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Outline

Motivation: Two-phase fluid dynamics + surfactants

e Standard model for two-phase flow.

e Level set for interface capturing.
e Treatment of surface tension.

e Special FE space for pressure.

An Eulerian FEM for elliptic equations on moving surfaces

e FEM for transport equation on the interface




Standard model for two-phase flows R\WNTH

Q
Domains: Q1 = Q1(¢) and Q2 = Q5(1) 2
Interface: F=r() =001 N0 p2: H2
pi- density in €2;
i viscosity in €2; r
T surface tension coefficient
(pi(ue + (u- V)u) = div (o) + pig
: = —Vp+div(D) +pg in € fori=1,2
\div u=2~0 in €;
[onlr =7Kn —-Vr7, [ulr=0.
D(u) = Vu+ vu”: deformation tensor K:  curvature of I
oc=—pl+ uD(u): stress tensor Assumption: 7 constant

Appropriate model for a large class of two-phase flow problems.



Interface capturing: Level set approach R\WNTH

Idea:(Sethian, Osher)

[(t) = zero-level of a scalar function
The level set function p(x,t)

<0 for x in phase €23
e(x,t) =< >0 for x in phase <25
= 0 at the interface

should be an “approximate signed distance function”.
z(t) el (t) = (x(),t)=0.

LLevel set equation

|
o

ot +u- Vo




Navier-Stokes and level set RWTH

Navier-Stokes equations coupled with level set equation:

p(9) (U + (u- V)u) = div(u(@) DW)) + Vb = p(p) g - 7K(e) drnr

V-u = 0
pe+u-Vo = 0
where p,u and IC, 6r, nr depend on ¢, e.g.:
Vo : .
K(p) =V- second derivatives.
IVell

Localized force term in weak formulation:

fr(V) :T/’Cnr-v ds
r

fre HH(Q)



Numerical methods

RWNTH

Discretization:
e Weak formulation + FE methods; velocity space: P».
e Discretization of localized force term fr: Laplace-Beltrami.

e Finite element space for discontinuous pressure: XFEM P; ~~ Q] .

e Level set equation: P>, FE 4+ SDFEM stabilization.

e Time integration: 6-schema / fractional step.

Iterative solvers:
e Multigrid. Krylov subspace methods.
e Preconditioners: robustness w.r.t. u, p, At, h.

e XFEM — modified iterative solvers?



Approximation of I by I, RWTH

[ = zero level of ¢ (= level set function = signed distance function)
¢n, = piecewise quadratic FE approximation of ¢.

Our strategy:

¢ = ¢p (piecewise P>) — I(¢y) (piecewise P; on refined mesh).
[~ [}, :=zero level of I(¢,) (planar segments).

Under reasonable assumptions: dist(I", ) < ch?.



Extended FE: XFEM

RWNTH

Belytschko (1999)for elasticity problems.
Hansbo (2002) for interface problems.

Idea: Enrich FE space (e.g. P; FE) by additional
discontinuous basis functions near [:

p; (x) 1= p;(x) Hr (x)

1 xe 2,

where Hr(x) = {O clse

(Technical) difficulties:

e Integration over sub-elements T N C25:

/ P(x) - () dx = / pi(x) - F(x) dx
T TN,

e (), depends on I'! (in practice: ;)

e Reference: [GroB, R., JCP 07].




Numerical experiment: static bubble

RWNTH

Q1 ={zcR?| | <2}.

fr(v) =7 [-Knr-vds with 7 = 1. Note K =2/r = 3.

C

Solution: *= 0, =
“ P {C-l-TIC

in €2,
in Ql.



RWNTH

Results
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Results RWTH

1 S
ref. Phn € Qh Ph € Qh

lep]| 22 order lep| L2 order

0] 1.60E+400 — 1.64E-01 —

1 1.07TE4+00 | 0.57 || 4.97E-02 | 1.73

2 8.23E-01 0.38 1.66E-02 | 1.58

3 5.80E-01 0.51 7.16E-03 | 1.22

4 4.13E-01 0.49 || 2.83E-03 | 1.34

Pressure errors for the P, — Q} and P> — Q] pair.
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Part 11

RWNTH

An Eulerian FEM for elliptic equations
on moving surfaces
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Transport of surfactants at the interface

RWNTH

Convection-diffusion equation for c(x,t), = € I'(t):

8t,nc — DrArc+ Vi - (CUr) — Ku,c= O,

How can we discretize this equation on I 7.

Obvious idea: use a FE space induced by the “outer” triangulation 7j.

Define

wp = Urer, ST : tetrahedra in 7, intersected by I},

Vi :={vn, € C(wn) | vig, € PL forall T € F,}: outer space

Vi = {, € HY(IW) |3 vn € V), : o, = wp|r, }:  interface space
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Numerical experiment R\NTH

Laplace-Beltrami equation
—Aru+u=f onl,

with T = {x e R3| ||x]l2 = 1} and Q2 = (-2, 2)3.

Solution:
x|

u(x) = a5 P

(3x%:c2 — :r;g) .

Tetrahedral triangulations: {7;};>0 constructed by local refinement close to I.
Mesh size h; ~ /3 271,

Level set function ¢(x) = ||x]|° — 1; ¢, := I(¢) piecewise linear on 7.

Mhi={xe Q| I(¢n)(x) =0}
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S

#

SN

Note: the interface triangulation [, is not shape-regular:

Solution u:



Galerkin discretization

RWNTH

Determine u;, € V| such t

hat

VireupnVr, o, +upppdsy, = | fahy dsy, for all <y, € V),

Ch
with f; an extension of f.

Results:

rh

level [ | ||lu — upl|r2r,) | factor
1 0.1124 —
2 0.03244 3.47
3 0.008843 3.67
4 0.002186 4.05
5 0.0005483 3.99
6 0.0001365 4.02
7 0.0000341 4.00

15



Analysis

RWNTH

Error analysis [Olshanskii, AR., submitted]:

Theorem. For each v € H?(IN) the following holds
Jnf e’ — ol < llu® = Urus)ir Nl < C h?||ull 2(rys

Jnf N = onllmry < llu” = nuiellmry < Chllullmee-

Implementation very easy:

V@i Vr,¢0; + ¢ipjds, = Z / ... dsy
T

T TeF,

Furthermore:
e NoO data structure for triangulation of [, needed.

e NO shape regularity of triangulation of '}, required.
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Mass and stiffness matrices

RWNTH

Let (¢i)1<i<m be all nodal basis functions in V;, with support intersected by I.

Then

but (¢;)|r, are not necessarily independent. Mass matrix:

Spectrum of M:

Remarks:

span{ (¢)r, | 1<i<m} =V,

~

Mi,j = ¢z¢j dsp, 1< 1,7 < m, M = D]T/IEMDX/[E.
Fh
level [ m A1 A2 Am Am/ A2
1 112 | 3.8 e-17 | 0.0261 2.86 109
2 472 | 4.0 e-17 | 0.0058 2.83 | 488
3 1922 | 1.0 e-17 | 0.0012 2.83 | 2358
4 7646 | 3.6 e-17 | 0.00029 | 2.83 | 9660

e Scaling with D), is essential.

e Analysis: in progress.

e Similar results for stiffness matrix.
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