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Testing for integrability

> How do we test whether a given system is integrable?
» What are the integrability conditions?

» Can we describe all integrable systems of a certain type (classification
problem)?

» Can we give a complete picture of all possible integrable systems of all
orders (global classification)?

To answer these challenging questions we ought to decide what integrability is.

In order to classify equations we have to define the equivalence relation and
ideally give a method to check whether two given equations are equivalent or
not.



Testing for integrability. Various approaches to classification

1975 Wahlquist, Estabrook: Pseudo-potentials (a method to find Lax
representations) for a given equation

» 1976 Kulish: Perturbative analysis of conservation laws.

»> 1977 Ablowitz, Segur: Painlevé test for integrability
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1979 Shabat, Sokolov, AVM, Yamilov, Svinolupov, Adler: Symmetry approach to
classification of integrable PDEs and differential-difference systems

1980 Fokas: existence of a higher symmetry as criteria for integrability
1987 Hietarinta: classification of bi-linear (Hirota) representations
1997 Kodama, AVM: Asymptotic integrability

1998 Sanders, Wang: Symbolic method. Global results in classification of
integrable equations

2002 AVM, Novikov: Perturbative symmetry approach

2003 Adler, Bobenko, Suris: classification of 3-D consistent integrable difference
equations

2009 Ferapontov, Novikov, Roustemoglou, ... :Integrable deformations of
hydrodynamic type systems

2011 AVM, Wang, Xenitidis, Garifullin, Yamilov, ...: Integrable partial difference
equations.

Algebraic entropy, singularity confinement, numerical simulations, ...



God, Thou great symmetry,

Who put a biting lust in me

From whence my sorrows spring,
For all the frittered days

That | have spent in shapeless ways
Give me one perfect thing.

Anna Wickham, 1921.



Symmetries of Partial differential equations

Let us consider a partial differential equation with one dependent variable u
and two independent variables t, x
¢(t7X7 u, Ut7UX7Utt7UtX7UXx,--~) :0 (1)

where the lower indexes denote partial derivatives

(tx = Oxu, Uy = Bett, Uy = O2u, e = DxOru, etc ) and function ® depends on
a finite number of arguments. We shall assume that ® is polynomial (or, in
some cases, a locally holomorphic) function of its arguments. The ring of all
polynomial (or locally holomorphic) functions of variables

t, X, U, Ut, Uy, Ust, Utx, Uxx, . . . We shall denote Ryo.

Ro = [C; x, t, u; Dy, D]
Definition
A function g = g(t, x, u, U, Ux, Ust, Usx, . . .) € Ro is a symmetry (a generator of
a symmetry) of equation (1) if for any solution u of (1) function
i=u+eg+O()
satisfies equation

q)(t: X, Da Bl’y I-_IX7 Uth Dtx, DXXy .. ) = 0(52).



Symmetries of Partial differential equations

The latter is equivalent to the following equation

od 0o ob 9 0%
e g+ a—D (g)+7Dt(g)+ a—D :(g) + M DtD (g)---=0
or
d.(g)=0

where ®, is the Fréchet derivative of ®. For any a € Ry the Fréchet derivative
a. is defined as linear differential operator

Oa Oa Oa Oa Oa
a0 Dx ’D D D DX vee s
ou + Ouyx + duy Butt t autx f

In each case the sum is finite since a has a finite number of arguments.
Derivations Dy, D; can be written in the form

X + Z Uitl,j 5 —— a + Z UI,J+1

i,j=0 i,j=0

dx =

otiy

where uij = Oxow



Dynamical variables

» Equation ®,(g) = 0 should be satisfied on all solutions of ¢ =0, t.e.
modulo ¢ = 0 and its differential consequences (such as D,® = 0,
D¢ =0,...).

> g # 0 modulo ® = 0 and its differential consequences.

In other words, we should consider a differential ideal Jo C Ro generated by
the element ¢

Jo = { Z aP,quth(q)) | ap,q € Ro, m,n € ZZO}
p,q>0

and the quotient ring Re = Ro/Jo.

A symmetry is a non-zero element g € Re such that ¢.(g) =0 (in Re).



Dynamical variables. Evolutionary PDEs

Let us consider evolutionary PDEs
ur = f(x, uo, U1, ..., Un). (2

Here we adopt notations ux = 0Xu. As dynamical variables we can take the
infinite set x, ug, U1, Uz . . ..

Any t-derivative can be re-expressed in terms of the dynamical variables and
Ro/{us — f) ¥R =[C; x, t; u; Dy]

where (u; — f) C Ry is a differential ideal and Dy is reduced to
D —g—i—iu- i Dyt =0,Dyx = 1,0xup = u1, Dyu1 = u;
X_aX — /+18u’_. xt — U, UxX — 1,0Uxlo — U1, xul — uz ... .
In R the derivation D; : R — R is reduced to

0 =i, 0
Dt:EJr;DX(f)aTi; Dit =1,Dix = 0, Deuo = f, Druy = Dyf ... .



Dynamical variables. Evolutionary PDEs

Equation u; = f(x, uo, u1, ..., un) <= two commuting derivations
[Dx, D] = 0 <= two compatible infinite dimensional dynamical systems

DXU():ul, Dtuo:f,

Dxul = us, Dtul = Dx(f),

Deuy = ugy1, Diug = DE(F),

Example
KdV
ur = uz + 6uuy =
Dyug = un, D:iug = us + 6ugun,
Dy = u, Dewy = ug + 6u? + 6ugus,

Dyur = us, Diur = us + 18uius + 6upus,



Dynamical variables. Evolutionary PDEs

Definition
A derivation Y of R (a vector field) is called evolutionary if [Dy, Y] = 0.

Theorem .
Let Y = Z?:oo Yiaiu,w Yx € R be an evolutionary derivation, then Y; = D} Yp .

Proof: [Dx, Y](uk) = Dx(Y) = Y (uk1) = Dx(Y«) = Yiy1 = 0= Yy = D{(Y0). O

Thus, an evolutionary derivation can be written as

De =S Di( GeR,
c Z 8u,

and G is called the characteristic of the evolutionary derivation Dg)

Theorem

Let D¢, Dy be two evolutionary derivations, then the derivation [Dg, Dy] is also
evolutionary with the characteristic function K = Dg(H) — Dy(G) = H«(G) — G« (H).
With evolutionary derivation Dg we associate the infinite dimensional dynamical
system (uyx)r = DX¥(G) and a PDE u; = G.



Dynamical variables. Hyperbolic (elliptic) equations

Let us consider hyperbolic (elliptic) PDEs
b =u;; —f(z,2,u,u;,u3) =0 3)

where z and Z are two independent variables (if z,Z are complex conjugated,
then (3) is elliptic, if they are real, then it is a hyperbolic equation).

If uis a solution to the equations, then using the equation we can express any
mixed derivative 8X02u in terms of z,Z, u, u,, us, Uy, Uss, ...

of  of of of
Uzz = fy Uzzz = $+%uz+87uzuzz+87u§f,--- .
Let us introduce more convenient notations
o B *u - u
up = Up = u, Uk—@, Uk—@.

Let R = (C; z,z,u, u1, Uy, U, Ua, . . .) denotes a ring of (locally holomorphic)
functions. In this notations z and Zz derivatives D, D of any a € R can be
written in the form

0a Oa 0a

Oa = Oa
_va 9a 93 9% e
Da) =5, Tug tieg + -+ + D)+

= da _ Oa _ Oa Oa Oa
D(a) = 5z T 0w T 2o Tt g, TP, T



Dynamical variables. Hyperbolic (elliptic) equations

Thus we have two derivations D, D in R which can be defined recursively:
Ie] > 1o} > - o
- 2 v Dk—l fl—/—
az+k§”k“auk+k§ ) oz,
= 7] > 9] ) 7]
== — Dk (f)=—
82+;)uk+laﬂk+; 3,

Derivations D, D commute [D, D] = 0. They correspond to two compatible infinite
dimensional dynamical systems

Bf of of of

D(U) = u, D(ul) = up, D(Ul) = f D(U2) = u3, D(u2) = + 17+f7+_2f, L
8” Bul 8u1
- of of of of
D(u) = up, D(u1) = f D(ul) = Uy, D(uz) = 87+ 187-% E-ﬁ-fai_l, D(le) =us,...
Theorem
If a vector field
0 ad 0 . 9
X=G— G
ou +z; kauk +; k@Dk
commutes with D and D, then
G, = D¥(G), G = D*(G). (4)



Dynamical variables. Hyperbolic (elliptic) equations

Proof. B
Indeed, if [D, X] =0, [D, X] =0 then

(DX — XD)(ux) = D(Gi) — X(uxs1) = D(G) — Giy1 = 0,= G, = D*(G),

(DX — XD)(@ix) = D(Gk) — X(tks1) = D(Gx) — Gey1 = 0,= Gi = D¥(G).
O

Conditions (4) are necessary, but not sufficient. We also need to check that
[D, X](tk) =0, [D, X](ux) = 0. It leads to

[D, X](51) = D(Gi) — X(f) = DD(G) — £.(G) = ®.(G) = 0.

The latter is nothing, but the condition that G is a generator of a symmetry for
equation ® = 0 (3). Thus all coefficients G, Gy of the derivation X
commuting with D, D can be expressed in terms of a characteristic function

G € R. It is natural to denote

0 & 0 = 0
De=G— + ZDk(G)aTk +> Dk(G)ank. (5)
k=1

ou
k=1




Symmetries of PDEs

Having represented a PDE ® = 0 as a compatible system of two infinite
dimensional dynamical systems corresponding to derivations Dy, D; in a certain
set of dynamical variables, a symmetry can be viewed as a third infinite
dimensional system, which is compatible with the first two.

Definition
We shall say that a derivation D of the ring Qe is a local symmetry of PDE
o=0if

1. [Dx, D] = [D:, D] = 0;

2. D(x) = D(t) =0.

In the evolutionary case u; = f these conditions mean that derivation is
evolutionary D = D¢ and its characteristic satisfies the linearised equation

(Dt - f*)G - 0

The characteristic function G and the corresponding PDE u, = G are also
often called symmetry of equation u; = f.

We say that a system is integrable if it possesses an infinite
algebra of symmetries.



Dynamical variables and symmetries

Non-evolutionary equations, such as the Boussinesq equation
2
Ut = Usxxx (U )xx
can be re-written in the form of a system of evolutionary equations as
2
ur = v, Vi = Uxxxx + (U )XXy
with dynamical variables V = {u, v, ux, v, Usxc, Vix, . . .}. Or as
_ _ 2
ur = Wx; Wi = Uxxx + (U )X7
with dynamical variables W = {u, w, uy, Wy, U, Wi, . .. }. Or as
2
Uy = Zxx, zt:uxx+u,
with dynamical variables Z = {u, z, ux, Zx, Uxx, Zex, - - - }-

It is interesting to note that in the dynamical variables V the corresponding
evolutionary system has only a finite number of symmetries, but in the
variables W or Z the number of commuting is infinite.



Symmetries of PDEs

Examples:

1. Heat equation ur = u», symmetries
ur =1, Uy, = Un, Uy = 2tur + xuy.
2. The Hopf equation u: = uuy:
uy, = ukux7 ur = f(u,x + tu)u
3. Burgers equation u; = ux + 2uuy, symmetries
ur = 142tur, uy = 2tus+xu1—U, Uy, = ta+2uu1, Uy = U3+3uuz+3uf+3u2u1
4. The KdV equation u: = U« + 6uux. A few symmetries
uy = 146tu, u, = 3t(uz+6uur)+xu1—2u, vy, = us+10u3u+20u; 4300w, . . .
5. Sine-Gordon equation u,z = sin u:

13 5, 5 5 35
Ury ZU3—|—§U1, Urg =U5+§U1U3+§U1u2+§ul,...



Symmetry reductions

Having a symmetry we can find symmetry reduction: restrict on invariant
solutions.

Let G be a generator of a symmetry, then condition G = 0 consistent with the
equation and leads to symmetry reduction from PDE to a finite system of
ODEs.

Example: KdV u; = uz 4+ 6uur. Let us take a symmetry with a generator

G = aur + b(us + 6uwn) + (us + 10usu + 20ur Uy + 300 1y), a,beR.

Setting G = 0 we get an ODE of 5th order. We can express us, us, ... in terms
of dynamical variables u, u1, u2, us, us and reduce the infinite dimensional
system

Dyup = un, Diup = uz + 6upun,
us + 6uf + 6uou,
us + 18urux + 6uous,

Dy = w, D

Dy = us, D:u

to two compatible systems of order 5. According S.P.Novikov, its solution can
be expressed in theta functions for genus 2 algebraic curve. Degeneration of
the curve leads to 2-soliton solutions.



Local conservation laws

For a PDE ®(x, t, u, ux, U, U, . . .) = 0 a local conservation law is defined as a
pair of two functions p(x, t, u, ux, us, ...), o(x, t, u, ux, ut, . . .) satisfying
equation

Orp(X, t, Uy Ux, Uy, . ..) = Oxo (X, t, U, Ux, Ug, . ..)

on all solutions of the PDE. Functions p and o are called density and flux of
a local conservation law.

Having a conservation law we can find constant of motion (analogs of first
integrals in the ODE case).

Example: The KdV equation u: = uxx + 6uuy is itself a conservation law with

p1 = u. It is easy to check that po = v?, p3 = 2u° — u?

0 0 0 0
a u= a(UQ —|— 3U2)7 a u2 = a(QUUQ — U% + 4u3),
%(2u3 — uf) = %(QU4 + 60Uy + v — 12uu? — 2u1u3),

If, for example vanishes rapidly u(x,t) — 0 as x — F00, so that [* _py dx

converges, then
d o0
— dx = 0.
dt / Pieax

—o0



Local conservation laws

In dynamical variables and our derivations Dy, D; associated with the PDE our
(pre)-definition of local conservation laws is a pair o, p € R, such that

Di(p) = Dx(0)- (6)

If we take any element h € R and define p = Di(h) then condition (6) will be
satisfied in a trivial way with o = D;(p). Such densities we call trivial.
Definition
Considering R as a linear space over the base field C we say that

1. Two elements r1,r» € R are equivalent r; ~ r; if 1 — r2 € D«(R).

2. A quotient linear space R = R/~ is called a space of functionals.
3. Elements of R are called densities.
4

. A non-zero element p € R is called a density of a local conservation law
(or simply a conserved density) if D;(p) = D«(c) for some o € R which is
called a flux of the conservation law.



Evolutionary case

In what follows
> we shall consider evolutionary equations u; = F(x, u, u1,. .., u,) only,

» we shall assume that all functions do not depend on the variable t
explicitly and thus R = [C; x; u; Dy,
> the differential field of fractions, corresponding to R will be denoted as F.

In this case the derivation Dy is quite simple

1o} > 0
Dy = i+15
ox +§u+18u;

and Ker(Dx) = C.

For equation uy = F(x, u, u1,...,up), n> 1 we will find a sequence of
necessary conditions for the existence of local symmetries.

In order to proceed we need some facts from the theory of differential operators
and formal series.



Ring of differential operators

Let F[Dx] be the algebra of differential operators over F. Elements A € F[D;]
are of the form

A=ANDY + Av_iDY Tt 4 AiDc+ A, An#£0, A € F, NE€Zso

and N is called the order of the operator N = ordA. The coefficient Ay is
called the leading coefficient Ay = Lc(A).

The Fréchet derivative

M
a, = aa—uane}'[Dx], a=a(x,u,u1,...,um) €F, Oy,a#0
k
k=0

is an example of a differential operator of order M.

The order |a| of an element a € F is defined as |a] = orda,.



Ring of differential operators.

The multiplication in F[Dy] is given by the Leibniz rule

&
aDf o bD" = Z ( IS( ) aD5(b)DgH k €N,

s=0

( k ): k(k—1)~~s-!(k—s+1)

s
This multiplication is associative, but not commutative.

Let A be a differential operator

N
A= "aD;
k=0

then a conjugated operator A™ is defined as

A" =3 (-1)"Dioax = ;o(lké( )Ds(aDkS

This conjugation is an involution in algebra F[Di]: (Ao B)t = B" o A*.



Ring of differential operators.

Definition
A variational derivative §,(a), a € F is

5u(a) = at(1) = f:(—l)kDf (%) .

k=0

The linear operator ¢, := E is called the Euler operator.

Theorem
1. If a € DF then d,(a) = 0.
2. If a(x,u,u1,...,ux) € F is holomorphic in a neighbourhood of the point

(x,0,...,0) and d,(a) = 0, then there exists b € F such that Dib = a.

If a is not holomorphic at u = 0, for instance a = u;u™?, but 0u(a) =0, then a
solution of equation Dxb = a can be found in an extension of F. In this
example b = log u.



Ring of differential operators.

Definition
The order of a conserved density ordp is defined as ordp = deg(dup)-.

It is invariant definition of the order of a conserved density in a sense that if
p1 ~ p2, then ordp: = ordps.

Let us list a few useful identities concerning Fréchet and variational derivatives.

Theorem
Let a, b € F, then

(ab)« = ab. + ba.,

(Dx(a))« = Dy o ax = D«(as) + a« o Dy,
(D(2))- = (2 (b)). = Ds(a.) + 2. o b.,
(6ua)s = (dua)s,

8.(Ds(a)) = Dp(8ua) + bl (d4a).

R o



Ring of differential operators.

Corollary
Let p be a density of a conservation law of an evolutionary equation u; = F,
then
(D: + FN)éup=10.
Definition

Any non-zero solution v € F of equation
(De+ F)y=0
is called a co-symmetry of the equation u; = F.

Theorem
Let v, |v| = n be a co-symmetry of equation u; = F such that v. = ~;". Then
there exists p € F such that v = §,p and 6,D:(p) = 0.

Moreover .
p=u [ A cugun.... cu)de,
0

if the integral converges.



Skewfield of formal series.

For further consideration we will need formal pseudo-differential series, which
for simplicity we shall call formal series (of order N = ordA € Z)

A:aND>I(V+aN_1D),(Vil+'"+81Dx+ao+af1D;1+H', 3N7£0, a, € F.
N .
or A= Z a;iDy .

The coefficient ay is called the leading coefficient, Lc(A) = an.
Multiplication is defined exactly in the same way as for differential operators

k n __ = k s nt+k—s
aDf o bD _Z;( < )aDX(b)DX .,  kez,
k\  k(k—1)---(k—s+1)
s ) s! ’

but now we allow index k to be negative. If k is a positive integer, then the
sum is finite. For negative k the sum is infinite (formal).
Example:

Dy'oa=aD;' — D,(a)D;? 4 DX(a)Dy® + - -



Skewfield of formal series.

Theorem
A set of all formal series with coefficients in the differential field F
N
F((D))={>_ aiDi|an€F, Nez}
i=—o0

form a skewfield.

Proof.

We need to show that any non-zero element of F((Dx)) is invertible. Indeed, if

N -1
A= > aDi=ay |1+ > ay'a,nD;| DY

i=—o0 n=—o0

then
k

oo -1
-1 _ p—N -1 n -1
A =D "o E - E ay annDg | oay”.
k=0 n=—o0o

Obviously in A=t = b_yDg VN 4+ b_yDi™N + .. each coefficient by is a finite sum.
Moreover b_py_y is a differential polynomial of the coefficients ap, ..., any_k- O

In particular any differential operator A € F[Dy] is invertible and its inverse
A~ e F((Dx)).



Skewfield of formal series.

Example: For series
A=anD{ +am 1Dy '+ tagta Dt -
we can find uniquely the inverse element
B=b wDy™4+b_m D™ 4., beeF

such that Ao B = Bo A= 1. Indeed, multiplying A and B and equating the
result to 1 we find that amb—_m, =1, i.e. b_pm = 1/am, then at D;l we have

mame(bfm) + ambfmfl + amflbfm =0

and therefore

2
m m

bopoq = —2mt mD,(—), etc.
a

First k coefficients of the series B can be uniquely determined in terms of the
first k coefficients of A.



Skewfield of formal series.

Moreover, if (am)% € F we can find the m-th root of the series A, i.e. a series
C=aDs+c+ C,ID;I + C,ZD;z + ...

such that C™ = A and if we know first k coefficients of the series A we can
find the first k coefficients of the series C.
Example. Let A= D? + u. Assuming

C=aDitco+ciDi +c oD% + -
we compute
C*=CoC=ciD; + (aDi(a) + cico + coct) Dut

aD«(c) + E+aci+caat--,

and compare the result with A. At D? we find ¢? =1 or ¢; = 1. Let ¢; = 1.
At D, we get 2co =0, i.e. g =0. At D2 we have 2c_; = u, at Dy we find
Cc_2 = —u /4, etc.,

u 1 u -2

C:A1/2:DX—|—§D;

We can easily find as many coefficients of C as required.



Skewfield of formal series.

Definition. The residue of a formal series A = Zkgn akDf, ax € Fis by
definition the coefficient at Dy *:

res(A) = a_1.

The logarithmic residue of A is defined as

dan—1

reslog A =
an

For a formal series
A=a,Dl +am 1D '+ +ag+a 1Dt 4+
First k residues
k—2

_1 1 2 =
rri=resA m rn=reslogA, n=resAm rn=resAm, ...rk_p=resAm

can be expressed in terms of first k coefficients of the series and vise versa.



Skewfield of formal series.

Theorem
For any two formal series A, B of order n and m, respectively, the logarithmic
residue satisfies the following identity:

reslog(A o B) = reslog(A) + reslog(B) + nD(log(bm)).

For any derivation D¢ of the differential field 7 and any formal series A we

have
Dg(res log A) = res(Dg(A) o A™H).

We will use the following important Adler’s
Theorem.(M.Adler) For any two formal series A, B the residue of the
commutator belongs to Im D;:

res[A, B] = D«(o(A, B)),

where

p+q+1>0 p + q + 1 pt+q
TR SN E AR D Y C I OO (9}
p<ord(s), g<ord(a) s=0



Formal recursion operator

Let me recall that according my definition, integrable equations are equations
possessing higher local symmetries and/or conservation laws.

We are going to show that for an evolutionary differential equation

ur = F, F=F(x,uu,...,un) € F, [F|=n>1, @)

existence of a symmetry ur = G(x,u,...,um) of high order m = |G| > n implies
existence of an “approximate” solution R € F((Dx)) of the formal operator equation
DF(R) — [F.,R] = 0, (8)

while existence of symmetries of arbitrary high order guarantee existence of a formal
series R satisfying equation (8). We shall also show that existence of two high order
local conserve densities p1, p2 also implies existence of an approximate solution of
equation (8). As well, if equation (7) is linearisable by a differential substitution, then
it admits a formal recursion operator.

Thus, conditions of solvability for equation (8) will provide us with necessary
integrability conditions for equation (7). These conditions will lead us to a canonical
sequence of local conserved densities for equation (7), and the first one is of the form

B <8F)’%
p1= Oup ’

Ultimately we aim to answer the questions: whether a given equation is integrable
and what is a complete list of integrable equations?




Recursion operator

The name formal recursion operator is motivated by the concept of recursion
operators, which are pseudo-differential operators R satisfying equation
Dr(R) — [F«, R] = 0. Such operators do exist (AKNS, Lenard, Olver):

Burgers eq. ur = up 4+ 2uuy, Rgyr = Dx + u+ w1 D;l,

KdV eq. ur = u3 + 6uuy, Rkgv = D2 + 4u + 2u D,

Sawada-Kotera eq.  ut = us + 5uuz + Suius + 5uu;, Rsk = Df + 6qu<‘+
+9u1 D3 + (9u? + 11up) D2 + (10u3 + 21uwn ) Dy + 5us + 16uup + 6u? + 4u3+
+(us + 5uuz + Sugup + 5u2u1)DX_1 + ule_1 o (2up + u?).

Theorem

Let R be a recursion operator for u; = F and G be a symmetry, such that R(G) € F.
Then R(G) is also a symmetry.

Proof. Indeed, the Lie bracket [F, R(G)] = Dr(R(G)) — Dr()(F) =
Dr(R)(G) + RDE(G) — FxR(G) = De(R)(G) + R([F, G]) + RDg(F) — FxR(G) =
(De(R) + RF. — FLR)(G) + R([F, G]) = 0. O

Applying R¥ to a seed symmetry G; we can, in principle, construct an infinite
sequence of symmetries G, = R(Gp_1).



Co-recursion operator

Theorem
Let R be a recursion operator for equation u; = F and y be its co-symmetry such that
R*(y) € F, then R~ is also a co-symmetry of the equation.

In this sense R is a co-recursion operator.

Proof. Indeed, Dg(vy) = —F; (v) and thus,
Dr(R*7) = Dp(R*)y+R*Dp(y) = =FSRT(1)+RTFL(1)-RTFS(7) = —F/ (R*).0

Example
For the KdV equation Rt = D2 + 4u — 2DX_1 o uy. Taking v = % we get
Y = (R 0

Y1I=U, Y2 =U +3u2, 73 = U4+10u2u+5u%+10u3,... .
There is the issue of locality, i.e. to show that R*(vy4) € F which in this case is
equivalent to (vx)« = (7)1



Formal recursion operator

Formal recursion operators, i.e. formal series satisfying equation
Dr(R) — [F«,R] =0.
form an algebra, which we will denote R(F):

Theorem
Let Ry, R> € R(F), ord(R1) = n# 0. Then

> a1R1 + axRs € R(F), ay,an € C,
> Ry o Ry € R(F),

k
> R € R(F), ke Z.
Moreover,

Theorem .
Let R € R(F), ordR =m # 0. Then R(F) = C((R™m)).

Meaning: If a formal series R € RR(F), ordR = k, then

k .
R=3 aRA, acC.
i

=—00



Formal recursion operator

Lemma
Let uy = F(x,u,...,un), |F|=n>2 and
R=rnDJ +--- e%(F) ordR = m. Then

OF \ 7
rmzﬁm(87> ) ﬁme(c-

Proof. The leading term in De(R) — [F«, R] is

OF OF nm—1
(—n <6un> Dy (rm) + mrmDx <8un>> D; .

Here we use the condition that n > 2, in this case ordDe(R) < m<n+ m—1
and this term does not contribute in the equation for the coefficient at
D™= Now it is obvious that

oF oF OF \ "
—n <8un) Dy (rm)+mrm Dy (8—%) =0<=rm = PBm <8u,,> , Bm € C.0O




Canonical densities

For a formal series R € F((Dx)), ord(R) = m # 0 the sequence of canonical densities
P—1,P0,P1,- . is defined as

1
_1 — =
p_1=resR m=r,™,

Fm—
po = res logR = = 1,
'm
k
Pk = resRm k € N.
Theorem

If R, ord(R) = m # 0 is a formal recursion operator (R € PR(F)), then canonical
densities are densities of local conservation laws for equation uy = F

Dr(pi) € Dx(F),

i=-1,0,1,2,... .
Proof. It follows from Adler’'s Theorem that

k k &k k
Drpx = DeresRm = resDgRm = res[Fy,Rm] = Dyo(Fsx,Rm),

k#0
De(po) = D res log R = res (De(R)R™) = res ([FxR™Y, R]) = Dva(FxR™1, R). O



Formal recursion operator

If there exists a formal recursion operator for equation

1
ur = F(x,u,...,up), |[F|=n>2then p_; = (gTF) " must be a density of a
conservation law.

Example

It is known that equation u; = u"u, is integrable and possesses a recursion
operator for n = 2,3. Does it possess a formal recursion operator for n > 37 In
this case p1 = u~! and we have to verify that

(v = —u""?u, € Di(F).
Taking the variational derivative we observe that
Su(u"2uy) = (=1)"D(u" %) + (n — 2)u" 2u,

is zero for n = 2,3 and different from zero for n > 3. Conclusion: for n > 3
this equation does not possess a formal recursion operator.

Example
» For Burgers equation: p_1 =1, p0 = 0, px = Dx((Dx + u)*"u) € D(F).

» For the KdV equation:
p_1=1,p0=0,p1 =2u,p» =2u1,p3 = 2u> + U, ...



Approximate formal recursion operator

Now we are going to discuss approximate solutions of the equation
DF(R)i[F*vR]:O7 (9)

in terms of formal series (R € F((Dx))).
Definition. A set of k-approximate solutions of the equation (9) is defined as

R = {A € F((Dx))| ord(De(A) — [Fx, A]) < ordF. + ordA — k}.
It is clear that

F((Dx)) =R1DR2DR3 D -+ D Reo = R(F).

Lemma
A formal series R, ordR = n # 0 belongs to R if and only if
R% € %y, me L.



Approximate formal recursion operator

Theorem

Suppose equation u; = F has a symmetry G € F of order k, then G, € Ry.

Proof. Taking the Fréchet derivative of the Lie bracket [F, G] = 0 we get
(DF(G) — Da(F)). = Dr(G.) — [F., G.] — Da(F.) =0

and thus

ord(Dr(G.) — [F«, Gi]) = ordDg(F.) < ordF. = ordF, + ordG, — k. O
1
We can take a fraction power G/ in order to obtain an approximate recursion
operator of order 1, which also belongs to R« due to the Lemma.

Corollary

If equation us = F admits symmetries of arbitrary high order, then there exist a
formal recursion operator R € F((Dx)) of any fixed order N satisfying equation

De(R) = [F.,R].



Formal recursion operator

For equation us = F of order n, since F does not depend on t explicitly, F is a
symmetry of order n and thus F. € JR,. Thus we know first n — 1 coefficients
of R and the same number of canonical conserved densities

1 n—3
n

_1
p—1=resF. " po=reslogF.,p1 =resF/, ... ;pn—3=resF,"

Theorem

> Any equation us = F of order n > 2 has an approximate formal recursion
operator R € R,.

» [t has an approximate recursion operator with k > n if and only if
D/:(p,')ZDX(O',')7 o € F, i=-1,0,...,k—n—2.

» Canonical densities p;, i > n — 2 can be found explicitly in terms of the
coefficients %, j=0,1,...,n of the Fréchet derivative F,. and
J

O—1y...0[—n+1-



Formal recursion operator

Example
Let us = F(x, u, u1, u2) then R = F, € Ry. Indeed

ord(Dg(Fx«) — [F«, F¥]) < 2 = ord(Fx) + ord(R) — 2.

dF dF oF -1
a—uz,Fl = 6—‘11,F0 = %5 We have p_; = resR™2 = F,

(NI

Let us denote F, =

In order to find solution in PR3 we represent R = F.. + aDy and substitute in

Dr(res R*%) = res[Fs, R’%]
[ I
Dy(o-1) = Dy«(-F, %a)
therefore )
o_1=—F, %a
Thus

1 1
ord(DFR™2 — [F.,R™Z]) < —2=2—1—k, = k=3.
1 1
Thus R=F« —o_1F7 Dx = FQD)% + (F1 — 0_1F})Dx € M3 and moreover
1
po=(F1—0_1F} )F;l. Making the next correction to R we would find
2

5 1 1
+ —poo_1 — —p—100-
4p_1 2Po 1 2P 100

p1=p-1Fo —



Solved problems of classification of integrable equations

The problem of complete description and classification of all integrable equations of
the form

Uxt = f(u)r

ur = f(X, t, u, ux, Uxx)

Ut = Uxxx + f(Xv u, Ux, Uxx)v

ur = a(X, U, Ux, Uxx ) Uxxx + F(X, U, Ux, Uxx),

Ut = Uxxxxx + f(X’ U, Ux, Uxxy Uxxxy Uxxxx )y
have been solved (Shabat, Sokolov, Svinolupov, Meshkov, Heredero, Zhiber). There
are plenty results for systems of equations. In particularly all systems of two equations

ur = A(u)uxx + F(u,uy), u=(u,v)’, DetA(u)#0

possessing an infinite hierarchy of conservation laws have been classified (AVM,
Shabat, Yamilov).
Differential-difference equations with conservation laws where studied

(Un)t = F(Unfly Un, Un+l)»
(un)t = F(un—2, Un—1, Un, Un+1, un+2)-

The first one was completely classified by Yamilov, the problem of classification for the
second type of equations was recently (partially) solved by V.Adler.

This method can also be applied to the study of integrable difference equations.
Integrability conditions for quadrilateral equations

Q(Un,my Un+1,m, Un,m+1, Un+1,m+1) =0
was found by AVM, Wang and Xenitidis.



Example of classification

| would like to illustrate the method on a simple enough example of the
Korteweg-de Vries type equation

Uy = U + (U, uy)
and make a few steps towards the proof of the following statement:

Theorem
Equation
uy =F =w+ f(u, u) (10)

admits an infinite algebra of symmetries if and only if it is one from the
following list

ur = us — %uf + (a1 exp(2au) + a2 exp(—2au) + ao) 1,  (11)
Uy = 3 + o3t + axuf + aaun + o, (12)
ug = us + (a2u2+a1u+ao) u, (13)
Us = uz + apuy + aru + ag. (14)

where a, ax € C are arbitrary constants.



Example of classification

Existence of symmetries implies the existence of a formal recursion operator R
satisfying the equation

D:(R) — [F«,R] = 0. (15)
In our case of of
F. =D+ ADs+f, fi=2—, fo=
o ou

has constant leading coefficient and the next coefficient (at D?) is zero. Thus
. . _1
canonical densities p_1 = resR™3 =1, po = res log R = 0 thus

R=F.+raDit 4.

Taking R = D3 + AD, + fo+ r_1D;* + - - - we can easily find that

R iDx+%ﬂD;lJr%(fO*Dx(fl))D;2+~“
RE= D2+ 2+ 5 (26— D) D + -

and thus canonical densities are

P = resR% = %fl, p2 = resR% = %(ZfofDx(ﬂ)) , p3=resR=r_1.



Example of classification

Thus our conditions are (after obvious re-scaling):

pl=ﬁ D:p1 = Dxo1, o1 € F,

Ouy?
p2 =4, Dipz € Du(F),

p3 =01, Dips € D(F).
Applying the Euler operator §/du to D;p1 we find an explicit form

0 of o*f O*f
= 2p (2L = gr LA DV
0 Su " (8u1> St <U2 out o 8uf8u> +

of the first integrability condition. Equation
L ﬂ + ﬁ =
out du3du
gives rise to
f(u1,u) = A3 + A(u) i + B(u)u + C(u),
where X is a constant.
For such f the first condition turns out to be equivalent to

A =0, B" +8AB' =0,

(B'C) =0, AB' 4+ 6AC’ = 0.



Example of classification

The second integrability condition has the form

0. (2) - ot

Using this fact we can derive a few more differential relations between A(u),
B(u), C(u). Solving them all together we obtain the following list of equations

u = UXXX+C1UX+CQU+C37
2
U = Uex + (U + U+ c)ux,
3 2
ue = UXXX+C1UX+C2UX+C3UX+C4,
1, 2u —2u
u = Uxxx — Eux + (Cle + ce + C3) Uy ,

where c1, &, c3, ¢4 are arbitrary constants. In the latter equation we normalize
A to —1/2 by a scaling. Only these equations have passed through the first two
necessary integrability conditions (D;(p1), Di(p2) € Im(D)). Actually all these
equations are integrable, i.e. possess infinitely many commuting symmetries,
higher conservation laws, have Lax's representations, etc. In this particular case
first two integrability conditions proved to be sufficient for the classification.



Example of classification

Integrability conditions for more general equation uy = U + (X, U, Ux, Usxx)
are:
D (&) = Deov,

2
(#)") =0

W=

of
Dt <87L11 —

of 1 of of
D (a —3 (Tz) (671

D:(c1) = Dy(03).



Difference equations

Quadrilateral equations:
Q(uo,0, 1,0, 0,1, u1,1) € Clu; S, T], Jo=(Q;S,T) CClu; S, T],
Difference fields:
Fq = Frac(C[u; §,T)/Jo), Fs=Frac(C[u;S]), Ft=Frac(Clu;T]),
Definition

An element K € Fq is called a symmetry of the equation
Q(UQQ, u1,0, Uo,1, U1,1) =0if in Fo

Q.(K)=0, Q= Y Lgsp

u
ijefory M



Difference equations

Definition
Let A be a formal series of order N

A=anS" +an 18" T+t aSta+a ST -, ax € Fq.
The residue res(A) and logarithmic residue resIn(A) are defined as

res(A) = ao, resIn(A) = In(an) .

Theorem
Let A= aySN + an—1SV !+ and B = buSY + bu_1SM"1--- be two
Laurent formal series of order N and M respectively. Then

res[A, B] = (S — 1)(o(A, B)),
where o(A, B) € Fo

M n

o(AB) =) Z S (@-n)8" K (bn) = DD S (b-n)S"(an).

n=1 k=1 n=1 k=1



Theorem

If a quadrilateral difference equation possess an infinite sequence of symmetries
K, € Fs of increasing order 0 < ordy(Kpt+1) — ord(K,) = N then it has a
formal recursion operator R of order N.

Theorem
Let Q(uo,0, U1,0, Uo,1, u1,1) = 0 be a quadrilateral difference equation.
(i) If there exist two s—pseudo-difference operators R and 3 such that

QioR =Po s,

then R is a recursion operator of the difference equation.
(ii) The above relation is valid if and only if

TR) —R=[doR, o],
where ® = (Qu1,18 + Quo,l)il © (QUI,OS + Quo,o)r and

B = (QUI,OS + Quo,o) oRo (Qums + Quo,o)il'



Theorem
If a (formal) recursion operator R is represented by a first order formal series
R=nS+r+r 1S +- -, then

(i) (T—1)(Inn)=(S—-1)8! (In Q““) ,

Quy o
(ii) (T —1)(n) = (S —1)S™}(nF),
(iii) (T = 1)(r-18™H(n) + 16 + nS(r-1)) = (S — 1)(02),
where
o = S YnF) {S*I(ro) T —-8(n F)} -

~1+8 M (n6s(nA),
and F, G denote

_ Quo,ls_l(QuLo) - Quo‘os_l(QuLl)
B Qul,osil(Qul,l)

Quo o

F = X0
Quy 0

, G



Problem 1:Find conditions on a € Fq, such that the difference equation a = T (b) — b
is solvable in Fq, and if so find b € Fg (same for a= S(b) — b).

Problem 2: Determine whether the kernel spaces Ker(7T — 1) and Ker(S — 1) are
trivial: Ker(T — 1) = Ker(S — 1) = C? If not, give a description of these spaces.

Kernel spaces Ker(7 — 1) and Ker(S — 1) can be nontrivial
It depends on the choice of Q. For example, if

Q = vury — (u10 — 1)(uor — 1)

( 120 )(u_l)GKer(Tfl)
upp—1 u10

and F@ has a nontrivial subfield of 7—constants.

then

If a € F; the answer is well known:
da

aceIm(T-1)+C & ZT*"M"

ne7Z

=0,

element b € F; can be easily found and Ker(7 — 1) = C.



Un,mUnt1,m + Un,mt1Unt1,m+1 + Unt1,mUnt1,mel = 0

Canonical conservation laws (An =7 —1, A, =S —1):

Un.mUn—1,m Up,mUn—1,m
A (Iog 27) —A, (Iog )
Untim u"sm+1(Un_1am + Un,m+1)

A (S+ 1) Un—2,m A Unm+1Un—2.m Up—1,m 1
m — = A, — —
Un,m Un,m(un—l,m + Un,m+1) Un,m+1

2
A, {(S+ 1) (Un;2,m + Un73,mun72,m> +2Un72,mun71,m} = Ao

n,m Un—1,mUnm Un,mUn+1,m

Coefficients of the formal recursion operator

Un.mUn—1,m
n = T
un+17m
Up—2m
ro = (S +1) L2
Un,m
2
Un—3 mUn,m Unm
r—1 = >

Uy 1,m Un—2 mUn—1,m



First symmetry

Up,mUn—1,m

dun,m
dty
Second symmetry
2
dup,m ~ UnmUp_1.m

Un+1,m

Up—2 mUn—1,m

2
Un—1,mUp m

- 2
dt2 un+1,m

un+1,m

un+1,mun+2,m



Open problems:

» Foundation of the theory (differential-difference algebra).

» Connection of symmetry approach and Lax-Darboux structure.
» Classification of Lax structures.

> Classification of the corresponding elementary Darboux maps.

> Lenard's scheme for DAEs and PAEs.

> Integrability conditions for non-quadrilateral equations.

> Integrability conditions for systems of DAEs and PAEs.

» Classification of integrable DAEs of order higher than (—1,+1).
» Classification of integrable PAEs and system of PAEs.

» Non-local extensions and non-evolutionary equations.

> Integrability conditions for multi-dimensional equations.

» Differential and difference equations in “non-commutative” cases.
> Theory of normal forms for approximately integrable systems.

» Connection with differential and difference Galois theory.



