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GAUSSIAN GRAPHICAL MODELS (GGMS)

THE G-WISHART DISTRIBUTION Wg (9, D) (ROVERATO, 2002; LETAC AND MASSAM,
2007; ATAY-KAYIS AND MASsAM, 2005)

It generalizes the hyper inverse Wishart of Dawid and Lauritzen (1993).
Its density is

p(K|G) = kéin@aKﬂ%”ﬂap{—;KJw}.

wrt the Lebesgue measure on Pg. The posterior of K is
W (0 + n, D + U). The marginal likelihood of G is

p(x"M|G) = Ig(6+ n,D+ U)/Ig(5,D).
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PROPERTIES OF THE G-WISHART W (6, D)

When graph is complete, it reduces to the Wishart distribution.
@ It is strong hyper-Markov wrt a graph G.

@ Formulas available for decomposable graphs.
© Decompositions in prime components and separators.

Finding its mode is fast and accurate using the Iterative Proportional
Fitting (IPF) algorithm.

Sampling is possible using the Bayesian IPF of Piccioni (2000).
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SAMPLING FROM THE G-WISHART W (4, D)

THE BAvYESIAN IPF (Piccront, 2000)

Define the operator from Pg into Pg

McaK = < A+ Kewe(Kne) tKwnec Kewe > ‘
’ Kwc,c Kw\c

which is such that [(Mc aK)™]c = A. To find the mode of Wg(4, D),
use IPF with L = D/(6 — 2):
Step a. Set Krt(0/k) — K,
Step b. Foreach j =1,...,k, set K'tU/k) = MCbLCJ_K’*(U_l)/k).
Step c. Set K1 = Krt(k/k),
To sample from Wg (4, D), use BIPF. Just replace Step b with:

Step b'. Simulate A from W, (6, D¢;) and set
KUK = M p-a K H(G=1D/K),
j s
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PROPERTIES OF THE G-WISHART W (6, D)

THE LAPLACE APPROXIMATION FOR /g (0, D)

o —

I6(6, D) = hs,p(K)(27)V172[det Hs p(K)] /2,
where K ¢ Pg is the mode of W (6, D), Hs p is the Hessian and
L T
hs.p(K) = =5 [tr(K D) — (5 — 2) log(det K)} .

For (i,),(I,m) € V, the ((i,j), (I, m)) entry of Hsp is given by

d?hs p(K) 0—2 1/1 .0 4o—1 0
: = — K (1;)°K 1 .
dKidelm 2 tr { ( J) ( /m) }
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EXAMPLE: SIMULATING FROM THE Cs-WISHART

Cs 1S THE CYCLE WITH LENGTH FIVE

Need to use the Monte Carlo method of Atay-Kayis and Massam (2005) to estimate the prior

normalizing constant.

F1GURE: Marginal distributions of Ki, based on 10,000 samples from the
G-Wishart prior Wc, (3, /5) and the G-Wishart posteriors W, (13, Df,) (sample
size n = 10) and W, (28, D35) (sample size n = 25). The vertical line x = 0.5
shows the true value of K.

Adrian Dobra University of Washington ( JcBayesian structural learning and estimation i July 8, 2008 6 /26




LOG-LINEAR MODELS

PARAMETRIZATION OF THE FOUR-CYCLE

Let V = {a, b,c,d}, € all subsets of V and D all complete subsets of V:

D = {a,b,c,d,ab,bc,cd,da},

& = {a,b,c,d,ab,bc,cd,da,ac, bd, abc, bcd, cda, dab, abcd}.
Take

e =) log pfs_l)lE\Fl & logpe = > 0.
FCE FCE
Distribution of X = (X,, Xp, Xc, X4) is Markov wrt to four-cycle means:
0 =0 for E ¢ D.

which implies:

_ PaPc _ PvPd _ PabPbe _ PbcPed _ PcdPda

Pac = » Pbd y Pabc = » Pbed = y Pcda = 5
Py Pc Pd
_ PdaPab _ PabPbcPcd Py
Pdab = » Pabed =
Pa PaPbPcPd
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CONJUGATE PRIORS FOR LOG-LINEAR PARAMETERS

DIAcONIS AND YLVISAKER, 1979; MAssAM, Liu AND DoOBRA, 2008

The likelihood for a model G in terms of (6p, D € D) is:

f(y;0,G) =exp ZGDyD—nlog 1—|—Zexp Z Op

DeD EcE DCE,DeD

The conjugate prior is the generalized hyper Dirichlet which generalizes
the hyper Dirichlet of Dawid and Lauritzen (1993):

m6(0s,a) = Ig(s,a) L exp (Z Opsp — alog (1 + Z exp ( Z OD) )) .

DeD EeE DCE,DeD

The posterior of (6p, D € D) is mg(y + s, n + «). The marginal likelihood
of G is:

P(Y|G)=Ig(y +s,n+ a)/lg(s, ). %%
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PROPERTIES OF THE GENERALIZED HYPER

DIRICHLET 7g(0|s, @)

@ When model is decomposable, it reduces to the hyper Dirichlet.
@ It is strong hyper-Markov wrt a graph G.

@ Formulas available for decomposable graphs.
© Decompositions in prime components and separators.

e Finding its mode is fast and accurate using the Iterative Proportional
Fitting (IPF) algorithm.

e Sampling is possible using the Bayesian IPF of Piccioni (2000).
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SAMPLING FROM 7g(0|s, a)

THE BAvYESIAN IPF (Piccront, 2000)

Start with a random choice of (9([?), D € D). For each model generator C;,
I=1,2,...,mdo:

@ Generate marginals 7¢,(D), D C C; as independent Gammas with

shape > (—1)IF\Pl and scale 1/a.
DCFCC

@ Normalize 7¢,(D), D C C; to obtain marginal tables pc,(D), D C C.
@ Compute the corresponding (6,(E), E C G)):

9”?’7(E):9k7,(Er‘1C,)+ S (—I)IE\Fllog(1+ > exp< S 6k+lml(C)>).
CZF,CCFUL

FCE,FE&y LQCIC,LES

O Set 0%t (E) =0 for all E & D.
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PROPERTIES OF 7¢(f|s, @)

THE LAPLACE APPROXIMATION FOR Ig(s, @)

In(s,0) ~ hea(fp)(2r)F det(Hs.a(fp)) Y2,

The entries of the Hessian are:

d?hs o (0p)

0G0 do = -« Z Z p(i(G)) 50(;)H(/H)_ Z p((C))
(ip)dO(IH) Geeg jgezy UcH=IH
G20 (jg)p=ip CeEguceTe
where

[ 1, if U6)H = In,
O(je)n (IH) = { 0, otherwise.
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BAYESIAN MODEL CHOICE

Candidate models: {M,,,m=1,..., M}. Models are connected through

their neighborhoods. Perform model selection using the posterior model
probabilities:

{p(Mpn|D),m=1,... M}
Possible decisions:

@ Select the best model M, with the highest posterior probability.
© Average across all models.

@ Average across a reduced set of models:
M(c) = {Mm : p(Mms|D) = ¢ - p(Mpm|D)}.

As n — oo and M is fixed, M(c) — {Mp.}. However, as M — oo and n
is fixed, p(M(c)|D) — 0.
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THE MODE ORIENTED STOCHASTIC SEARCH

(MOSS)

The precursor of MOSS is the Shotgun Stochastic Search (SSS) algorithm
(Jones et al., 2005; Hans et al., 2007).

MOSS(c)

Let S be the models visited so far and £ be the unexplored models. Do:
Step (A). Sample a model M; € £ with probabilities proportional with
p(M;|D). Mark M; as explored.

Step (B). Include in S all the neighbors of M;.

Step (C). If £ is empty, output S(c) and STOP. Otherwise go to (A).

THEOREM

At each iteration, the probability that MOSS finds M, is greater than
the probability that any Markov chain algorithm finds M p,..

| A

A,
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ExaAMPLE: EFFICIENCY OF MOSS

Experiment: Simulate 50 samples from a decomposable graph with 25
vertices. Only 10 vertices are linked with edges (Scott & Carvalho, 2008).

MOSs

Frequency
40
L

r T T T T T T 1
-405 -400 -395 -390 -385 -380 -375 -370

Marginal Likelihood

F1GURE: Distribution of the top 250 marginal likelihoods returned by MOSS,
SSS and MC? algorithms after evaluating the same number of models and _
starting at the same randomly generated graph. %%

Adrian Dobra University of Washington ( JcBayesian structural learning and estimation i July 8, 2008 14 / 26



GGMs SIMULATED STUDY: YUAN AND LN (2007)

e Comparison of MOSS, Yuan and Lin (2007), Meinshausen and
Biihimann (2006), Drton and Perlman (2004).

@ Experiment: simulate 25 samples of dimension p =5 and p =10
from eight different models: AR(1), AR(2), AR(3), AR(4), a full
graph, a star graph with every vertex conected to the first vertex and
a circle graph. Repeat 100 times.

@ Assess performance using the average Kullback-Leibler (KL) loss
across the replicates; number of false positive and false negative
edges.

e Conclusion: MOSS does consistently better than the other three
approaches.
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EXAMPLE: MODELING GROWTH DETERMINANT

UNCERTAINTY USING GGMs

o Dataset with 41 potential growth determinants from Fernandez et al.
(2001).

@ Economists hypothesized the existence of seven growth determinants.

@ Previous studies based on linear regressions found between 2 and 22
predictors (Theo Eicher, Mark Steel, etc).

e With the same prior specification, our results show:

@ Linear regressions: 17 growth determinants.
© GGMs: seven (relevant) and one (marginally relevant) growth
determinants.
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EXAMPLE: HOUSEHOLD STUDY IN ROCHDALE

SOURCE: WHITTAKER (1990) PAGE 279

Eight dichotomous variables relating women's economic activity and
husband’s unemployment in Rochdale:

@ A, wife economically active (no,yes)

@ B, age of wife > 38 (no,yes)

@ C, husband unemployed (no,yes)

@ D, child < 4 (no,yes)

@ E, wife's education, high-school+ (no,yes)

@ F, husband’s education, high-school+ (no,yes)
@ G, asian origin (no,yes)

@ H, other household member working (no,yes).
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EXAMPLE: HOUSEHOLD STUDY IN ROCHDALE

SOURCE: WHITTAKER (1990)

“[...] it is impossible to detect many high order interactions, and one
should hesitate to fit the saturated log-linear model [...] However we
may fit the all two-way interactions model, because the sufficient
statistics are the two-way marginal tables and the entries in these
tables are quite respectable. [...] Here, we adopt the quick model
selection method of selecting interactions for which the square of the
standardized parameter estimate exceeds 3.84."

Based on this heuristic, Joe arrives at the hierarchical model
[FG][EF][DH][DG][CG][CF][CE][BH][BE][BD][AG][AE][AD][AC].

Total number of possible hierarchical models: 5.6 x 10%2.
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EXAMPLE: HOUSEHOLD STUDY IN ROCHDALE

Joe Whittaker's analysis determined:
[FG][EF][DH][DG][CG][CF][CE][BH]|[BE][BD][AG][AE][AD][AC].
Best decomposable graphical model determined by MOSS:
[EFG][BEG][BDH|[BDG][ADG][ACG].
Best graphical model determined by MOSS (out of 228 possible models):
[FG][EF][BE]|BDH|[BDG][ADG][ACG][ACE].

Best hierarchical model determined by MOSS (out of 5.6 x 10%? possible
models):

[FG][EF][DG][CG][CF][CE]|BE][BDH][AG][AE][AD][AC].
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EXAMPLE: HOUSEHOLD STUDY IN ROCHDALE

PREDICTING WOMEN’S ECONOMIC ACTIVITY

Markov blanchet of Ais C, D, E, G. MOSS determines best hierarchical
model:

[FG][EF][DG][CG][CF][CE]|BE][BDH][AG][AE][AD][AC].
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EXAMPLE: HOUSEHOLD STUDY IN ROCHDALE

PREDICTING WOMEN’S ECONOMIC ACTIVITY

Whittaker (1990) estimates logistic regression as:

o p(a=1l|c,d, e g)

const. — 1.33¢c — 1.32d 4+ 0.69e — 2.17g,
p(a=0lc,d,e.g) " " &

with standard errors 0.3, 0.21, 0.2, 0.47. We estimate the same regression
equation to be:

log p(a=1lc,d,e g)
p(a=0l|c,d,e,g)

const. — 1.30c — 1.26d + 0.70e — 2.31g,

with standard errors 0.29, 0.2, 0.19 and 0.47.

Adrian Dobra University of Washington ( JcBayesian structural learning and estimation i July 8, 2008 22 /26



MULTIVARIATE REGRESSIONS

Covariates grouped as responses Y and explanatory X. Possibly X is
much bigger than Y. We are interested in learning p(Y|X) and not the
joint p(Y, X).

(Whittaker, 1990) The conditional independence relationships from
p(Y|X) are embedded in graphs having complete subgraphs associated
with X.
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EXAMPLE: GENOME-WIDE ANALYSIS OF ESTROGEN

RESPONSE WITH DENSE SNP ARRAY DATA

SOURCE: DOBRA ET AL. (2008)

60 cell lines from NCI used to study resistance to estrogen response
(Jarjanazi et al., 2008):

@ 25 cell lines were resistant.
o 17 cell lines were sensitive.

Genotypes of SNPs in these 42 cell lines were obtained from the
Affymetrix 125K chip data — only 25,530 SNPs were retained. A
segregating SNP site has three possible genotypes: 0/0, 0/1 and 1/1.

The data is a 2 x 3%°530 contigency table with 42 samples.
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EXAMPLE: GENOME-WIDE ANALYSIS OF ESTROGEN

RESPONSE WITH DENSE SNP ARRAY DATA

MOSS selects 17 SNPs that appear in regressions with at most 3 variables.
Total number of such regressions: 2.77 x 10'2. Mean number of models
evaluated by MOSS: 2,407, 299.
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SoME CONCLUDING REMARKS

Papers and code available from my website:

http://www.stat.washington.edu/adobra/
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