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High frequency scattering
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High frequency scattering
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Au+ k’u=0, in exterior domain.
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High frequency scattering
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Au+ k’u=0, in exterior domain.

Difficult when k is large )
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Difficulties at high frequencies

@ Solutions oscillate in space with wavelength A\ = 27 /k.

@ Conventional boundary elements lead to full matrices of
dimension at least N = O(k9™1), as k — oo.

@ Domain finite elements lead to sparse matrices but require
even larger N.

Can improve BEM, e.g. using FMM, but cost still grows rapidly
as k increases.

EM scattering by ice crystal solved using BEM++-, see www.bempp.org
& Groth et al. J. Quant. Spec. Rad. Trans. 2015.

Simon Chandler-Wilde High frequency scattering



The “mid frequency” problem

(A+KkHu=0
increasing & _
Numerical methods T Asymptotic methods
(BEM) What to do here?? (GTD)
computationally infeasible
at large k accurate only as k& — oo
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The “mid frequency” problem

(A+KkHu=0
increasing & _
Numerical methods T Asymptotic methods
(BEM) What to do here?? (GTD)

computationally infeasible

at large k accurate only as k& — oo

Hybrid Numerical-Asymptotic (HNA) approach

Fuse conventional BEM with high frequency asymptotics to
and

over the whole frequency range.

create algorithms that are
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Hybrid Numerical-Asymptotic (HNA) approach

Fuse conventional BEM with high frequency asymptotics to
create algorithms that are controllably accurate and
computationally feasible over the whole frequency range.

Simon Chandler-Wilde High frequency scattering



Hybrid Numerical-Asymptotic (HNA) approach

Fuse conventional BEM with high frequency asymptotics to
create algorithms that are and
over the whole frequency range.

To a large extent this work born in Durham in 2002 ...

. motivated by an inspirational talk by Oscar Bruno in the
programme “Computational methods for wave propagation in
direct scattering”.
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A typical scattering problem

Au+k?u=0
u', incident wave D
obstacle
r

u=2~0

Using Green's representation theorem

ou

o) = ()~ [ ()G dsly). xeD.

: ou
we reformulate the scattering problem as a BIE for —

on
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A typical scattering problem

. in operator notation,

To solve numerically:

@ choose a finite-dimensional approximation space Vi C V;

@ select an approximation vy to du/9dn from Vjy using the
Galerkin method: find vy € V)y such that

<.AVN, WN> = <f, WN>, VWN S VN.
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Hybrid Numerical-Asymptotic BEM

ou

T f

on
Key idea: enrich the BEM approximation space with oscillatory
basis functions
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Hybrid Numerical-Asymptotic BEM

ou

T f

on
Key idea: enrich the BEM approximation space with oscillatory
basis functions

@(Xa k) ~ VO(Xa k) +

an vj(x, k) e,

J
=1

J

@ v is some known leading order asymptotic behaviour
® ¢j, j=1,...,J are specified phases, from asymptotics

e vj, m=1,...,J are unknown amplitudes, found numerically
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Hybrid Numerical-Asymptotic BEM

ou

J
a(Xk)NVOXk+Z‘/J ) elkeilx
n

=1
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Hybrid Numerical-Asymptotic BEM

Expectation: If vy and ¢; are chosen appropriately, v;,
Jj=1,...,J, will be slowly varying, and less expensive to
approximate than du/0n.
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Hybrid Numerical-Asymptotic BEM

ou

J
a(Xk)NVOXk+Z‘/J ) elkeix),
n

Jj=1

~ \/ y

Expectation: If vy and ¢; are chosen appropriately, v;,
Jj=1,...,J, will be slowly varying, and less expensive to
approximate than du/0n.

In many cases we can prove this by rigorous HF best
approximation estimates - this talk
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Hybrid Numerical-Asymptotic BEM

8” iko;(x
%(X, k) ~ wvo(x, k) + . vi(x, k)ek¢1( ),

Jj=1

~ \/ y

Expectation: If vy and ¢; are chosen appropriately, v;,
Jj=1,...,J, will be slowly varying, and less expensive to
approximate than du/0n.

In many cases we can prove this by rigorous HF best
approximation estimates - this talk — & prove convergence of
Galerkin method by combining with

- talks by Spence/Smyshlyaev
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Polynomial approximation of analytic functions

Im(s)
s 0

Let M, = {polynomials of degree < p}. If v(s) is analytic in D,
the e neighbourhood of [0, L], and

[v(s)| < M, fors e D,
then, for some C,7 > 0,

inf — < CMe™™P.
ot v = vpllizoy < CMe

L Re(s)
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Polynomial approximation of analytic functions
Im(s)
el D, \

Let M, = {polynomials of degree < p}. If v(s) is analytic in D,
the e neighbourhood of [0, L], and

[v(s)| < M, fors e D,

Re(s)

L

then, for some C,7 > 0,

inf — < CMe™™P.
ot v = vpllizoy < CMe

N.B. If v is k-dependent but M = O(1) as k — oo then
p = O(1) maintains accuracy.
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Polynomial approximation of analytic functions
Im(s)
el D, \

Let M, = {polynomials of degree < p}. If v(s) is analytic in D,
the e neighbourhood of [0, L], and

[v(s)| < M, fors e D,

Re(s)

L

then, for some C,7 > 0,

inf — < CMe™™P.
ot v = vpllizoy < CMe

N.B. If v is k-dependent and M = O(k™) as k — oo then
p = O(log k) maintains accuracy.
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Polynomial approximation of analytic functions
Im(s)
el D, \

Let M, = {polynomials of degree < p}. If v(s) is analytic in D,
the e neighbourhood of [0, L], and

[v(s)| < M, fors e D,

Re(s)

L

then, for some C,7 > 0,
inf ||V — VP||L2(0,L) S C /\/Ie_Tp.

vp€ly
N.B. If v(s) = exp(iks) then M = exp(ke) and p = O(k)
needed to maintain accuracy. cf. M. Ainsworth (2004)
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High frequency asymptotics - convex polygons

6,'£!cdu1:

According to GTD, for a convex polygon, the leading-order
asymptotic behaviour on a “lit" side is

@ 26ui
on on

where s is arc length along the side.

+vT(s)e™ + v (s)e e, k — oo
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High frequency asymptotics - convex polygons

.u_z' — (,-if;dv;r
J
Pj—l—l
On an “unlit” side it is just
P . .
a . vT(s)e® + v (s)e ks, k — oo.

High frequency scattering
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Regularity results - convex polygons

Theorem (Hewett, Langdon and Melenk (2013))

Let Q2 be a convex polygon. Then on any side T ;

Ou iks —iks, —
%(x):\ll(x)—l—ek vj+(s)+e K vi (Lj—s),

where
oV = 2% if [j is lit and W := 0 otherwise,

X€rj,

o The functions v:¥(s) are analytic in Re[s] > 0, with:

J

V.
/ k32 log!/2(2 + k)|ks|~2/2,

where € is the exterior angle at the vertex P;.

|s| > 1/k,

V) {k” l0g!/2(2 + K)lks|™/% L, 0 < 5] < 1/k,
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hp approximation space Vjy

Approximate \/J-lL by piecewise polynomials of order p on
overlapping geometric meshes, graded towards the corner

singularities
For v (s): — : |
J ( ) 0»\ CJ’QLJ‘ O'L]' Lj
\;,7”7le
Forv: (L; —s): 1 P S
s =k g (1—0)L; (1-02)L; AL
(1- 0" )L

Here o is a grading parameter - typically o =~ 0.15.
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Error estimate - convex polygons

Theorem (Hewett, Langdon and Melenk (2013))

For k > ko > 0, there exist constants C,T > 0, such that

ou

o v < Ck/2ePT,

L2(r)
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Error estimate - convex polygons

Theorem (Hewett, Langdon and Melenk (2013))

For k > ko > 0, there exist constants C,T > 0, such that

ou

o v < Ck/2ePT,

L2(r)

Total number of degrees of freedom N = O (p2)
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Error estimate - convex polygons

Theorem (Hewett, Langdon and Melenk (2013))

For k > ko > 0, there exist constants C,T > 0, such that

ou

o v < Ck/2ePT,

L2(r)

Total number of degrees of freedom N = O (p2)

We can achieve any required accuracy with N growing like log? k
as k — oo, rather than like k, as for a standard BEM.
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Error estimate - convex polygons

Theorem (Hewett, Langdon and Melenk (2013))

For k > ko > 0, there exist constants C,T > 0, such that

ou

o v < Ck/2ePT,

L2(r)

Total number of degrees of freedom N = O (p2)

We can achieve any required accuracy with N growing like log? k
as k — oo, rather than like k, as for a standard BEM.
Method is essentially frequency independent.
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Numerical results - equilateral triangle
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Numerical results, fixed N = 300, triangle

k TN/\ (1/k)H€)u/8n — V300HL2(F) COND rel. Cpt(S)
5 | 20.00 1.96x10°1 3.50x102 1.00
10 | 10.00 1.48x1071 2.77x101 0.99
20 5.00 1.12x1071 3.51x101 0.97
40 2.50 8.50x 102 4.60x10! 1.11
80 1.25 6.44x1072 6.12x10! 1.07
160 | 0.63 4.88x102 8.27x 101 1.04
320 | 0.31 3.70x1072 1.12x 107 1.20
640 | 0.16 2.80x1072 1.53x 102 1.20
1280 | 0.08 2.16x1072 2.08x 102 1.23
2560 | 0.04 1.65x1072 2.83x102 1.33
5120 | 0.02 1.26x1072 3.85x 107 1.33
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Non-convex polygons

The leading-order asymptotic behaviour on I is more complicated:

VAR O OO W ./
n\nuu.‘..“‘\\\\,\ \\‘\ ///
) LA T \\ / i
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T N T
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Partial illumination Re-reflections
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Restrict attention to a particular class of nonconvex polygons
Assume that:

© Each exterior angle is either a right angle or greater than 7.
@ At each right angle, the obstacle lies within the dashed lines:

Examples: . C
NI\(IZC NE NCC
C NC
C C NC
C

On a “convex” (C) side, du/On behaves as in convex case
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Restrict attention to a particular class of nonconvex polygons
Assume that:

© Each exterior angle is either a right angle or greater than 7.
@ At each right angle, the obstacle lies within the dashed lines:

Examples: . C
NI\(IZC NE NCC
C NC
C C NC
C

On a “convex” (C) side, du/On behaves as in convex case
Question: What happens on a “nonconvex” (NC) side?
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Regularity results on a nonconvex side

For x € I’ the following representation holds

ou

%(X) =WV(x)+ VJ-+(LJ- + s)es + v (L — s)e ks 4 i(s)e™
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Regularity results on a nonconvex side

For x € I’ the following representation holds

ou ; ; . ;
So00) = W) + 1 (L + )e™ v (L = s)e ™ 4 y(s)e™
Leading order behaviour
ou 3
\U(X) = 2(97un(x)’ g < a_S Tﬂ-’
, otherwise,

where u9 is the known solution of a canonical diffraction problem.
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Regularity results on a nonconvex side

For x € I’ the following representation holds

ou

%(X) =WV(x)+ VJ-+(LJ- + s)es + v (L — s)e ks 4 i(s)e™

The functions vjjE have the same properties as those for the convex
sides, in particular are analytic in the right hand complex plane.
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Regularity results on a nonconvex side

e’
/
X
)
s
N o

For x € I’ the following representation holds

@
on

() = W) + v (L + 8)e™ + vy (L — s)e ™™ + G(s)e™

The function V; is analytic in a complex k-independent
e-neighbourhood D, of the side I'j with
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Regularity results on a nonconvex side

Approximation space:
@ Replace v by a piecewise polynomial supported on a
geometric mesh.
@ Replace ijr and ¥; by polynomials supported on the whole
side.

Simon Chandler-Wilde High frequency scattering



Error estimate - nonconvex polygons

Theorem (C-W, Hewett, Langdon and Twigger (2015))

For k > ko > 0, there exist constants C,T > 0, such that

Total number of degrees of freedom N = O (p2).

ou

" VN < Ck5/2e=PT,

L2(r)

Again, we can provably achieve any required accuracy with N
growing like log? k as k — 0o, rather than like k, as for a standard
BEM.
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Numerical results - nonconvex polygon

Partial illumination Re-reflections
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Relative max.

max‘E[O‘Zn]\u(t)-up(t)|/maxtel0’2n]|u(t)\

error on circle in domain

—k=10
* k=40
k=160

max‘E[O‘Zn]\u(t)—up(t)|/maxt5[012n]|u(t)\

Partial illumination

Simon Chandler-Wilde

Re-reflections
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3D screen (Hargreaves, Hewett, Lam, Langdon 2015)

Recall ansatz:

M
B(x) & Vo(x, k) + D Vin(x, k)eomt)

m=1

Leading order behaviour is much more complicated than for 2D

@ Much harder to identify M and ¢,, m=1,..., M, so that
corresponding amplitudes V/,,, are not oscillatory.

o “Edge waves" and “corner waves’, diffracted by edges and
corners respectively, travel in many directions across surface of
screen.

@ These waves are rediffracted infinitely often by the other
edges and corners of the screen, taking a different direction of
travel after each rediffraction.
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Solution behaviour
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Solution behaviour without leading order

Ref[dwidn],., [dudn], ], A=0.2, d=(3.1,1)
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Shadow boundaries associated with edge waves

oyeldwan), 1, 2=0.2, d=(3,1,1)
. 10

Re[[du/dn]
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Hybrid approximation space

@ Subtract leading order oscillatory behaviour (incident field).

@ Small conventional elements around the rim (to represent
singular behaviour at edge).

@ Large hybrid elements in the centre; basis functions are plane
waves multiplied by polynomial basis functions (order p).

@ Phase functions on hybrid elements correspond to first order
diffraction directions (“edge plane waves”).
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Hybrid approximation space

@ Subtract leading order oscillatory behaviour (incident field).

@ Small conventional elements around the rim (to represent
singular behaviour at edge).

@ Large hybrid elements in the centre; basis functions are plane
waves multiplied by polynomial basis functions (order p).

@ Phase functions on hybrid elements correspond to first order

diffraction directions ( “edge plane waves"). Also, reflections
of EPWs.
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Preliminary numerical results

10° \ \ : :
—— p:O
[ s p=1
e p:2
:»9 L
=
=
o
S
=
1O72 r r r r
5 10 15 20 25 30
k

High frequency scattering
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Scattering by penetrable obstacles (Groth, Hewett,

Langdon)

i i

il

i 1%

oV T

ﬁ:

Challenge: infinitely many phases to consider, even for a convex scatterer!
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. Ky & r
Rays refract according f
' t
to Snell's law: k2 2
i T
gy

Incident wave

GO computed by beam

T 00w

Primary beams from first reflection/refraction event
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Diffraction by a penetrable wedge

Look to this canonical problem for information about the diffracted field.
There is no known exact or asymptotic solution, however we only require the phase
information which we may glean from heuristics based on the impenetrable case.

»

N
¥ /
1))

il
il

i
i

'
{
{
\
\
\

i
i

Heuristically, the GTD approximation should contain components of the form

Dy(0)e*" and  Dy(0)e*.
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HNA approximation space

@ There should be infinitely many phases due to reflections within the scatterer.

o Simplify: neglect internal reflections of diffracted waves.

We approximate v on the bottom side (and other sides similarly) as

v(a k) = wo(x k) + v (2)eF5® L of (2)el*2s®) 4T (z)eFrs@)

+I’; (I)efikzs(x) + l'reikzr(.r:) .

where vE and o7 are piecewise polynomials on overlapping meshes.
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Numerical results: triangle

@ Scattering by a triangle of refractive index = 1.5 + &i for
£ =10.1,0.05,0.025,0.0125, 0. Number of DOF fixed at 205
o Compare accuracy with that of GO

100 T ™ 100 ¢ T T T T
0t g E 107 E
£ & £
. 4 5 .
5 102} E g w2}
= E E| kg E
2 f[—e—s=0 = £
’: r|—=—&=100125 o r
2 107% | —e—g—0025 E é 1073k
= fl——& =005 3 K £

o £ £

o [[=—&=01 ] « [

101 L= T \ . . 10-4 L . . .

20 40 80 160 320 20 40 80 160 320
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Multiple scattering configurations (with Gibbs, Langdon,
Moiola)

Scattering configuration
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Standard BEM (e.g. BEM++) is error controllable and
adaptable, but cost grows with frequency;

Asymptotic methods are fast, but inaccurate when frequency
is not sufficiently large;

HNA BEM combines best features of BEM and asymptotic
methods, but is limited to certain classes of problems;

Much more to be done to extend method as a computational
tool to wider geometries - see open problems session

Much deep mathematics needed to prove error estimates more
broadly, especially in 3D - see open problem session
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Further reading:

C-W, Graham, Langdon & Spence, Acta Numerica 21 (2012), pp.
89-305.

C-W & Langdon, Acoustic scattering: high frequency boundary element
.. in Unified transform for BVPs: applications and advances, A S Fokas
& B Pelloni (eds.), SIAM, 2015, pp. 181-226.

Unified Tranaform:
kin for Boundary .- |
. Value Problems
I mcrica AppHioations'eadl Ao

Volume 21

Edited by
A.S. Fokas * B. Pelloni
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