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(2, F, P) Probability Space

B(t) = (BY(t),...,B%¢t)), t >0,
d-dimensinal Standard Wiener Process
BO(t) =

N,M =1

Vi € CX(RN xRM;RN), i =0,1,...,d,

Stratonovich type SDE on RY with M-dimensinal parameters
dX(t,z,0) ka (t,z,0),6) o dB(t)

X(0,2,0) =x € RV, 9 ¢ RM



Problems
f:RYN = R

(1) Compute E[f(X (T, x0,0))], 8 € R™, numerically
to find a good 6

(2) Compute numeriaclly

ol
%E[f(X(Tv o, 0p))]

for o € Z¥O’ To < RN, Oy € RM
Greeks



(Euler-Maruyama Approximation)
be C(RY x RM;RY)

d N

. 1 - oV}!
b (z,0) = 522@(:5,9)8;; (z,0), i=1,....,N,zecR", 0eRM
k=1j=1

Ito type SDE

d t t
X(t,z,0) =z + Z/ Vie(X (s,2:60),0)dB"(s) + / b(X (s, x;0))ds
k=10 0



X5 :[0,00) x RY x RM x Q- RN, h >0,

Xn(0,2,0) = x, reRY, e RM

Xh(ta X, (9)

= Xp((n—1)h, x, 9)+Z Vie(Xn((n—1)h,x,0),0)(B*(t)—B*((n—1)h))

+b(Xh((n o 1)h7x79)78)(t o (n o 1>h)7
te((n—1)h,nhl, n=1,2,..., 2 € RY, 0 ¢ RM,

X}y, : Euler-Maruyama Approximation



Theorem 1 (Maruyama) Vp € [2,00) VI > 0 3C € (0, 00)

E[ sup |X(t,z) — Xu(t,2)[P]? < CRY?,  he(0,1], z € RY
te[0,T]

(1) Computation of E[f(X(T,zq,0)]

Elf(Xz/n(T, 20,0))], n = 1
X1/ (T, 20,0)) = X, (0, {B(kT/n) — B((k — )T/n); k=1,...,n})

function of § € RM and

(B(kT/n) — B((k — 1)T/n); k=1,...,n} € R%



L

Z1, 2o, ... 1.i.d. N(0,Iz,)-distributed ranndom variables
E, 1(0) : estimater of Elf(X7/n(T,z0,0))]

1 )
LV ar (g a (T 2o, 817 Lt (0) = Blf (Xyn (T, 0, 0)))

— N(0,1) in law

Bn,1.(0) = BUf (X1y(T30,0)]| ~ L™V ar (X (T, 20,6)'



_ Mo
Let e; = (0,...,0, 1 ,0,...,0)eRY j=1,..., M.
J

For any f: R™ — R, we define 9. ;f : RM — R, by
1
Oc,i f(0) = g(f(e +eei) — f(0))

(2-1) Computation of %E[f(X(T, o, 0p)]

— (8e,iEn,L)(90)

82
00007

— (5s,ias,jEn,L)(90)

(2-2) Computation of E[f(X(T,xq,00)]

How accurate 1s it?



Vig € CXRY x RM;RY), o = (ky, ko, ..., kn) € {0,1,...,d}",

n =1,
Vi (z,0) = Vig(z,0),  k=0,1,....d,

Vitks ke b kn 0] (@5 0) = [Vieys Vo e s 01 (250)

iv 9 Viths oo knia)] ZV y 9)6%1( )
g k1 ZE Ot [(k2s..skn kng1)] X Gy x,

=1
kl,...,kn+120,1,...,d,n§1.

Ay =_{0,1,....d} \ {0}, €21
(UH) (Uniform Hérmander Condition)
There is an 5 = 1 and ¢y > 0 such that

> Va)(@,0),9)fy Zalél?  z,6€RY, e RY

O‘GAfzo



Known result

Theorem 2 Assume that {Vy, V1,..., Vy} satisfies (UH)
Then for any T > 0 there exists a C' € (0, c0) such that

s |BLIX (T, 0)] — B (Xrju(To,0))]| <

forany n =2 1, f € C°(RY)

C
1l

sup E[f (X1 /n (T, %o, 00))?] < o0.

n=>1
| En,2(00) = E[f(X1/n(T,20,00)]| = O(L™Y?)

|Ey,(0) — BIf(X(T,z0,0)]] = O(L™* +n7")



Theorem 3 Assume that {Vp, V1,...,Vy} satisfies (UH).
Then for any T > 0, v > 0, and 41,40,...,%,, = 1,..., M, m = 1,
there is a C' € (0, 00) such that

sup O B(X(T,x.,0)

CCERN,QERM |8911 c ({9(91””‘

—0Ociy + Oc i BLf (X0 (T, ) (0)]]

1 1
<Ce+—+
n emn

forany n 2 1, ¢ € (0,1] and f € C*(RY).

[z



If f:RY — R is Lipschtz continuous, then

up  Bl(0ea(f(Xayn(T,,)(6))7] < o
e€(0,1],n=1

O BF(X(T,,0)] = (B n (0+n"e0) Bo 1 (6))] = O(L ™ 4n7").

if m = 1. However,

sup E[(0z,:0-,; (f (Xr/n(T,2,-)(0))*] = O(™7)

n=>1
We can only show that

o 0 .
|57 57 EIf (X(T,2,0))] = 0c,i0c,j En,1.(0)]

1 1
et )

= Of



Idea of Proof

Let N
M(T, ,0) = (MY(T,,0)); j1...x

= (DX"(T,x,0), DX’ (T,x,0)))i j=1..N

and
My (T, x,0) = (M 7’j(T z,0))i j=1,.. N

— (DX(T,z,0), DX} (T, 2,0)))i j-1...N.

Malliavin Covariance

Under (UH)

sup El(det M(t,z,0)"P] < o0
te[To, T1],xeRY ,0cRM

for any p € (1,00), and T7 > Ty > 0.



(P f)(z) = E[f(X(t,z;0))
(QUny (1)) (@) = B[f (Xa(t,2;6))]
t=>20,ze RV, 0 e RM fe CRN).

pn(t,z;0) = detM(t,x;0) tdet My, (t, x; 0)
0o € C°(R) such that 0 < g < 1, po(s) = 1, s € (2/3,4/3), and
@wo(s) =0, s € (—00,1/3).
(Qn.0) D) ) (x) = Elo(pn(t, ,0)) f(Xn(t,z,0))]
(Qh1y ) ) (@) = Bl(1 = polpn(t,=,0))) f(Xn(t,z,0))]
t,h >0,z e RN, 0 e RM, f e CRYN).



Let
0

Xj(t X, (9))23 1,..., N

Jn(t,z:0) = In + Z Vaor(z;0)B*(t), tel0,h]
k=0

is not invertible in general
(Qlny (@) = E[f(X(h A7,,0)]
re RN 0eRM, feCrRN).

Here
T =inf{t > 0; |B(t)| +t > o}

1+ZZ||8 oklloe)”

k=1 1=1




det My, (t,2;0) oo (pn(t, x))

= detM(t,z;0) " 1 (pn(t, z))

p1(z) = 27 po(2) € C3°(R)

For any 17 > Tj) > 0, a,@€Z>O,’y€Z>O,
there is a C' € (0, 00) such that
A% @Bf
Sup ]||8970 aQ(hO()8 HOO—CHfHOO?

te[To, T

0 e RM feCxrRY), he(0,1]



E[f(X(T,2;0)] — Elf (Xn(t,z;0)] = (P2F)(x) — (Q(p /m)(T) f) ()
= (Q¥r/m) (k= D)T/n)(Py ), — Qlr oy (T/0)) Pl _iyr i f) ()
=1

= (RZ,T,of)(x)) + (RZ,T,J)(Q?)

0
Rn,T,O

[n/2]

n

+ Y Qlrmoy((k=DT/n)(P7), — Q7)) Pl _kyrm
k=[n/2]+1



For any « € Z]go’ there is a C' € (0, 00) such that

0% C
sup @(Rﬁmof)(x)l = —llflles

re€RN, 0cRM

for any n 2 1 and f € C°(RY).
For any ~ > 0, there is a C' € (0, 00) such that

C
sup (B 7,1 £) (@) = |1 f o

zeRN, 0cRM

for any n = 1 and f € C°(RY).



.
00t ... 00im

F(O) = 0epiy -+ Oc,, £(0)]

- ‘/ / 89%1 e OO (9)
om f
_ 50 .00 theta + ti1ee;, + -+ 'tmf’:eim)dtl - dtm|

o° f
sme D> gl



Ninomiya-Victoir,, Ninomiya-Minomiya approximation

(special KLNV method, Gaussian K-scheme)

Modified UFG condition

(1) There are an /¢,

and o5 € C°(RY x RYM;RY), a € A, ., B € A}, such that

= > @ap(@0)Vig(2,0), acAp,,.
BEA

(2) There are an ¢1, and ¢, ;5 € C°(RY x RM:RM), k=0,1,...

j=1,...,M, 3 € A, such that

R



