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1. NOTATION

Tt
# X7 e the Lnear space of real sequences,
v X =), ... 2 B where e — 1,3, .0, 00

o 8 A™ then cxf? Le the ael ol extrems poinds of €
and conv it 19 1he convex hull of £2;

# H b aseparable complex Hilbers space, i A o

+ 4 he a seifadjoine operator in H and (Fa] be ils qua-
dratie Lo witly domasin D) = D4 V5,

oA}, oA, mlAY and o lA) be its spectiim, ossen-
tial speciown, coulinmons spectram and pomnt spoctTium
IeapocTively:

* ApcAxo. . be chie elpenvaloes of A coanted wich their mul-
tip]icinins,

¢ B[A] be the wmulliplicity of the siganvslee A i 3 & op(d)
then MIA) — 4

w gAY be the subwets of Eo= ] ; at

AE r'F-Lq_E'-._l:I L ':]imn:}.:”]-u = oo for al TR

Aedid] = dimll, 8 =0 loral p <A,
where TTx denotes the spectral projection of Lhe operator

A correspouding to the set A
ol A= O ANUGLIA).

(Jrecan L’.‘q.ﬁil" sor that opalA) = B Fusl A1, —oo € ot { 4]
el —oc & g 1Al We have s € Fl (A I and only if the
operiator 1.1 15 ot bounded [row alsowve,




2 VL RARARLNS
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Definition 1. If m s a posilive lnleger uromi o= 2 let
e g, AV 2 BY be the sor of vectars x = Dy, g, ... such
Lhiat xy € o( A} for cach 7 and #{7:1; = A} £ BIA) for
All A i A) Y e A
o 7l A) CR™ be the sot of vectors x = (e, v, .} =k
that #; € m,{A] for cach j and {7 oy — A} £ MY
for all & & LAY,
» D, AN i— | @4u] o B, where the union 15 laken
WTINE) 4
ever all orthomormal subects w = {u, w0 © DG
coTkATIIngG 7 clomenns,
We call Eim, 4 the muliidinensional mumerical rapge of 4. I
v 15 Lake Lhen sach of the soes aiwi, ). ea0m, A) and Zim, A)
is the projectioe ol the eorresponding set with m = .

Ter 5 bo the cleas of Dudiniie inatriees w with nonnegatie
emitries whisse row-sums are cqual Lo 1 and colnmn-sums do not
exccesd 1T & B™, let ua deaowe 5, ==, wx. where the unicn
18 Laken over all matrices w € 5 such thal wx is well-dofined,

Definition 2. x £ % 3 said ro be a geacratine sequence ol
the operator A I Tlae, 4] = 8.

Definition 3. I[ m < oo, o "fi”] bz the atandard Euclidear
Lopology vn &7 If = oo, Lot 111 e
s the topology of elamenl-wise convergenee on B™ when-
evel A 18 tubsounde]:
s the Mackey topology un 1™ whetever 4 iz bounded Lt
not coindacl
o the Mackey lopoloey on the Morcinkicwicz spacy gens:-
ated b the weight sequence AL, |A2], ..} whenever A
1 compact bus nod [romn the traee elass:
o the [topalogy i A belongs to the trace clasa,
Cne can prove that in eoach sase Dl 4] is s osubsot of the
corregponding linear space. Fureher o1 the bar denles the Jwe
uensiall 'I"r_f‘}—-::]ﬂsurc.
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Theorcm | Lot x £ B™ 0 Aszune Lthat
[:-1:| eibher 7.0 11 =0, x ¢ -::r]:,-:'-::-c,;"l:] and x countains all che
eienvalues Ay of /1 accarditg to their mulliplicilies;
bl or #.04] # 0 and x coineides with the wuion of throo
disjmint ,é1_1]:-5:¢n:_1_1n:~11n:'-:11 one of which is delined wy alos and
Lhe gl loer Lo e in the open interval I:inf m:li.ilfl, s, AN
and comverge to info (A1 and wup o dA] respecilvely,
Then x 13 a geoerating scyueoace of Uhe oporator A

The following results Lold dor eacly v — 1,2, 00, 20,

Theorem 2. The set. Sim, A) is convex, exEinn A C aplm, A)
and ex Ni(m. A) <l Al C Elw, A — Tonv e, D

Theorem d. xZexk Tlere, A) il and only i there iz an inserval
|, ut| * steh rhat
{1} % vousisls of all vhe clgenvalaes Ay ¢, ot

{2} -f?olf‘m_ g
{1} o (A= ) — 9 aad &, (A", 2] =0.

Themem 4 xgoxk [m,_lj if and only if there is an inmeral
Lt o % snol chad

(17 x consists of all the cigenvalues Y & p™, p¥]:

l::zll::' 'ﬁ'c*;s.lzf'] :| _ ._Ilf-l' ' ]

GUI“L‘IIEI_[‘}- 1. Denole by A0 AL dhe intersection of all intervals
T ] satisfying (2] and r"j:. We have exZ(m, 4) =9 when-
ever A0 A F ALA)NL < e

Corollary 2. I nt < oo then D(w, 4] Iz a convex polytape and
i AY 33 a convex suhsen of the pelytops Ein, A% such 1hal
cxdin, Al ¢ exXin, A),

Example 1. Lot m (A4 =0 and x be the sequence firmed hy
all the cigenvalics of A0 Assume thet « has two acenrn'ufion
points A' . If at least one of these paints is 1ot an acenmultion
point of the sequence x[] A7, A7] then AAF =3 and x s an
cxtrome point of Bioo, 4.
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Fixample 2. Lel A be o sewibounded operator, o, (A =
[A,—22) and g Le the cigenvalucs of 4 lving in the intcrval
(=02, A). Then x £ myinc, A) belongs 1o ex Dioe, A) 3 and
only if x cowisls of all the cigenvalues g; aud a collection of
ertrics A whose rumoer daes not cxceed RO A scquence
X & o, Al belongs to DT{EI:LK._-,._-’T} (] only if it conslete of
iwll the cigenvalues o and an arbitvary collecticm of cntrics A,

4. VARIATIONAL FOTLMULAE

Tk S2C IE™ ds & convex sortund 200 80 — B be o function on
Do Tecod! that o is said ro he quasiconcave if

rlex 4 {1 —wl ¥l = min{sg(x), @iyt Yee o (0,17,
anc strictly guasiconcave i the left hand side of is strictly arcalor
than the right hand side. The functicn @ & quasiconcave it and
only if the sew {x € X ¢ ¢x) > A} wre convex Loz w21 % £ T
The funeticn ¥ is said to be (sequentially upper semicontinmons
ifthesots {x & X twd{x) > A} are (sequentialiy] closed.

The fallowing wwn coreldaries are iwmmediate consequences of
Theorem 2.
Corvollary 3. We have it 9tix) = inf  4ix) for every

xZeimad; AN T I
- Ve 1 . - . '

€] AL T [EEE.]LL&II[‘-iIi”}’;' nppot T -serntenntituous luuction
Wi Eloo, A s F,
Corollary 4, Let x € B{m, A) where m < ~¢. Assume that
therc cxists a quastenneave funelion ¥ 0 Bim, A) — B such thas

(o] either @{x) < w{®) tor all £ © 2w, Al disrmet froe x,

fb) or v s stricely quasiconcove aad wf x] = XY Jor all

X £ Hm, ).

Then x 0 epim, 4] .

The functions 4ix} — rpzz. . oo, =expilnz | ... H Zqt and
wix] =@ | @ -4y, atestrictly quasiconeave sud wpper seni-
contimumson thesel {x e B ; r; = 0,%) . Therefore Lhe ahove
cotollaries imply whe nsoal wariational forrendae far clie ew and
product of rhe firs, e eigenvalues.
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Thare hias bern an peteeenw stody of warones preblema malabed o e -
mevicdl ranme of aperarars which elong tooa graem operaior alzgebes, An
preervivw al seanlls alwained i s divvelioe can bae fonnel i [0 Blas, o
Plocan velvr o vacionws proopaerties S0 e soceesponding oparaoor algelea, Oz
mpipeeeeeh W overy dliferenn wa v deels moe o wikh s aperncar algebrn b vl
e i iclnalapperaleee 0 e e s Lt pall oo’ doe nsral neznevica” razae
by bugher slieccsion ol iweesliga e e colation betsecn Lhes nese ranltnt-
ncensiontal olejecl el olber properties el Le cperaar A0 The eonsidetalion
ol Lk Lozl liosal cone=dioeesianal moneieal range 32000 A el alwayes sol-
Lewewls Lo austanc, 10 chied nod v anye indvranatian Aleowl Lhe semaelea
of Ll speasoue inside donval A Hs melidimensicna aslogne 235, A]
e an enually sicnple alsjeen Teenn L Feearetieal aeed G5 v ie nan tos Targs]
peatzeerisiol slazdamuls, wlick connesls o sube properias A

There aze cliies cemeepls ol renal lidimensiona b meneeiesl vange: soel gx3 -he
netrig oerneserical vaege [1oor e quesdalie rannerieal rangms assoeia ol
wicth o given block eopresentlalion of 21 -5 Uhe Toricer 2 oa rosh iore com-
plicatad sl Lo (e, A)L szl the lacler s zol unilacy zveriane. Inoonr
wpincionn, 20n AT is the e nalarg” unel graialiforwaed moesleidineensisogl
penerallzaiim wl 01, ).

A A A4 and a2 02 hen the st ¥0we 4] may net be corvex fesen 1f
Llne enpmeravee A is neernaly amel 4 linde i kncwn aboot U peotnetrice strostuce,
a2 e audices prosved That W-’:l,[fn:i] = e =i, A wnenever 4
ioa oril vecs sneaaniraz. Thev: are alde e tosulrs an the so-called o
nneerieal raage ol Jnibe netes A whied, islelizee g9 5he inmsge ol i, A
under che map % ¢ fxad O D whern ks o lised voelimnemsional comples
viaral fsec |4, 5], [B

Peouls wf Uheoverns 11wl s lee velovane peults ez be foond in 7).
{1 pedans o available on ooges. .
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