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Notations.

Let z € R™W, 2 = (z1,20,...,2N), r; = (zj1,...,Tjpn) € R",

rij = @i — x4,
We consider the folowing problem:

Find the best constants C(n, N), such that
1

N N

which is a generalization of Hardy’s inequality

—2\2 1
—AZ(nQ ) x € R™,




Motivation

Let us consider the following Schrddinger operator in L2(R3Y)

S OTIED I
]:

j=1 |5 1<k<j<N

) — 4]

In 1984 E.Lieb obtained an uniform inequality on the number N
of electrons that can be bound to an atomic nucleus of charge
Z. Namely

27 > N — 1.

There is a conjecture N~ Z+ O(1), as Z — oo.
In the proof Lieb used the standard 3D Hardy inequality

1 1
—A >

3
-~ zeRS3
~ 4 z|?



Lemma. Letuec CgP(R™), m > 1 and let

F=(Fi(z), F2(2), ..., Fn(x))

be a vector field in R™. Then

2
, 1 (me |uy2didea:)
Vulcdx > — . 1
/le e e RIF 2 da (1)
Proof. We use the Cauchy-Schwarz inequality and partial inte-

gration

|/m |u|2diVFdac‘ — 2|§R/Rm<F, Vu}ﬂdac|

1/2 1/2
< 2(/Rm|u|2|F|2daz> / </Rm|Vu|2d:c) 2

Squaring this inequality completes the proof.



Remark. Note that one can linearize the inequality (?7) by using
that for positive B, A2/B > 2A — B. Namely,

2
(me |u|2diVFdx>
Jrm |ul?|F|? dx

1
/ Vu|?de > =
R 4

implies

1
/Rm Vu|?dz > o /m |u|2(2 divF — |F|2) dz.

The same inequality one obtains directly from the identity

1 2 1
/ Vu|?dz = / ‘(V - —F)u' dxr 4+ — \u|2(2 divF — |F|2> dz.
R m 2 4 Jrm



The identity

1 2 1
/ |Vu|2d:c:/ ‘(V——F)u‘ o |u|2<2divF—|F|2> dx
Rm m 2 4 Jrm

can formally be rewritten as

1. \* 1 1 1 1
—A = (V—— ) (V——F>+—(2divF—|F|2) > —divF — = |F|2.
2 2 4 2 4



1D Hardy inequality with N particles.

Theorem. Letu e H(RN\Ny), where Ny = {z = (z1,72,...,2y) €
RY | x; = z; for some i # j}. Then

1 1

/ Vu|?dz > —/ |u|2< > —)daz.
RN 4 JRN 2,
EY Y

Proof. We use

1
/RN Vul?de > Z/RN |u|2<2 divF — |F|2) dz.

D S

I k=N TN — Tk

choosing




Remarks.

e The standard Hardy inequality on (0, 00) is
o0 1 roo 2
/ |F|2d > —/ ﬂdac.

0 4 Jo |x|?

o - 52 52 1(1 1
This implies ~92s 82—% > 7 (% -+ %> If we add up then we

- 1
obtain the constant IN-T) rather than 1/4.

e The constant 1/4 is optimal.



3D Hardy inequalities with N particles.

Let
N N
1 (x; —x;) - (z; — xp)
AN(x) L= Z 5 BN(x) L= Z Z J 22 > J .
i#j ] J=1 ik, i,k "k
and let F be the following 3 x N vector
L]l — Lk LN — Tf
F(w):VInI‘Ij#k|xj—:ck|=<Z 2 RRRE Z 2).
k1 |z1 — x| k£N TN — T

Simple calculation shows that

divF(z) = Ay(z) and |F(z)|? = An(z) + By(2).

We now define

. By (x)
KN) = sup (o)
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Then the main lemma implies

1 (fRsN lu(z)|? div F(z) dx)2
4 Jgav [u(@)P|F(2)]2 da
(fRSN [u(@)[* Ay (=) d:c)z
Jran [ulPAn(2)(1 + By(z)Ay' () d=

1 2
> 4+ 4K(N) JrR3N lu(z)|“An(x) dx

[ oy IVu@)? da >

1
4

_ 1 1
= a2k S P (Y ) d

i g




Thus we obtain the following result:

Theorem. Let v € HI(R3N), then

1

1
Vu|?dz > |u|? — dx,
/R3N 4+ 4K(N) JrR3N Z; e

The problem is now reduced to finding a good estimate for the
value of K(N).
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Lemma. Let xq, xo, x3 be three n-dimensional vectors. Let R
be the circumradius of the triangle with corners x1,xo,x3. Then

1 (r1—22) (w1 —23) (r20—21) (2 —23) (3 —21) (x3 —22)
2R2_ 2 .2 T 2 .2 T 2 .2 :
12713 12723 13723

Proof. Let a =271 —xp and b=x1 — x3. Then

_ (a-b) a-(b—a) b-(a—0)

~lalPpl2 JaPlo—al?  [b2[b - al?

~ 2(lalp? = (a-0)2)  2[a?b]?(1 —cos?d)  2sin2¢
 alPplRe—al2 aPPpPb—a? 33
Here ¢ is the angle between a and b. The relation between the
circumradius and the angle follows from the sine-theorem.

r.h.s.
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Let now z;, x;, x), are three points in R3. As above Tijy Tiks Tjk are
the dlstances between these points and R, is the circumradius
of the triangle obtained from these three points.

The value 1/R;;, is called the Menger curvature (Karl Megner
1902-1985) of the triple (z;, z;, x}) (coinsides with the usual cur-
vature of the circle through these points).

If now

1
Yk ik B

11k
QN(:E]J"')Q;N)_ 5 / )
ZZ#JT

then

K(N) = 5P Qn(T1,.-.,TN).
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Lemma. Let T be a triangle whose sides have the lengths a,b,c
and whose circumradius is R. Then

1

? <= —I— —I— —=
with equality only for the equ:/atera/ tr/ang/e.

Proof. It is well known (for ex. see Mitrinovic:1989), that
a? 4+ b2 4+ 2 < 9R?. The equality holds only for the equilateral
triangle. Now combine this with the elemntary inequality

2 a2yttt
(a”+0 _I_C)<(12_I_bz_|_02>Z

which follows immediately from z/y 4+ y/x > 2, for x,y > 0.

14



Theorem. Let u e WH2(R3N) then

1 1
/]1%3 Vu|?dz > N ]R3N|u|2 > —d:c.
17 @J

Proof. It is enough to prove that (4 +4K(N))~1 > 1/2N. By
using the last lemma we find that

N 1 N 1 1 1
> <) (—2+—2+—)_(N 2>Z 2'
iEki k%] Vijk  iEkgk#] i) ik Tjk i#j Tij
T herefore
ZN . . ._.2 N — 2
K(N)= sup ZZLus z”ks ,

which proves our statement.
15



Remarks.

e This is already an improvement of the factor (4N—4)—1 which
we would have obtained by adding up standard 3D Hardy in-
equalities.

Open problem: Can one replace 1/2N by a constant independent
of N as it has been shown for 1D N particles?

e For N = 3 and 4 the estimate (4 + 4K(N))~! > 1/2N is
optimal. For larger N the value of K(N) is unknown. Finding the
sharp value of K(N) is an interesting problem from geometrical
combinatorics.
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We have already proved that K(N) < (N —2)/2.
Proposition. liminfy_ . NI K(N) > 0.

Proof. Let R(z,y,z), z,y,z € R3, now be the radius of the
circumcircle of the triangle defined by (z,y,z) and let r(x,vy)
be the distance between z and y. Assume that € c R3 is an
open bounded set with smooth boundary and let Z% denote the
three dimensional lattice {k/M, k € Z3}. It is well known that
N :=#{z; € Q N Z3;} ~ |QM3 4+ o(M3), as M — oco. Thus

liminf N~ K(N)

N —o0
> gim L M7PBy _ 1 JololoR%(x,y,2) dvdydz
~ N—oo Q2] M—6AN  2|Q) Jo for=2(z,y) dzdy .

17



If for example Q = B = {z = (x1,22,23) € R3, |z| < 1}, then by
symmetry

1 —2 (z1 —21)(z1 —y1)
[ R 2(z,y, 2) dedydz = dadyd
> |3 (z,y, z) dedydz T T—— xdydz

_ 2
_/</ 1 Zldz) dx > 0O
B|x — z|?

(r1—21)(x1—y1) dxdydz

1 fB3 212
liminf N"1K(N) > 2 y|2|m i
N—00 1Bl [ger—=(=x,y) dzdy

Proposition is proved.

and therefore

> 0.
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e Suppose that the best asymptotic configuration of points could
be described by a finite measure u on R3. Then

1 [[[R 2%(=z,y,2) du(x)du(y)du(z)
M [ Jr=2(z,y) du(z)du(y) ’

lim inf N TK(N) =
The integral
ci) = [ [ [ R72(@,9,2) dp(@)dp(y)dp(2)

is known as Menger-Melnikov curvature of the measure L.

Recently Tolsa used Menger-Melnikov curvature for geometric
caracterisation of compact sets in the plane of zero analytic
capacity (i.e. compact sets which are removable for bounded
analytic functions). It has been a break through result prepared
in the papers of David, Melnikov, Verdera, Mattila, Leger and
many others.

19



Problem: Isoperimetric properties of the Menger-Melnikov cur-
vature.

Find a measure u, w(R3) = 1, such that the integral

[ [ R™2(z,y,2) du(z)du(y)du(z)
[ Jr=2(z,y) du(z)du(y)

I(p) =

IS maximal.

Remark. Since K(N) < % we have I(u) < 1/2.



2D case. Let

G(x) = In|z|, r = (x1,72),
and let define
VG 1 (xl o )
F=— = — , .
G In |z| |a:|2 |x|2
Then divF = |n21|$| - |x1|2 and applying the inequality

1
/R2 Vul2ds > /R2 |u|2(2 divF — |F|2) dx

we obtain

1 2
/ |Vu|2d:c2—/ |“|2 dz.
R2 4 JR2 |z|2 In“ |x]

20



2D multiparticle case.

We define
— ’..Q’ ,
iz N ey — apl |21 — 2y )° vzw N ey — 2l len — 24

where T € R2. Then the main lemma implies

T heorem.
1 1 1
2 2
/2N |Vu|“dx > o Ul Y. — 5 d,
R 44+ 4K(N) JR z‘;&jln Tij 5
i ine; Rt
where as before K(N) = SUDg, . zy —Zebi?d ik < N2,
2 ) i) Tij

Remark. For 2D case we can only prove that for large N
citN/InN < K(N)<N/2-1.
21



2D magnetic Dirichlet Hardy inequality.

It has been shown in [LW] that if F = a(—xo |z|™2, 21 |2z|72),
x = (x1,22), a € R, is an Aharonov-Bohm vector potential, then

2
: 2 : 2 |ul
/2|(ZV—|—F)U| dx > ann(k—oz) /R |:13|2 dux.

Indeed, using polar coordinates (r,0) we have u(xz) = \/_Zk ur(r)e
T herefore

/ |(iV—|—F)u|2da::/00/027T<|u;|2—|—

27 — a2 00 — k
/ / a keZke‘ rdfdr = / Z |a up,
0 2 T

zk:<9.

r db dr

zu’e + ozu|2>
r

2
r db dr

2
> min (k —a)2/ [ul dzx.
ke R2 |z|2
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Later Balinsky generalized this inequality and obtained a pretty
result when F has a finite number of singularities by using con-
formal mappings.

Some interesting inequalities of this type were also recently ob-
tained by Melgaard, Ouhabaz & Rozenblum.

Balinsky, Evans & Lewis used LW inequality for establishing a
CLR inequalities in 2D case and later Bennewitz & Evans ob-
tained LW type inequalities in LP spaces.

23



Magnetic multiparticle case.

Let z; = (zj1,z52) €R?, j=1,2,...,N, and let

Tj> — Tk Tj1 — Tkl
— J J
Fj=af- 3 2202 50 WL T,

k%j ik k#5 ik
T heorem. Let

min kE— la|\2
—  min ( kezl\ Oél).

T hen

N
- 2 2
foon 301GV, + FpuPas > Dy [ (3

1

2

j=1 kg | kj

) da.

24



Proof.

Let 2 = (21,...,2N), 2j = xj1+iz 0 and let ©;(z) = Mp;(zj—21),
1, k=1,...,N.

According to Balinsky’s inequality there is a piecewise constant
function C;(z) > Dy, such that

2
u|? dz.

(®;)7;(2)
P,(2)

- 2
/R2N|vaj + Fyu|dz > /]RQN Cj(:p)‘

Simple computation shows

|<¢j>;j<z>2 b |2: s @z @ma)
®;(2) k770 k1] "5k 51

25



Therefore we obtain

|u|2d:c

2
feon Z (92, + Eudo 2 Dy for 3 \ —
k;éj J

X1 1 5
k%5 ik 1k kG Yk
We complete the proof by noticing that

min R = 0.
zER2N l#k%#
PR J



A joke.

It is well known that the ground state of the harmonic oscillator

——— 422 in L%R)

is o(z) = exp(—z2/2) and the corresponding eigenvalue \; = 1.
T herefore the following inequality is sharp

dz 5
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et us now consider the following formal expression:

R

dx dx 2x
This can be rewritten as
d? 1 1 1 d? 1
A*A——— ——1———2 — _ 2—2——.
dx?2 T + A2 D2 * 23:' dx2 T A2
The latter identity implies
d? 1
— >0 4
dx2 + v T 42

Conclusion: The eigenvalue A1 = 1 does not exist, does it?7??

27



3D Coulomb case with N particles.

Theorem. Let u e WH2(R3N). Then

1 N(N — 1) .
/R3N IVu|2dx—/R3N<; _m-j> w2 de > —( . —I—L(N)) /RgN |2 da
i#]

where

N N g —
L(N):SUDZ Z (xj z) (] k)

j=1 ik, ik "tk

28



Remarks.

e The sharp value of L(N) is unknown except of N = 3,4,5.
However, we can show that

CN(N = 1)(N = 2) < L(N) < 3 N(N = 1)(N - 2).

e T he Coulomb case has also been recently studied by A.Mouchet
who conjectured that for large N the optimal configuration is
achieved when the N points are distributed uniformly on a sphere.
In this case
. _3 1
0.0542... < Ilim N °L(N) < -— = 0.0556...
N 18

— 00
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Isoperimetric problem:

Let z,y,z € R3 and let ¢(z,y, z) be the the cosinus of the angle
between the vectors y —x and z — .

Find a measure u, uw(R3) = 1, such that

1@ = [ [ [ el@,y,2) du(@)du(y)du(=)

IS maximal.
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A question.

It would be interesting to obtain such type of inequalities for
fermions.
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