) only gives points (r,0,0,u) lying outside all
precisely invariant sub-horospherical regions for certain values of r. For v > 2, the
discrepancy between the exponents of r in Theorem 1.2 (2) and (4) is a measure
of how the boundary function By (1) oscillates.

1.3 Summary of results for complex hyperbolic 2-space
Define A = Aq : H% — H(2C by
A=Au:(r,0,v,u) — (1,0 + 21, v + t,u). (4)

Because of the way horospherical coordinates in complex hyperbolic space scale, we
now need formulae that are homogeneous in 72, v and u. We consider the following
sub-horospherical region

U;Ca,qt = {(7’, 0,v,u) € H% Du > 0(6/2)2(4 sin(ﬂqa)r2 + qt)}.

This is contained in the region where A? has Bergman translation length at most e.
Taking the union over such regions for all powers of A gives

Tgt = U U;C%qt = {(r,@,v,u) € H(QC DU > Bgt(r)}

g>1

where Bgt is the complex hyperbolic boundary function
BS,(r) = c(e/2)? ;r;ii (4sin(mga)r® + qt). (5)
We also have versions of these sets that do not depend on e. Define
T\gt = {(T,O,v,u) cHZ : u> ggt(r)}

where ggt is the boundary function

. Asin(mga)r? + gt

i2C

= f

Bg(r) =in Ac(4]sin(rga)]) "

and the infimum is taken over all integers ¢ > 1 for which 4|sin(mqa)| < (v/2—1)2. Here

1-3X+v1I-6X + X2
- : .

Ren, Wang and Xie gave the following complex hyperbolic version of Theorem 1.1:

Ac(X)




Theorem 1.4 (Theorem 5 of Ren, Wang, Xie [9]) For every irrational o and t >
0 the boundary function Bgt satisfies the asymptotic upper bound

Bgt(r) < const. .

Moreover, one can take the constant to be at most 1.7 x 106v/t when r > 21/% ¢;.

Our main results can be combined as:

Theorem 1.5 Lete > 0 be the Margulis constant for H% and let c(/2) = 1/(2sinh(e/4)).
Let A= An; : HX — H2 be given by (4) where « is irrational and t > 0. Let p,/qn be
the rational convergents of a_and let Ay € (0,1] be a constant for which q,/qn+1 < AN
forallm > N. Let Bgt and Bg’t be the boundary functions defined by (5) and (6). Then

(1) For all r > qn+/t/4T we have

Bio(r) < e(e/2)*(1+ An)2v/ntr,

(2) Let ug = 4c(e/2)?Ant. Then there is an unbounded sequence of points on the
horosphere H,, of height uo that lie in the Margulis region. That is, for any
positive constant o there exists an integer ¢ > 1 and a point z = (r,0,v,up) on
Hy, so that r > 1o and p(A(z),z) <e.

(3) Let N be chosen so that gy > 4m/(V/2 — 1)2. For all v > qn+/t/4m we have

RC (z) (1+ )\N)Q\/Er
a,t A(C(Q\/H/T)
= (1+An)(2Vatr +127t) + O(r~1).

The proofs will be broken up into separate pieces. Part (1) is Proposition 4.3, part
(2) is Proposition 4.5 and part (3) is Proposition 4.7.

2 Continued fractions and Diophantine approximation

One of the main tasks in our proofs is to estimate |sin(mqa)| for fixed irrational « as

q € N varies. Following Erlandsson and Zakeri, we do this using the rational convergents

coming from the continued fraction expansion of a. We now review the facts about

continued fractions and Diophantine approximation that we need. This material is well

known and may be found in many books. Our main reference is Hardy and Wright [4].
For any real number « the continued fraction expansion of « is

1
a=a0+—1

a
P et



where a,, € Z and a, > 0 for all n > 1. We write this expansion as
a = [ag; a1, az,as,...].

The real number « is rational if and only if the continued fraction expansion has finitely
many terms, that is some ay = 0. In what follows, we always assume « is irrational.
That is, @ has an infinite continued fraction expansion and so a,, > 1 for all n > 1.

Given an irrational number o we can construct a sequence of rational numbers p,, /¢y,
called the rational convergents of «, by truncating the continued fraction expansion
a = [ag; a1, a2,as, .. .| after finitely many steps. That is

Pn/Gn = [a0; a1, a2, ..., ayl. (7)

In particular, pg/qo = ap and p1/q1 = ap + 1/a1 = (apa; + 1)/a;. Thus ¢o = 1 and
q1 = a1 > 1. The rational convergents oscillate around a. In particular, Theorems 152
and 154 of Hardy and Wright [4] imply that for all m > 1

P2m < P2m+2 <a< P2m+1 < Po2m—1 (8)

q2m P2m+2 q2m+1 q2m—1

It is straightforward to verify that the rational convergents satisfy the following recursion
relations for n > 2:

Dn = nPp—1 + Pn—2, Qn = nQn—1 + gn—2.
The following lemma is a simple consequence of the above recursion property:

Lemma 2.1 (1) gop > 2™ and qom+1 > 2™ for all m > 0.
(2) If an, > a > 2 for alln > N then q,/qn+1 < 1/a < 1/2 for alln > N.

The significance of rational convergents is that they provide extremely good approx-
imations to a. We will make use of the following strong approximation property.

Lemma 2.2 (Theorem 182 of Hardy and Wright [4]) Let « be an irrational num-
ber. Then for all rational convergents pn/q, of o and all rational numbers p/q with
1 <qg<gnt

[gnae — pp| < |qa — p

with equality if and only if p/q = Pn/qn.

We remark that the statement of Theorem 182 of Hardy and Wright [4] only gives
this result for ¢ < ¢,. However, in the proof they show that if ¢,—1 < ¢ < ¢, then
|goe — p| > |gn—10¢ — pp—1|- This implies our statement by changing n to n + 1.

The following estimate of the error in approximating « by py /g, will be crucial to
our arguments below.



Proposition 2.3 (Dirichlet, Theorem 171 of Hardy and Wright [4]) Let « be an
irrational number and let py, /q, denote the rational convergents of a. Then for alln > 1

we have:
1

InGn+1

Pn
o — —

an

<

9)

We also need a similar lower bound. This result follows from Theorem 163 and
equation (10.7.4) of Hardy and Wright [4], see also Lemma 2.7 (ii) of Erlandsson and
Zakeri [2]:

Lemma 2.4 Let « be an irrational number and let py, /g, denote the rational convergents
of a. Then for all n > 1 we have:

1
2GnGn+1

ozf@ >

an

Our main application of Diophantine approximation will be to estimate the sine of
small angles. We use the following elementary lemma.

Lemma 2.5 For all 0 < x < /2 we have
2z/7 <sin(z) < .
Thus we have:

Lemma 2.6 Let « be irrational and let p,/qn, with n € N, be its rational convergents.
Then

|2sin(mgna)| < 27 /qns1. (10)

PROOF: Multiplying the inequality (9) from Dirichlet’s theorem by 7g,, for n > 1

we have

T T
|Tgne = mpa| < — < <.
Gnt1 ~ 2

Since sin(z) is monotone increasing for 0 < x < 7/2 we see that

IN

’251n(7rqnoz)‘ = 28in’7rqna — an‘ < 28in(7/qn+1) < 27/ qnt1-

The last inequality follows from Lemma 2.6. O

Since (8) implies & — pam—1/¢am—-1 < 0 < @ — pam/qgom, we can get information about
the sign of sin(rg,a). Combining this information with Lemma 2.6 yields:

=27 /qom < 2sin(mqam—10) < 0 < 2sin(mrgoma) < 27/qom+1-

We also want to find lower bounds on the sine of small angles.



Lemma 2.7 Let « be irrational and let p,/qn, with n € N, be its rational convergents.
Then

|2sin(mgna)| > 1/gn41. (11)

ProOF: Using a similar argument to Lemma 2.6 only using the lower bound for
|ov — pp/qn| from Lemma 2.4 gives:

|sin(mgna)| > sin(m/2qn11) > (2/7) - (7/2qn41) = 1/qnt1.

A rational number is said to be a Diophantine number of exponent v > 2 if there
exists a constant K = K(«) > 0 only depending on « so that

p‘K

for every rational p/q (where without loss of generality we take ¢ > 0). Since (12) holds
for the case where ¢ = 1, which is |a — p| > K for all p € Z, we see that K < 1/2.

We define D, to be the set of Diophantine numbers of exponent v. A theorem of
Liouville (Theorem 191 of Hardy and Wright [4]) says that when « is an algebraic number
« is Diophantine and the exponent v may be taken to be the degree of its minimum
polynomial. For example, if  is a quadratic irrational then there exists an integer a > 1
so that a,, < a for all n > 1. It is then not hard to show (see Theorem 188 of Hardy and
Wright [4]) that for any rational p/q we have

1
> .
q' (a+2)3¢>

Lemma 2.8 Let o be Diophantine of exponent v > 2 and let K be the constant from
equation (12). Then for every q € N

4K

v—1"

|2 sin(rqar)| >

PROOF: From equation (12) we see that for all rationals p/q

K

qy—l

|mgae — mp| > .
Since this is valid for all p € Z we may assume the left hand side is at most 7/2. Using
the monotonicity of the sine function on the interval (0, 7/2] and Lemma 2.6, we have

1 qu—l

K) 2 K 4K
>9.2.
Ly)="x

|2sin(rqar)| = 2sin |[rga — wp| > 2sin (;_ =



3 Real hyperbolic 4-space

3.1 Sub-horospherical regions

We use the upper half space model of real hyperbolic 4-space HﬁlR and we give it cylindrical
polar coordinates (r, 6, v, u), which correspond to (r cos(0), rsin(0), v, u) € R*. In these
coordinates:

H = {(r,@,v,u) Dou > 0}.

The (Poincaré) hyperbolic distance p(xl,acg) between points 1 = (r1,601,v1,u1) and
xg = (ra,0,v2,uz) in HE is given by

cosh? (p(ml, mg)) _ }rlewl — T26i92|2 + (v1 — v2)? + (ug + u2)2‘ (13)

2 4’LL1U2

For ug > 0 the horosphere H,, and horoball B, of height u are defined by:
H,, = {(T,H,U,u) € Hfﬁ U= uo}, B, = {(r,G,v,u) € Hﬁ% Cou > uo}.

Let f(r,0,v) be a positive function bounded away from 0. Then the sub-horospherical
region with boundary function f is the subset of Hé given by

{(T,G,v,u) e HE : u>f(r,0,v)}.

Let A = A, : HY — HE be the screw parabolic isometry of Hg defined by (1),
that is:
A=Ay (r,0,v,u) — (1,0 + 21, v+ t,u)

Then for any g € Z the gth power of A is
AT (r,0,v,u) — (r,0 + 2mqa, v + qt, u) (14)

In what follows we will be especially interested in the case where « is irrational.

Let T be a discrete subgroup of Isom(Hg) and write I's for the stabiliser of oo in T
Using Theorem 2.5 of Erlandsson and Zakeri [2], if T's contains a screw parabolic map
Aq,t whose rotation angle 2o is an irrational multiple of 7 then I'y, is cyclic. Without
loss of generality, we may take A = A, to be a generator of I'y, and, swapping to A~*
if necessary, we assume t > 0.

A set V is said to be precisely invariant under I's, in ' if A(V) =V for all A € T'
and B(V)NV =0 for all B € I' = T's,. For any group I' with I'ss = (Aq+), our aim
is to construct a sub-horospherical region depending only on « and ¢ that is precisely
invariant under I'y, in I". To that end, the we will consider sub-horospherical regions
V¢ whose boundary functions f,; depend only on 7 and not on ¢ or v. If V is a
precisely invariant sub-horosherical region with boundary function f,(r) and if ga¢(r)
is a function of > 0 depending on a and t for which g ¢(r) > fo+(r) for all » > 0 then
the sub-horospherical region V, with boundary function g,; is contained in V. Thus
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B(Vy)NVy =0 for all B € I' =T Since g is independent of a and ¢ then A7 (V) =V}
for all ¢ € Z and so Vj is also precisely invariant under ' in I

For any k > 0 the Euclidean dilation Dy : Hi — Hg given by Di(r,0,v,u) =
(kr,0, kv, ku) is a loxodromic isometry of Hﬁ‘@. We want to give formulae that are in-
variant under such dilations. Therefore, we want to find formulae that are homogeneous
in 7, v and u. In particular, fo(r) should be r times a function of r/t. We note that
Erlandsson and Zakeri normalise ¢t = 1 and so produce inhomogeneous formulae. These
can be made homogeneous by inserting suitable powers of ¢ according to this recipe.

3.2 The Margulis region and the Erlandsson-Zakeri boundary function

A celebrated result of Margulis says (in the case of Hy) the following. There is a universal
constant € > 0 so that for any discrete group I' of isometries of Hﬁ% and any x € H% if

Yer = {A el : p(A(x),:z:) < 5}

then the subgroup I'. , of I generated by the the set ¥, , contains a nilpotent subgroup
of finite index. Of course, for many points x € Hﬂ“{ the group I'c , is trivial (or finite).
Let M be the orbifold T'\Hg and IT : Hf — M = I'\Hj the canonical projection.
The e-thin part M. of the orbifold M is the set of points II(x) € M where T, is
infinite. Geometrically this means that there is a homotopically non-trivial path from
I1(x) to itself with length at most €. Margulis’s theorem says that, again for this universal
constant g, the e-thin part M, of M is the union of Margulis tubes around short geodesics
or Margulis cusps around parabolic fixed points.

We will be interested in the case of Margulis cusps where the group I'c , contains a
screw-parabolic map A = A, ; given by (1) with « irrational and ¢ > 0. In this case the
parabolic fixed point is co and I'. , = I's is the cyclic group generated by A. Hence the
Margulis cusp is I's\T+ where

Tt = {x = (r,0,v,u) : p(Ai(z),z) < & for some q € Z}.

Using equation (13) we see that the hyperbolic translation length of A? at the point
x = (r,0,v,u) is given by

Gl (p(A%;),:c)) _ V4 sin?(rqa)r? + q2t2. (15)

2u

Hence, if A? translates by a hyperbolic distance less than ¢ then

- V4 sin?(rqa)r? + ¢2t2
u u =
aenat 2 sinh(e/2)

We write c(¢) = 1/(2sinh(e/2)). Note that since A is an isometry, the translation
lengths of A2 and A~? are the same; which may also be seen by sending ¢ to —¢q in the
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above formula. Thus, for a given ¢ € Z, the set on which A? and A~ have translation
length less that ¢ is

Ugaqt = {(7“, 0,v,u) € Hy : u> c(e)\/él sin?(mqa)r? + q2t2} :

The set on which there exists a non-zero integer ¢ so that A? has translation length less
that € is

Tot = | Ugorgt = {<r,e,v,u> €HE ¢ u>c(e) inf ¢4sm2<wqa>r2+q2t2}.
q>
q>1

This sub-horospherical region is sent by the projection map II to the the Margulis cusp
around oo associated to . Thus, it is enough to study the boundary function B, (R)
associated to this region; see equation (10) of Erlandsson and Zakeri:

= i in2 2 242
Bat(r) = c(e) ;gfl \/4 sin?(rqa)r? + ¢%t2.

Following Susskind [10], Erlandsson and Zakeri show that if " is any group of isometries
of Hf‘[‘g containing A = A, then Ty, ; is precisely invariant under I' in I'.

For each value of » > 0 the infimum of B, (r) is attained for some value of q.
Erlandsson and Zakeri give a detailed and beautiful analysis of how the value of ¢ where
the minimum is attained varies with ¢q. Their starting point is the following lemma,
which gives the link to continued fractions:

Lemma 3.1 (Susskind [10]; Lemma 3.1 of Erlandsson and Zakeri [2]) If¢ > 1
attains the infimum in Bat(r) for some r > 0 then q = q, is the denominator of some
rational convergent py,/qn of .

3.3 An upper bound for the boundary function B, (x)

The problem with the results in [2] is that the exact pattern of which rational conver-
gents correspond to ¢ = g, attaining the minimum for some r is very complicated and
depends heavily on the arithmetic properties of a.. It is then hard to extract geometrical
information. In contrast, we seek to give a universal upper bound on B, (r) and so
produce a smaller sub-horospherical region, but one that works for all irrational a. As
in Erlandsson and Zakeri’s paper [2], we concentrate on what happens when r > ry > 0
for some 7y (which depends on ). One can always fill in the solid cylinder where r < 7
with the function corresponding to a particular value of ¢, say ¢ = 1. Since our focus is
on the behaviour of B, +(r) for large r, we do not go into details of this process here.
The following simple lemma is the main tool we use to produce our estimates.

Lemma 3.2 Let t > 0. Let « be irrational and let p,/qn, with n € N, be its rational
convergents. Then for all r with

2 2
qnt <p< Tt

2r T T 2w
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Figure 1: The graphs of the function from Proposition 3.3 (green) and the functions from
[2] (red) in the case of & = (V5 +1)/2 = [1;1,1,1,...]. In this case we take gy = 2,
AN =qn/qn+1 = 2/3 and t = 1. (Compare Figure 2 of [2].)

we have )

4sin®(mgna)r® 4+ ¢2t? < (1 + ;]n ) 2mtr.
qn+1

Proor: Using Lemma 2.6 we have

472p2

4sin®(rgpa)r® + ¢2t? < 5 + At?
Ant1
2
= (1 + g" ) 2mtr + <227r7“ — t> (2mr — ¢2t)
qn+1 qn+1
2
< <1 + =~ > 27tr.
A+

The last inequality is a consequence of (27r/q2,; —t) < 0 < (2mr — ¢2t) for the given
range of r. O

Therefore we have:

13



Proposition 3.3 Suppose that Ay € (0,1] is a constant for which ¢, /qn+1 < AN for all
n > N. Then for all r > q?vt/27r we have

Bai(r) < c(e)y/ (1 + X%)2mt/T.

In particular, for all v > ¢3t/27 we have

Bai(r) < c(e)Vamty/r.

PrOOF: Let 7 > ¢%t/2m. Since {g,} is a strictly increasing sequence of positive
integers, then there is an n > N for which ¢2t/2r < r < ¢2 41t/2m. Therefore, using
Lemma 3.2, we have:

Boi(r) = cle) infy/4sin’(rga)r? + ¢t
q-

c(e) \/4 sin?(7gna)r? + 2t

< c(a)\/<1 + (J;fl) 2t\/1

c(e)\/ (1 + X%,)2mt/r.

IN

IN

This is the desired result. d

The only way the bound in Proposition 3.3 depends on « is through the constant
AN, which may always be taken to be Ay = 1. Given arithmetical information about «
we can often give a value of Ay strictly smaller than 1. Here are four typical examples.

(1)

(2)

Suppose « = [ap; a1, az,...] with a, > a > 2 for all n > N. From Lemma 2.1 we
have ¢,,/gn+1 < 1/a and so then we can take \y = 1/a.

Similarly, if o = (v/5+1)/2 =[1;1,1,1,...] then go = ¢1 = 1 and g1 = G +Gn_1.
It is easy to see that for all m > 1:

EZESQ2m—1<\/5_1< q2m S@_g

2 @ QP2m 2 Gom+1 — 93 3

Thus, for all n > 2 we have ¢, /qn+1 < g2/q3 = 2/3. So we take Ay = 2/3. We use
this in Figure 1. Note that we could decrease A to ga2as/gonr+1 by only considering
n > N = 2M and hence we can take Agps arbitrarily close to (\/5 — 1)/2.

On the other hand, if a = (\/21 + 3)/6 = [1;3,1,3,...] then ¢ = 1, ¢1 = 3,
@m = @©@m—1 + @©@m—2 and g2m+1 = 3¢2m + @2m—1. We can then check that for all
m > 0:

V2 _3< q2m <@:

@ _ P2metl < V21 -3
6 Gom+1 ~ q1

<

3
4 @ @mi2 2

W =
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Figure 2: The graphs of the function from Proposition 3.3 (green) and the functions
from [2] (red) in the case of @ = (V21 + 3)/6 = [1;3,1,3,...]. In this case we take
gy =4, Ay = (V21— 3)/2 and t = 1. (Compare Figure 3 of [2].)

Therefore, we take Ay = (\/21 — 3)/2. We use this in Figure 2. In this case,
G2m+1/q2m+2 tends to (\/2 — 3) /2 as m tends to infinity, so there is no possibility
of decreasing Ay .

(4) It is not always possible to improve Ay = 1. For example, consider o = [ag; a1, ag, . . .]
where a9, = m and ag;+1 = 1. Then

Qom = M@2m—1 + @m—2 > M@Pm-1, @mt1 = @m + ©m-1 < @2m + om/m.

Thus g2m/q2m+1 > m/(m + 1) and so the minimum possible value of Ay is 1.

3.4 A lower bound on the boundary function B, (r)

We give a lower bound on B, +(r) when « is Diophantine of exponent v > 2. In particular,
this holds for algebraic numbers o with minimum polynomial of degree v. Our lower
bound has better asymptotic behaviour than the lower bound from [2] whenever the
Diophantine exponent v is greater than 2.

15



Lemma 3.4 Lett > 0 and let o be Diophantine of exponent v > 2 with K the constant
from (12). Then for all ¢ € N and all r > 0:

(4K)2/"ut2(”—1)/” 2/
(I/ _ 1)(1/—1)/1/ r '

4sin®(mqa)r? + ¢°t* >

PRrOOF: Using Lemma 2.8, for all ¢ € N, we have

4sin2(7r 2 2,2 K?r? 2,2
qa)re + ¢t > o + q°t°.

The weighted arithmetic-geometric mean inequality (equation (2.5.2) of Hardy, Little-
wood and Poélya [5]) states that if a; > 0, p; > 0 with p; + p2 = 1 then

p1 P2
p1a1 + p2a2 > ay ag”.

We choose the weights p; and py so that the powers of ¢ cancel. That is

v—1 16 K2vr? ¢ty
= — = a1 = ————— ag = .
p1 I/? D2 3 y 1 q2y_2 ) 2 v—1
Then
16K%2 16K20r?\ 1 Ptv\ v—1
— gt = —5— | — +
q21/—2 q2u—2 v v—1 v
16K 2ur2\ 1" iz (v=1)/v
q2(u—1) v—1
_ (4K)2/Vyt2(l/—l)/l/ T?/V
(I/ _ 1)(1/—1)/1/
This gives the result. o

Using the definition of B, () the following proposition follows directly from Lemma 3.4.

Proposition 3.5 Lett > 0 and let o be Diophantine of exponent v > 2 with K be the
constant from (12). Then

C(s)(4K)1/I/V1/2t(V—1)/V 1w
(v — 1)=D/2v r

Bmt(T) >

In particular, if v =2 then
Bo1(r) > c(e) V8Kt /7.

16



3.5 An example

The following example is inspired by the work of Ohtake [8]. He constructed discrete
groups generated by a screw parabolic map A fixing co and an involution B not fixing
oo with isometric sphere S of arbitrarily large radius R. To do so, the distance r of
the centre of S from the axis of A must be large as well. We quantify the relationship
between R and r in terms of the Diophantine exponent v of the rotation angle of A.

Proposition 3.6 Suppose that the screw parabolic map A = A, has the form (1). Let
ro > 0 be any positive constant. Then there exists a discrete group I for which T's, = (A)
and a point (r,0,v,u) € H% withr > ro and u > mﬁ that cannot lie in any precisely
tmwvariant sub-horospherical region for T.

ProOF: Consider the (Euclidean) hemisphere S of radius R whose centre, written in
cylindrical polar coordinates, is (r, 0,v, 0) € 8Hﬁ“{. For g € Z, the image of S under A%
is the hemisphere A%(S) with radius R and centre (r, 0+ 2mqa, v + qt, O). The distance
between the centres of S and A9(S) is

\/4 sin?(rqa)r? + ¢2t2.

If this distance is at least 2R then S and A9(S) are disjoint or tangent. That is, we
want:
4R? < 4sin*(mqa)r® + ¢*t2.
Let py/qn be a rational convergent of a. Choose r, and R,, so that

_ Qn+1t . Qn+1t o Ry

R, = , n = - = — . 16
2 2|sin(wgpa)| | sin(wgna)| (16)

Let S,, be the hemisphere with centre (r,,,0,0,0) € 0Hg and radius R,,. Note that

. qn+1t quﬂt
Tn = -
2| sin(mwg )| 27

and so given rg > 0 we can find n so that q,%+1t/27r > rg and hence r, > rg.
We claim that S, is disjoint from A%(S,,) for all ¢ € Z — {0}:

(1) For all ¢ € Z with g > gn41 we have
4sin®(rqa)ri + ¢*t* > ¢*t* > g2 1* = 4R2.
Therefore S, is disjoint from A%9(S,,).

(2) For all ¢ € Z with 1 < ¢ < ¢+1 and for all p, Lemma 2.2 implies

lgnee — pp| < |ga — p.

17



We may assume that the right hand side is at most 1/2 and so

| sin(mgna)| = sin |rgna — mpy| < sin |mga — mp| = | sin(mga)|.
Therefore

4sin®(rqa)r? + ¢*t* > 4sin®(wqa)r? > 4sin®(ngpa)rs = 4R2.
Therefore S, is disjoint from A*9(S,,).

Let B, be an involution fixing (at least) the point z, = (,,0,0, R,) € S, and mapping
the exterior of S, to its interior and vice versa. Since S, is disjoint from A?(S,,) for all
q € Z — {0}, a combination theorem argument shows that (A, By,) is discrete. The point
zn, = (70, 0,0, Ry,) cannot lie in any precisely invariant sub-horospherical region since it
is fixed by B,,.

The point z, = (ry,,0,0, R,,) lies on the horosphere of height u = R,, satisfying:

u? = R?L
= |sin(7¢na)|rn - gni1t/2
> n Gni1t
qn+1 2
Y
= 5
The inequality follows using Lemma 2.7. This completes the proof. O

3.6 An explicit bound using Waterman’s theorem

In [11] Waterman gives a version of Shimizu’s lemma for real hyperbolic space of dimen-
sion at least 4. He uses 2 x 2 matrices over a Clifford algebra. For H?R these are matrices
over the quaternions. In Waterman’s language, the point = € H%R with cylindrical polar
coordinates (r,6,v,u) corresponds to the quaternion v + r cos(#)i + rsin(6)j + uk and

the map A given by (1) is
ANt
= (5 )

where A\ = cos(ma)+k sin(ma) (compare page 101 of Waterman [11]). Waterman denotes
the imaginary part of A by A¢. Thus, in our case, Ao = ksin(wa) and [A¢| = |sin(ra)].
In our language, Waterman’s result says:

Theorem 3.7 (Theorem 8 of Waterman [11]) LetT be a discrete subgroup of Isom(Hg)
containing a screw-parabolic map A written in the form (1). Suppose that 4|sin(mwa)| <
1/2. Let B be any element of I" not fixing oo. Suppose that the isometric spheres of B and
B~ have radius Rp and centres B1(o0) = (ry,04,v4,0) and B(co) = (r_,0_,v_,0)
respectively. Then

L 2y/asin(ra)d + 12 2y/dsin(ma)r? + 12
<

Ry < :
1+ +/1—8|sin(ma)| 1+ 4/1—8|sin(ma)
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We now convert Waterman’s theorem into a statement about a precisely invariant
sub-horospherical region. For 0 < X < 1/2 define

(1+v1-2X)" - X2
1 .

Ar(X) = (17)

Note that for Ap is a decreasing function for 0 < X < 1/2

Proposition 3.8 Let I be a discrete subgroup of Isom(Hﬁ‘i) containing a screw-parabolic
map A written in the form (1). Let Agr be defined by (17). Suppose that 4|sin(mwa)| <
1/2. Define

~

Upt = {(r,@,v,u) cHy : u’>

(18)

)

4sin®(ma)r? + 2 }
Ag(4]sin(ra)])

Then ﬁa,t 1s precisely invariant under I's in .

PROOF: The centres B~(o0) = (r4,04,v4,0) and B(oo) = (r_,0_,v_,0) of the
isometric spheres of B and B~! may have very different values of r, and r_. However,
we want a radius that only depends on the r coordinate of the centre of the sphere.
An elementary geometrical argument shows that, for any R > 0, the map B sends the
exterior of a sphere of radius R centred at B~!(cc) to the interior of a sphere of radius
R% /R centred at B(co). Therefore, we define the function ®,(r) by

2/4sin?(ra)r? + 2
Doy (1) = vV (ra)

1 — 8| sin(mar)|
Then Theorem 3.7 says that
RE < @y (ry)Pa(r-).

Thus, B sends the exterior of a sphere S, of radius Ry = ®,(r) centred at B~*(c0)
to the interior of a sphere of radius R%/R; = R%/®,.(r+) centred at B(co). By
Waterman’s theorem,

RE /P i(ry) < au(ro).

Hence B sends the exterior of S to the interior of a sphere S_ of radius R— = @, ¢(r_)
with centre (r_,6_,v_,0). Thus, it suffices to find a sub-horospherical region ﬁaﬂg SO
that for all (ro, 69, v0,0) € OHE — {00}, the region ﬁa’t is contained in the exterior of
the sphere Sy with radius Ry = ®q,(r0) centred at (rg, o, v, 0). Consider such a sphere
Sp. Then for all (r,0,v,u) € Hg on Sy we have

R = \reia — roei0°\2 + (v —vo)? + w2
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Then

u? = RZ—|re? —rge’®|? — (v — )2
< R?- ]rew — roewO]Q
4(4sin®(ra)rg + t2)

N 2 |T€i0 - Toei90|2
(14 /1= 8|sin(ra)|)
4(4sin®(ma) (r + [re® — re’®|)* + 12)

(1 + /18| sim(wa)])2

_ ‘T@w _ roeiﬁo‘Q.

The last line is a quadratic polynomial in |re? — rge’®| with negative second derivative.
A brief calculation shows that this expression takes its maximum value when

|rei0 3 roei90| _ 16 sin2(7ra2)r .
(1 + /18| sin(ﬂ'a)|) — 16 Sin2(7ra)
Substituting this value back in, we find that
16 sin?(7a)r? 42
(14 /1=8[sin(ra)])? = 16sin2(ra) (1 + /1 —8[sin(ra)])’
4(4sin®(ra)r? + t2)
(1++/1-38| s,in(7r04)\)2 — 16sin?(7a)
4sin?(ma)r? 4 t2
AR(4| sin(wa)\) '

u? <

Thus, the sphere Sy with centre (rg, 6y, vo,0) and radius Ry = ®4,+(ro) lies in the exterior
of Uy, as required. O

We now apply Proposition 3.8 to all powers A? of A with 4|sin(rga)| < 1/2. In
particular, if if p,41/¢n+1 is a rational convergent of o with ¢,4+1 > 87 then we have
4| sin(rgpa)| < 4 /qni1 < 1/2.

Proposition 3.9 Let N be a positive integer so that qn > 8. Suppose that Ay € (0,1]
is a constant for which qn/qn+1 < AN for allm > N. Let Ar be defined by (17). Then
for all v > ¢%t/2m we have

N 1+ \2,)2nt
Boa(r) < (1 4+ Ay )2mtr
Ag(2y/27t/r)

= /142 (Vortr + 2xt + O(r~Y2)).
V1 ( )

Proor: For each r > qJQVt/27r there is an n > N so that

2 2
Wt o ot



Using Lemma 3.2, for r in this interval we have
4sin®(mgna)®r? + @2t* < (14 ¢2 /g2 1)2mtr < (1+ N%,)27tr.
Since qp+1 > W, we also have
4| sin(mgna)| < 47 /qnir < 24/ 27t/

Also, since 7 > ¢%t/2m > 327t we have 2,/27t/r < 1/2. This means that 2,/27t/r is
in the domain of definition of Ag. Since Ag is a decreasing function, this means:

A (4] sin(mgna)|) > Ar(2v/27t/r).
Therefore, again for r in this interval, we have

~ 4 5in? 2 242
Boy(r) = inf ) ts(mac)r +q
’ q A (4]sin(rqa)|)

4 sin? (g 0)r? 4 ¢2t2
Ap (4| sin(mgna) |)
(14 \%)2mtr

Ag(2y/2rt/r)

Finally, we give the asymptotic behaviour of this function as r tends to co. It is easy to

see that Ag(X) =1— X +O(X?) and so 1//Agr(X) =1+ X/2 + O(X?). Thus

(1 + M%) 2mtr

1+ A3 \/27Ttr + 2t 4+ O(r *1/2))
27rt/r

4 Complex hyperbolic space

4.1 Background on complex hyperbolic space

The Siegel domain model of complex hyperbolic space (see Goldman [3]) is given in polar
horospherical coordinates by

HZ = {(T,G,v,u) eCxR? : u>()}.

If z; and 29 in H(% have coordinates z1 = (r1,01,v1,u1) and 2 = (12, 02, v2, u2) then the
complex hyperbolic (Bergman) distance p(z1, z2) between them is given by

L2 (,0(21, 22)> ‘r% — 2rqroetti—ifa 4 7"% + uy + ug — vy + i’Ug‘
cos = .

2 4U1’LL2
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We define complex hyperbolic horospheres, horoballs and sub-horospherical regions in a
manner similar to their real hyperbolic counterparts (see Goldman [3]).

In what follows we want to consider discrete subgroups of complex hyperbolic isome-
tries containing the screw parabolic map A given by:

A:(r,0,v,u) — (r,0 + 2ma, v + t, u) (19)

where t > 0 and « is irrational. For such a map its Bergman translation length p(A(z), z)
at z = (r,0,v,u) is given by

cosh (p(A(z), z)) _ |2(1 — e2™)r? + 2u — it ' (20)

2 2u

4.2 A sub-horospherical region contained in the Margulis region

The Bergman translation length of a screw parabolic map acting on complex hyperbolic
space is rather more complicated than the analogous Poincaré translation length in the
real case. Therefore, we use the following lemma to find a smaller precisely invariant
sub-horospherical region.

Lemma 4.1 Suppose that z = (r,0,v,u) € HZ satisfies

4] sin(mqa)|r? + |qt|

4sinh?(5/4)
for some § > 0. Then p(A%(z),z) <.
PRrROOF: Using (20) we have
(p(A%z),z)) 2(1 — e™4)r? + 2u — iqt|
cosh | ————= =
2 2u
< 4| sin(mqa)|r? + 2u + |qt|
- 2u
4sinh?(§/4)u + 2u
<
2u

= cosh(0/2).

|

Let € be the Margulis constant for HZ and, as before, let c¢(¢/2) = 1/2sinh(e/4).
Then we define

U;Ca’qt = {(r, 0,0,u) €& : u>c(e/2)? (4] sin(rga)|r? + ]qt!)}
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Using Lemma 4.1 we see that for all z € Uf(J%z,q

translation length strictly smaller than €. Hence U(;Ca’qt is contained in the Margulis
region and the Margulis region also contains:

, the screw parabolic map A? has Bergman

T(St = U U;Ca,qt = {(r,@,v,u) € H<2c Dou > Bg’t(r)}
q=>1

with boundary function
Bg’t(r) = c(e/2)? 1I>111 (4| sin(rqa)|r? + qt).
a>

This is the boundary function we want to estimate. The following simple lemma is
analogous to Lemma 3.2.

Lemma 4.2 Let t > 0. Let « be irrational and let p,/qn, with n € N, be its rational
convergents. Then for all r with

[t |t
— < < -
dn 47r_r_Qn+1 in

4| sin(mgna)|r? + gut < (1 4 n > 2Vt r.
n+1

we have

Proor: Using Lemma 2.6, we have:

. 4qr?
4| sin(rgn)|r® 4+ gut - < + gnt
qn+1
2
— (1 + I ) 2v/mtr + ( VT \/Z) (2ry/m — qn\/i)
n+1 dn+1
< <1 4 > 2Vt
dn+1
The final inequality follows from the range of r we have chosen. O

Therefore, we can prove our main theorem in the complex case, which is analogous
to Proposition 3.3.

Proposition 4.3 Let Ay € (0, 1] be a constant for which ¢,/qn+1 < An for allm > N.
Then, for all v > qn+/t/47 we have

Bea(r) < e(e/2) (1 + An)2v/mtr.
In particular, for all for all r > ql\/% we have

Bgt(r) < c(e/2)* 4/t r
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PROOF: Once again, for each r > gn+/t/4m there is an n > N so that g,+/t/4m <
r < gn+14/t/4m. On this interval we have

BS(r) = ele/2)? ink(
(e/2)? (4 sin(mgna)r? + gnt)
6(5/2)2(1 + QH/Qn+1)2\/7TtT
c(e/2)%(1 + An)2Vrt r.

4sin(mqa)r® + qt?)

IN
o

IA A

This gives the first estimate. The second follows by using Ay < 1. O

We could also use an argument similar to Proposition 3.5 to give a lower bound on
Bgt(r) that grows like 72/¥ when « is Diophantine of exponent v. However, unlike in
the real hyperbolic case, Bgt('r) does not represent the boundary of the Margulis region,
but only an upper bound. In the next section we show that when estimating a lower
bound, one cannot do better than a constant function of r.

4.3 Points in the Margulis region on the same horosphere

In this section we construct a horosphere containing an unbounded sequence of points
in the Margulis region. Therefore, any lower bound on the Margulis region in terms of r
can be at best constant. This construction is based on the following phenomenon. When
sin(ma)) and ¢t have opposite signs, the Bergman translation length of A = A, is not
a monotone function of r. (Such a screw-parabolic map is sometimes called negatively
oriented, see Kamiya and Parker [7].) Since a — py,/¢n < 0 when n = 2m — 1 is odd, we
see that sin(mgom,—100) is negative; that it, it has the opposite sign to g2,,—1t, which we
always assume is positive.

Qualitatively, the Bergman translation length of A%2m~1 on a given horosphere whose
height is small compared with g2,,,—1 has the following behaviour. As r ranges from 0
to oo, the translation length initially decreases to a minimum at some r = rgi“ and
then grows. As m increases, so the value of 7™ tends to infinity. But crucially, as this
happens, the minimum translation length of A%m-! remains uniformly bounded. Our
goal will be to show that there is a horosphere H,,, so that this translation length is at
most the Margulis constant. Do do so, we will find a sequence of points z,, in H,,, that
leaves every compact set, and so that for each z,, the translation length of A%m-1 at z,,
is at most the Margulis constant. To make the calculations slightly simpler we choose
Zm = (Pmy Om, Um, ug) so that r,, is not r;nlin but some nearby value where the translation
length is still uniformly bounded. This will not affect the conclusion.

We begin with a simple lemma.

Lemma 4.4 Let « be irrational and let py,/q, be its rational convergents. Then for
n > 3 we have

| tan(7gna)| < 4/qn1-
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PRrOOF: This is proved in a similar way to Lemma 2.6. We use

’WQna - an| < 7"'/Qn—i-l‘
For n > 3 we have ¢,4+1 > 4 and so the right hand side is at most 7/4. Finally, for
0 <z <7/4 we have 0 < tan(x) < 4z /. ]

Now we can make the main construction of this section.

Proposition 4.5 Let ug = 4c(e/2)?Ant. For any positive constant ro there exists an
integer ¢ > 1 and a point z = (r,0,v,ug) on the horosphere H,, of height uy so that
r>ro and p(Al(2),z) <e.

ProoF: Using (20) we have

“osh (p(Aq” (2), z)) 7 2(1 — e?™ian)r2 4+ 2u — gyt

2 2u
We have

2(1 — e?™4n )2 4 2u —igyt = 2(1 — cos(2mgua))r? + 2u — 2isin(2mgna)r? — igyt
= 4sin®(ngna)r?® + 2u — 4isin(rg,a) cos(mgna)r? — igut.
Choose 7 so that (2(1 — e*™®)r? + 2u — igyt) is real. This necessarily means that

4sin(rgna) cos(mgua)r? < 0 and so n = 2m — 1 is odd. Specifically, it means that
r = r,, where:

22 qom—1t _ q2m—11 (21)
M —4sin(mgom_1a) cos(Tqam—_1) 4| sin(rqgam—1) cos(mgam—1a)]
Note that
22— @2m—1t q2m—192mt
2| sin(27gom—1)| A7

Hence, by choosing m large enough, we can make r,, > r¢ for any rg > 0. Moreover,

2(1 — e2™azm=19Y2 1L 9y jgo 4t = 4sin®(mqam_10)rZ, + 2u
_ 48in?(Tgom—10)gam—1t +ou
4| sin(mgom—1) cos(Tqam—1)|

= |tan(mgam—10)|gam—1t + 2u.

Let zp, = (rm, 0,v,up) where r,, is given by (21) and

Ant

ug = 4c(e/2)* Ayt = m
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Assume n = 2m — 1 > 3, then using Lemma 4.4, we have

2sinh? <p(AQZ"L14(zm), Zm)) = cosh (p(AqQ’”lz(zm), Zm)) —1

‘2(1 — €2ﬂiq2m_1a)’l“3n + 2ug — 1qom—1t| — 2ug
2UO
| tan(mqam—10)|qam—1t
8c(e/2)2 ANt
4q2m—1/q2m
8c(e/2)2 AN
1
2¢(g/2)?
= 2sinh?(¢/4).

Here Ay € (0,1] is a constant so that gom—1/q2m < Ay for all 2m — 1 > N. Thus
p(A%(z),z) < e as claimed. O

4.4 An explicit bound using the region of Cao and Parker

This section follows the ideas in Section 3.6 where Waterman’s bound on the radii of
isometric spheres is replaced by the following analogous statement for H(QC. In Theorem
1.3 of [1], Cao and Parker define

1420 — 1] + /1 — 12]e?mie — 1] 4 4]e?mie — ]2

K
2
and then show that the sub-horospherical region defined by
- |2(€27rioc o 1)7,2 4 ’L't‘ 8|e27ria o 1|27,2
u :
K K(K — 4|e?mic — 1))

is precisely invariant. This follows from their bound on the radii of isometric spheres
analogous to Theorem 3.7.
We choose to weaken the bound of this sub-horospherical region. We have

2(e?™ — 1)r? + it| 8le2mi — 1272
K K(K — 4]e?mie — 1)
4] sin(ra)|r? + ¢ 32sin?(ma)r?
- K K(K — 8|sin(ma)|)
4| sin(ra)|r? t

K —8|sin(ra)] K
4] sin(ra)|r? + ¢
-~ K —§|sin(ra)|
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Therefore, we choose to use the region where

4| sin(ra)|r? 4t
K — 8|sin(ra)|

Note that

1 — 12[sin(ra)| + /1 — 24| sin(7a)| + 16 sin?(7a)

K — 8|sin(ra)| = 5

For 0 < X < (\@— 1)2 define

C1-3X+VI-6X + X2 (1+V1I-6X +Xx2)° - X2

Ac(X) 5 1

(22)

so that K — 8|sin(ma)| = Ac/(4]sin(ra)|). We note that Ac is a decreasing function of

X in the interval 0 < X < (\/5 — 1)2. Therefore the following theorem is a corollary of
Theorem 1.3 of [1]:

Proposition 4.6 Let I be a discrete subgroup of PU(Hzg) containing A of the form (19).

Suppose that t > 0 and 4| sin(ra)| < (V2 — 1)2 where « is irrational. If Ac(x) is given
by (22) then define

~ 4 si 2 2 t
Ugt:{(r,e,v,u)eH(% D> o8 (ra)r” + }

Ac (4] sin(ma)|)
Then ﬁgt 1s precisely invariant under I's tn T'.

Therefore, we define

4 si 2 2
BC, () = inf sin (ﬂqa)r +qt
' ¢ Ac(4]sin(mga)|)

where the infimum is taken over all positive integers g with 4| sin(rga)| < (v2 — 1)2.

Proposition 4.7 Let T be a discrete subgroup of PU(Hz) containing A of the form (19),
where t > 0 and « is irrational. Let Ac(X) is given by (22). Let N be a positive integer

so that qn > 47r/(\/§ — 1)2. Let Ay € (0,1] be a constant so that gn/qn+1 < Ay for all
n > N. Then for all r > qn+/t/4m we have:

(14 An)2v/7tr
Ac(2V/nt/r)
= (1+An)(2VAtr +127t) + O ).

B\g,t(T)
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Proor: Consider the interval

[t |t
<< -
dn 47T_T_Qn+1 -

where n > N. Using Lemma 4.2 we have

4| sin(mgna)|r? 4 gut < (1 I ) 2vVmtr < (14 Ay)2vVwtr.
n+1

We also have
4| sin(mgna)| < 47/ qny1 < 2Vt /7.

Since qn > 477/(\/§ — 1)2 we have
=<

T g /t/AT an an

Therefore 2v/7t/r is in the domain of definition of A¢ and since Ac is a decreasing
function,

2¢/mt 2+/mt 4 4

Ac (4]sin(rgna)]) > Ac (2\/%/7")
Then:

B () — inf4sin2(wqa)r2+qt
g Ac(4]sin(mqa)l)
4sin?(mgna)r? + gt
= TAc{[sin(mgua)])
(14 An)2V7tr
Ac(2Vnt/r)
This gives the first statement. For the second, we want to estimate the asymptotic

behaviour of this function. It is easy to see that Ac(X) = 1 — 3X + O(X?) and so
1/Ac(X) =1+3X + O(X?). Hence

2\/75(1 + ) = mtr s rt
VTS = (1+An)(2Vrtr + 127t) + O(r™1).
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