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Introduction

e Polygonal Wilson loops with light-like edges are dual to on-shell amplitudes in N/ =4 SYM.

New: n-point functions of the stress tensor 7 generate both in a light-cone limit.
[Alday, Eden, Heslop, Korchemsky, Maldacena, Sokatchev]
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e Three-loop four-point correlator combining older work on supersymmetry constraints
[Eden, Howe, Petkou, Sokatchev, Schubert, West| with the “triality”. No Feynman graphs!

e Beyond ladders, two unknown conformal three-loop integrals (“casy” E and “hard” H).
e Here: Evaluate E, H using leading singularities and the symbol.

e General technique not limited to N = 4.



The off-shell four-point function

Quantum corrections take a factorised form: [FEden, Petkou, Schubert, Sokatchev (2000)]
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where (y’s keep track of indices of the internal symmetry SU(4))
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Integrands at one and two loops:
[Eden, Schubert, Sokatchev (2000)], [Bianchi, Kovacs, Rossi, Stanev (2000)]
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e Numerator of / p must have Sy,4 symmetry. [Eden, Heslop, Korchemsky, Sokatchev (2011)]



Three loop ansatz:
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P<3)(:I:§j) should be Sy symmetric and it should have conformal weight -2 at every point. Options:

(a) heptagon: T35, T T esTe,T5, + Sy permutations
(b) 2-gon x pentagon: (21) (2342525578 025) + S7 permutations
(c) triangle X square: (21903305, ) (055 25525-05,) + S7 permutations
(d) 2-gon x 2-gon X triangle: (23y)(23,) (2228, 23;) + S7 permutations
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Coefficients fixed by comparing to amplitudes [Eden, Heslop, Korchemsky, Sokatchev (2011)]



The four-point correlator up to three loops

Functions in the quantum part:

FY = g(1,2,3,4),
F® = n(1,2:3,4) + h(3,4;1,2) + h(2,3:1,4) + h(1,4;2,3)
1
+ h(1,3;2,4) + h(2,4,1,3) + 5( T3y + 1525, + 14w5) [ 9(1,2,3,4)] %,
F® = | L(1,3;2,4) + 5 perms | + [ T'(1,3;2,4) + 11 perms |

+ [E(Z; 1,3;4)+ 11 perms] + %[H(173;274) 11 perms]
+ [(gx 1)(1,3;2,4) + 5 perms |

List of integrals:
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At third order:
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e Flip identity implies T o< L (not valid on shell)

e E, H previously unknown




The one- and two-loop boxes g and h:

9(1,2,3,4)

The L-loop box integrals are explicitly known:
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[Davydychev, Ussyukina (1993)]
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e “Rational” factor 1/ times pure function. Symbol with letters {z, 1 —z, z, 1 — z}.
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Asymptotic Expansions

Example: the one-loop box
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Limit: zy9,23y — 0 or + — 0 = u,Y = 1—wvsmall. Work at O(uo).

Conformal invariance: The four-point integral can be uniquely reconstructed from the limit
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Some properties of Gegenbauer polynomials:
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Let |p1| < |p2|. It follows
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e Integration region split according to validity of the expansions, finite at all stages



Expansion by regions
One-loop bubble:
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e Extend integration domain down to |k| = 0 and regularise infrared divergence



Soft region:
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e Extend integration domain up to |k| = co and regularise ultraviolet divergence

Now
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e At [ loops 2! regions: k; hard or soft.
e All momenta hard or all soft: [ loop bubble. Else product of [ —n and n loop bubbles. IBP problem!
e 3 loops: Mincer. 4 loops: up to Y'** by FIRE and LiteRed.



e Conformal four-point integrals generally have three distinct limits.

e Asymptotic expansions of the [-loop ladders:
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Smy(n): harmonic sums of weight my

e Uniform transcendentality

e E, H: fits like (x) on expansion by regions [Eden (2012)]

e In terms of HPLs (two examples):
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Compressed notation: Hj112 = H(0,1,1,1,0,1;Y)
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Rational factors in the limits of £, H:

e The last case is not a limit of A(u,v)™.

e Calculate symbol with the letters {u, Y, 1 — Y} of the limits.



Rational factors = leading singularities
For on-shell amplitudes:  [Cazacho (2008)], [Arkani-Hamed, Bourjaily, Cachazo, Trnka (2010)]

Four-mass box function, i.e. w2 g(1,2,3,4):

d4£L'5
B = CIJ’2 5132 332 332
157253545

e Shift contour to circle the residues when all denominator terms vanish.

e Change coordinates from z£ to p; = 2.

d*p; <8p~)
B = — J = det _ ) = det(—22a%) .
/ PLP2P3PaJ ozt (=2)

Using det(M) = y/det(M MT) one can see the Jacobian is:

J2 = det (A - aj5) = 16det (22 — 2% — o)

e Cut {p;} (i.e. compute the residue at the poles picking up (2mi)* and setting p; = 0 in .J).

At
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leading singularity of B = A934 = \/d@t(fl:%j)i’j:lnzl = x%xi(m — ).



The hard integral

Consider each integral sequentially:

5 d*zg dzs w3 dzs
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First the x7 integration (massive box)
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Now turn to the x5 integration
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e Cut x%. This implies A3y56 = F23,22. The numerator is cancelled and we eventually find

e Ity to cut three propagators and A3456.

o If we cut 3, 3 the root Asss6 collapses, we get back to the last case.

2 2 2 _ 2 .2 2 .2
o Cut e.g. Ty5, T35, T35, Asase = (T35 — T36715)



The new Jacobian is

J = det (3(5’7%57 T35, T35, )\3456))

Oxt
Result of x5 integral on the cut:
(4m%)? ags _ (4m*)* ag
Jai,  Jad
so to freeze the final zg integral we must cut x%s, x354, x5, J.
At 2%, = 15, = 13, = x5 = 155 = 275 = 0 we find
J — (21,23, — wi575) 36

and finally
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Form of H:

Hipss = ((iﬂf) <H(a)(x,x)+ HO (2, 7) )

Ty3Toy (x—xz)*  (v—1)(z —2)

H@_ H® are symmetric under @ < o while H@ (H (b)) is symmetric(antisymmetric) under x < .



The easy integral
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Freeze the outer integrations first (massive boxes). At the central point:
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e Cut all three propagators. The roots collapse and we obtain 2=(474)3 /A1934.

o Cut w3, 235 or w3, v3s. One root collapses. Numerator cancelled, we come back to the last case.
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Depending on which cut condition is used to replace x3;/x35s we obtain the residues
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e The first residue is the difference of these.



Form of E:

B (47r4)3 Ex,z)+vEx/(x—1),z/(x —1))
Pos = 7 7 ( (x —2)(v—1) )

with a single pure function E(x, z) antisymmetric under x < & but without any other symmetry.

e The sequence of freezing the integrations does not matter.

e General method

Single variable limit: x5, 234 — 0 or £ — 0
® Fio34, E1304, Fra03, Hi2.31, Hi304, His03 at O(u") but to all orders in Y =z [Eden (2012)]
e All limits take the form R; * Fy, R; € {1/2*,1/z,1/(x (1 —2))}, F; = log"(u) HPL(x).
e Associate symbols with the letters {u, x, 1 — x} with the “pure functions” Fj.

e Symbols for F, H: Put £ = u/x and let z — 0. Equate!



The symbol

A Goncharov polylog is defined as

o ) /x dty /fl dts /tnl dt,
a1, ag,...,0n, r) =
" 0 tl—al 0 tQ—CLQ 0 tn—an

Not all independent; they satisfy functional identities which can be found using the symbol:

dF =Y FydlogR;, S(F) =) S(F)® R

HPL’s: a; € {0,1}
S(G(1,0,1,0;x) =2z2@(1l—2)Rx® (1 —x)

Properties:

e Log-like functional identities:

QY. = .. Q...+ ..U ...,
L®lzR... = - Q...

e Integrability: A symbol corresponds to a function, if

Z Corown, Alogwi ANdlogwiyr w1 ® ... Quwis1 QWi ® ... Quw, = 0, ie{l,....n—1}.



Easy integral

e General ansatz with letters {x,1 — z,z,1 — 2}
e Impose x, X antisymmetry, integrability, single-valuedness (z, z recombine to u).
e Any one of the three single variable limits fixes the symbol.

Find 1024 terms, all with coefficients £1, 2.

e Function short, given in terms of generalised polylogs. Passes numerical tests.

Hard integral

e Same strategy
e Ansatz with {x,1 — x,z,1 — z} fails.
e Include x — z.  |[Chavez, Duhr (2012)]

e x, X symmetry/antisymmetry, flip symmetry, vanishing of S (H (“>) at r = z, inte-
grability, single-valuedness, any single variable limit fix symbols.

oS (H(b>) has 1536 terms, each with coefficient £2. No x — .
S (H (a>) has 3456 terms, varied coeflicients. x —  present!

e Can obtain H® symbol from G(...,1/x,...,1/Z,...;1). Passes numerical tests.



A four-loop example
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Unique leading singularity!

Magic identity on two—loop ladder subintegral:
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The four-loop integral becomes
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A differential equation

Point 2 occurs only once. Employ Laplace operator:

1
9 o4
D2—2 = —47T 5 (51725)
L5
On I™ we have
(4) 4 dzg dar d*og 23-2%,23, 3,
Oa 1 (x1’$2’x3’x4>:__6 55 5 5 9 0 9 5 o 5 33 = 4757 Buas.
T A A0 10 0y DY =00 (Y ) ) - (=01 TioT ’
183738 L 47X yg L7819 6L 79L76L54 L0 1234
With
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Ligloyy T — l —zz T 7
we find

2% 0,0 f(x, ) = —fulz, ©)

° f has weight 8
e final entries of symbol are functions only of z or z, but 1 — zx in seventh slot

e homogeneous solution h(x) — h(x) fixed by single-valuedness



According to symmetry under x < 1/ define

1
2

Eg%@—-Eu—xg—xﬂﬂ%@—i1—lﬂ, Br = Gula) G,

The differential equation

(1 —22)zz 0,05 f(2,2) = —(1 — 22)E_(2, %) — (1 + 22)E. (x, T)

may now be split into

Split further

and solve:

X X

TT a:l:ai" fa(xaj) - —E_(CC,Q_Z’),
(1 —xx)xx 0,0; folr,z) = —(14+22) E\(x, ).

fo=f+f, filv,2) = —folr, 7)

(1 —xx)xx 0,0; filr,2) = —FE . (x, 1),
(1 —2x) 0,07 folx,2) = —F (x,T).




Conclusions ...

e GGeneral technique for calculating rational factors, twistor variables inessential
e Asymptotic expansions suffice to fix symbols/functions.
e Use of the symbol at three and four loops

e Four-loop example: A differential equation moves the letter 1 — u from the residues of E into the
symbol. Symbol with 11136 terms, function passes numerical checks.

. and outlook

e Automat calculation of residues
e Triangle and bubble subgraphs, relation to master contours, c.f. K. Larsen’s talk
e Symbols at four loops in C*F

e Planar four-loop correction to the correlator of four stress tensor multiplets in NV = 4 SYM.
Integrability properties (at least for structure constants)?

e Three-point limit of E, H — master integrals also for standard field theory”

e Generalisation of SVHPLs to the new classes of functions — current work of O. Schnetz?



