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(Ω,F , P ) Probability Space

B(t) = (B1(t), . . . , Bd(t)), t ≥ 0,

d-dimensinal Standard Wiener Process

B0(t) = t,

N,M ≧ 1

Vk ∈ C∞
b (RN ×RM ;RN ), i = 0, 1, . . . , d,

Stratonovich type SDE on RN with M -dimensinal parameters

dXi(t, x, θ) =
d∑

k=0

Vk(X(t, x, θ), θ) ◦ dBi(t)

X(0, x, θ) = x ∈ RN , θ ∈ RM



Problems

f : RN → R

(1) Compute E[f(X(T, x0, θ))], θ ∈ RM , numerically

to find a good θ

(2) Compute numeriaclly

∂|α|

∂θα
E[f(X(T, x0, θ0))]

for α ∈ ZM
≧0
, x0 ∈ RN , θ0 ∈ RM

Greeks



(Euler-Maruyama Approximation)

b ∈ C∞
b (RN ×RM ;RN )

bi(x, θ) =
1

2

d∑
k=1

N∑
j=1

V j
k (x, θ)

∂V i
k

∂xj
(x, θ), i = 1, . . . , N, x ∈ RN , θ ∈ RM

Ito type SDE

X(t, x, θ) = x+
d∑

k=1

∫ t

0

Vk(X(s, x; θ), θ)dBk(s) +

∫ t

0

b(X(s, x; θ))ds



Xh : [0,∞)×RN ×RM × Ω → RN , h > 0,

Xh(0, x, θ) = x, x ∈ RN , θ ∈ RM

Xh(t, x, θ)

= Xh((n−1)h, x, θ)+

d∑
k=1

Vk(Xh((n−1)h, x, θ), θ)(Bk(t)−Bk((n−1)h))

+b(Xh((n− 1)h, x, θ), θ)(t− (n− 1)h),

t ∈ ((n− 1)h, nh], n = 1, 2, . . . , x ∈ RN , θ ∈ RM .

Xh ：Euler-Maruyama Approximation



Theorem 1 (Maruyama) ∀p ∈ [2,∞) ∀T > 0 ∃C ∈ (0,∞)

E[ sup
t∈[0,T ]

|X(t, x)−Xh(t, x)|p]1/p ≦ Ch1/2, h ∈ (0, 1], x ∈ RN

(1) Computation of E[f(X(T, x0, θ)]

E[f(XT/n(T, x0, θ))], n ≧ 1

XT/n(T, x0, θ)) = X̃n(θ, {B(kT/n)−B((k − 1)T/n); k = 1, . . . , n})

function of θ ∈ RM , and

{B(kT/n)−B((k − 1)T/n); k = 1, . . . , n} ∈ Rdn



Ên(θ) =
1

L

L∑
ℓ=1

f(X̃n(θ, (T/n)
1/2Zℓ))

Z1, Z2, . . . i.i.d. N(0, Idn)-distributed ranndom variables

Ên,L(θ) : estimater of E[f(XT/n(T, x0, θ))]

1

(LV ar(XT/n(T, x0, θ))1/2
(Ên,L(θ)− E[f(XT/N (T, x0, θ)])

→ N(0, 1) in law

|Ên,L(θ)− E[f(XT/N (T, x0, θ)]| ∼ L−1/2V ar(XT/n(T, x0, θ)
1/2



Let ej = (0, . . . , 0, 1︸︷︷︸
j

, 0, . . . , 0)) ∈ RM , j = 1, . . . ,M.

For any f : RM → R, we define ∂ε,if : RM → R, by

∂ε,if(θ) =
1

ε
(f(θ + εei)− f(θ))

(2-1) Computation of
∂

∂θj
E[f(X(T, x0, θ0)]

=⇒ (∂ε,iÊn,L)(θ0)

(2-2) Computation of
∂2

∂θi∂θj
E[f(X(T, x0, θ0)]

=⇒ (∂ε,i∂ε,jÊn,L)(θ0)

How accurate is it?



V[α] ∈ C∞
b (RN × RM ;RN ), α = (k1, k2, . . . , kn) ∈ {0, 1, . . . , d}n,

n ≧ 1,
V[k](x, θ) = Vk(x, θ), k = 0, 1, . . . , d,

V[(k1,k2,...,kn,kn+1)](x, θ) = [Vk1 , V(k2,...,kn,kn+1)]](x, θ)

=

N∑
i=1

V i
k1
(x, θ)

∂V[(k2,...,kn,kn+1)]

∂xi
(x, θ)−

N∑
i=1

V i
[(k2,...,kn,kn+1)]

(x, θ)
∂Vk1

∂xi
(x, θ)

k1, . . . , kn+1 = 0, 1, . . . , d, n ≧ 1.

A′
ℓ =

∪ℓ
j=1{0, 1, . . . , d}j \ {0}, ℓ ≧ 1

(UH) (Uniform Hörmander Condition)

There is an ℓ0 ≧ 1 and c0 > 0 such that∑
α∈A′

ℓ0

(V[α](x, θ), ξ)
2
RN ≧ c0|ξ|2 x, ξ ∈ RN , θ ∈ RM



Known result

Theorem 2 Assume that {V0, V1, . . . , Vd} satisfies (UH)

Then for any T > 0 there exists a C ∈ (0,∞) such that

sup
x∈RN ,θ∈RN

|E[f(X(T, x, θ))]− E[f(XT/n(T, x, θ))]| ≦
C

n
||f ||L∞

for any n ≧ 1, f ∈ C∞
b (RN )

sup
n≧1

E[f(XT/n(T, x0, θ0))
2] <∞.

|Ên,L(θ0)− E[f(XT/n(T, x0, θ0)]| = O(L−1/2)

|Ên,L(θ)− E[f(X(T, x0, θ)]| = O(L−1/2 + n−1)



Theorem 3 Assume that {V0, V1, . . . , Vd} satisfies (UH).

Then for any T > 0, γ > 0, and i1, i2, . . . , im = 1, . . . ,M, m ≧ 1,

there is a C ∈ (0,∞) such that

sup
x∈RN ,θ∈RM

| ∂m

∂θi1 · · · ∂θim
E[f(X(T, x, θ))]

−∂ε,i1 · · · ∂ε,imE[f(XT/n(T, x, ·)(θ)]|

≦ C(ε+
1

n
+

1

εmnγ
)||f ||L∞

for any n ≧ 1, ε ∈ (0, 1] and f ∈ C∞
b (RN ).



If f : RN → R is Lipschtz continuous, then

sup
ε∈(0,1],n≧1

E[(∂ε,i(f(XT/n(T, x, ·)(θ))2] <∞.

| ∂
∂θi

E[f(X(T, x, θ))]− 1

n−m
(Ên,L(θ+n

−mei)−Ên,L(θ))| = O(L−1/2+n−1).

if m ≧ 1. However,

sup
n≧1

E[(∂ε,i∂ε,j(f(XT/n(T, x, ·)(θ))2] = O(ε−2)

We can only show that

| ∂
∂θi

∂

∂θj
E[f(X(T, x, θ))]− ∂ε,i∂ε,jÊn,L(θ)|

= O(
1

εL1/2
+ n−1 +

1

nγε
)



Idea of Proof

Let
M(T, x, θ) = (M ij(T, x, θ))i,j=1,...,N

= ((DXi(T, x, θ), DXj(T, x, θ)))i,j=1,...,N ,

and
Mh(T, x, θ) = (M ij

h (T, x, θ))i,j=1,...,N

= ((DXi
h(T, x, θ), DX

j
h(T, x, θ)))i,j=1,...,N .

Malliavin Covariance

Under (UH)

sup
t∈[T0,T1],x∈RN ,θ∈RM

E[(detM(t, x, θ)−p] <∞

for any p ∈ (1,∞), and T1 > T0 > 0.



(P θ
t f)(x) = E[f(X(t, x; θ))]

(Qθ
(h)(t)f)(x) = E[f(Xh(t, x; θ))]

t ≧ 0, x ∈ RN , θ ∈ RM , f ∈ C∞
b (RN ).

ρh(t, x; θ) = detM(t, x; θ)−1detMh(t, x; θ)

φ0 ∈ C∞
0 (R) such that 0 ≦ φ0 ≦ 1, φ0(s) = 1, s ∈ (2/3, 4/3), and

φ0(s) = 0, s ∈ (−∞, 1/3).

(Qθ
(h,0)(t)f)(x) = E[φ0(ρh(t, x, θ))f(Xh(t, x, θ))]

(Qθ
(h,1)(t)f)(x) = E[(1− φ0(ρh(t, x, θ)))f(Xh(t, x, θ))]

t, h > 0, x ∈ RN , θ ∈ RM , f ∈ C∞
b (RN ).



Let

Jh(t, x; θ) = (
∂

∂xi
Xj

h(t, x; θ))i,j=1,...,N

Jh(t, x; θ) = IN +
d∑

k=0

∇xσk(x; θ)B
k(t), t ∈ [0, h]

is not invertible in general

(Q̂θ
(h)f)(x) = E[f(X(h ∧ τ, x, θ)]

x ∈ RN , θ ∈ RM , f ∈ C∞
b (RN ).

Here
τ = inf{t > 0; |B(t)|+ t > ε0}

ε0 =
1

2
(1 +

d∑
k=1

N∑
i=1

|| ∂
∂xi

σk||∞)−1



detMh(t, x; θ)
−1φ0(ρh(t, x))

= detM(t, x; θ)−1φ1(ρh(t, x))

φ1(z) = z−1φ0(z) ∈ C∞
0 (R)

For any T1 > T0 > 0, α, β ∈ ZN
≧0
, γ ∈ ZM

≧0
,

there is a C ∈ (0,∞) such that

sup
t∈[T0,T1]

|| ∂
γ

∂θγ
∂α

∂xα
Q̃θ

(h,0)(t)
∂βf

∂xβ
||∞ ≦ C||f ||∞,

θ ∈ RM , f ∈ C∞
b (RN ), h ∈ (0, 1]



E[f(X(T, x; θ)]− E[f(Xh(t, x; θ)] = (P θ
T f)(x)− (Qθ

(T/n)(T )f)(x)

=
n∑

k=1

(Qθ
(T/n)((k − 1)T/n)(P θ

T/n −Qθ
(T/n)(T/n))P

θ
(n−k)T/nf)(x)

= (Rθ
n,T,0f)(x)) + (Rθ

n,T,1f)(x)

Rθ
n,T,0

=

[n/2]∑
k=1

Qθ
(T/n)((k − 1)T/n)(P θ

T/n −Qθ
T/n(T/n))P

θ
(n−k)T/n

+
n∑

k=[n/2]+1

Qθ
(T/n,0)((k − 1)T/n)(P θ

T/n − Q̂θ
T/n)P

θ
(n−k)T/n



For any α ∈ ZM
≧0
, there is a C ∈ (0,∞) such that

sup
x∈RN , θ∈RM

| ∂
α

∂θα
(Rθ

n,T,0f)(x)| ≦
C

n
||f ||∞

for any n ≧ 1 and f ∈ C∞
b (RN ).

For any γ > 0, there is a C ∈ (0,∞) such that

sup
x∈RN , θ∈RM

|(Rθ
n,T,1f)(x)| ≦

C

nγ
||f ||∞

for any n ≧ 1 and f ∈ C∞
b (RN ).



| ∂m

∂θi1 · · · ∂θim
f(θ)− ∂ε,i1 · · · ∂ε,imf(θ)|

= |
∫ 1

0

· · ·
∫ 1

0

∂m

∂θi1 · · · ∂θim
f(θ)

− ∂mf

∂θi1 · · · ∂θim
theta+ t1εei1 + · · · tmεeim)dt1 · · · dtm|

≦ mε
∑

α∈Z≧0,|α|=m+1

||∂
αf

∂θα
||∞



Ninomiya-Victoir,, Ninomiya-Minomiya approximation　

(special KLNV method, Gaussian K-scheme)

Modified UFG condition

(1) There are an ℓ0,

and φα,β ∈ C∞
b (RN ×RM ;RN ), α ∈ A′

ℓ0+1, β ∈ A′
ℓ0
, such that

V[α](x, θ) =
∑

β∈A′
ℓ0

φα,β(x, θ)V[β](x, θ), α ∈ A′
ℓ0+1.

(2) There are an ℓ1, and ψk,j,β ∈ C∞
b (RN ×RM ;RN ), k = 0, 1, . . . , d,

j = 1, . . . ,M, β ∈ A′
ℓ0
, such that

∂

∂θj
Vk(x, θ) =

∑
β∈A′

ℓ0

φk,j,β(x, θ)V[β](x, θ), k = 0, . . . , d, j = 1, . . . ,M


