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Parabolic Anderson model

Consider the stochastic heat equation on R¢:

ou 1 ow
a—§AU+UW (1)

with initial condition ug.
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Parabolic Anderson model

Consider the stochastic heat equation on R¢:

— =AU+ UuU— (1)

with initial condition u.
o W= {W(tx),t>0,xcR isacentered Gaussian family with covariance

EIW(t )W(s,y)] = ;

5 (24 + 5 — |t — 52 Q(x,y),

where H € (0, ) and Q is a covariance function satisfying:

(H1) There exist constants Cy > 0 and « € (0, 1], such that

Q(x,x) + Qy.y) = 2Q(x,y) < Colx — y[**

for all x,y € RY.
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Example

If d = 1, the covariance of a fractional Brownian motion with Hurst
parameter Hp € (0,1):

1
Qlx,y) = 5 (X2 + 1y P = |x — y2¥)

satisfies (H1) with o = Hp.
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Example

If d = 1, the covariance of a fractional Brownian motion with Hurst
parameter Hy € (0,1):

1
Qlx,y) = 5 (X2 + 1y P = |x — y2¥)

satisfies (H1) with o = Hp.

@ More generally, (H1) is equivalent to saying that if { Y(x), x € R9}
is a Gaussian centered process with covariance Q, then

E(IY(x) = Y(Y)IF) < Colx — y[**.
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Nonlinear integration with respect to W

If ¢: [0, T] — Ris continuous, we define

t 1 t
/0 W(ds, 6s) = Img)z/ (W(s+ e, ds) — W(s — ¢, 65)) ds

if the limit exists in L?(Q).

Theorem

Assume that Q satisfies (H1 ) Then, if € C*([0, T]) with ax + H > J, the
stochastic integral I;(¢) := fo (ds, ¢s) exists forany t € [0, T] and

t
E[lo)] = H /0 6241 Q6. o) + Qlbe_o, be_s)] dO

t o
042_H/0/0 rPH=2[Q(¢g, d9) + Q(dg—r, po—r) — 2Q(bg, Ppo—r)] A

where ay = H(2H — 1) < 0.
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Remarks

@ In the semimartingale context, nonlinear stochastic integrals defined as
limit of forward Riemann sums:

t n—1
[ X(as.u9) = Jim (X (e, ) - X(t )
0 gy

where studied by Kunita '90 and Carmona-N. '90.
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Remarks

@ In the semimartingale context, nonlinear stochastic integrals defined as
limit of forward Riemann sums:

t n—1
[ X(as.u9) = Jim (X (e, ) - X(t )
0 *ico
where studied by Kunita '90 and Carmona-N. '90.
@ Path-wise nonlinear integrals, extending the Young’s methodology and

assuming suitable Hélder continuity conditions, have been considered by
Hu and L& '17 (case H > ).
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Hélder continuity of the stochastic integral

Proposition
Forany s,t € [0, T], we have:

EI(h(8) ~ Is(8))?] < C'(1 + [|6oe)?|t = S + C"g][22]t — s{2(H+r).

As a consequence, the process {I;(¢), t € [0, T|} has a version with
(H — ¢)-Hélder continuous trajectories for any e > 0.
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Proof:

@ Upper bound for the variance:
t
E[l()?] < 2H / 6271 Q( g, é4)d0
0
t 0
1 lonlCo / / r?M=2| g — [P drdf.
2 o Jo

@ Taking into account that Q(x, x) < Cy(1 + |x[2¥), we get

E[h(¢)] < Cilgllot®
|| Co
(2H + 2ak — 1)(2H + 2ak)

_|_2 ||¢||iat2H+2an'
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Feynman-Kac formula

The solution to equation (1) should have the representation

u(t,x) = EB [uo(Bf)exp </0t W(ds, Bf_s)>] ,

where B* is a d-dimensional Brownian motion independent of W,
starting from x.

@ Notice that the integral f()’ W(ds, BY ;) is well defined provided
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Theorem

Suppose that Q satisfies (H1) with 2H + « > 1 and ug is bounded.
Then for all t > 0 and x € R9, the random variable fot W(ds, Bf ;) is
exponentially integrable and u(t, x) € LP(Q) for all p > 1. Moreover, for
some constants C = C(d, H, «, ||up||~) > 0 and

Cx = Cx(d, H, a, |up]| oo, X) > 0,

E [|u(t, x)|k} < Cyexp (Ck;“:% t%’i?)

forallt >1 and x € RY.
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Sketch of the proof: Suppose up =1and t > 1.

EWEBeXp{§ /st B }
t
w i,x . X
exp{ ,,Z1E l / W(ds, B*,) /0 W(ds,B,_S)]}

exp{ZKZEW [(/ W(ds, B*) 2)1 }k
[EBexp{2kEW [(/Ot W(ds, B};@)) ”] :

Eu(t, ) ]

IN
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Therefore

t t
lu(t,x)|lx < EBexp{kCO|aH|//|BU—BV|2“|u—v|2H2dudv
0 JO

0<s<t

2«
+4kHC, t2H (1 + |x| + sup |Bs|> }

(EIRERY?,

IN

where
1 1
I = exp {200|aH|kt2H+°‘/ / B! — Bl P|u— v|2H—2dudv}
0 0

and

2a
I = exp {8/<Hc1 t2H <1 + |x| + sup |Bs|> } .
0<s<t
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@ Set 1
U= / B! — Bl|?*|u — v[?H2du.
0

We have

EB exp (CktPH+U) < exp ((cfkﬁ e ) .

This follows from

1

T—a
A< (1-0) (%) +a(sU)=
and by Fernique’s theorem:
E[exp(eU=)] < oo

for e small enough.
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@ Set
Vi=1+|x|+ sup |Bs|.
0<s<t

Then, using t > 1 and scaling,

Efexp (CKkt?HVE) < exp (C'kt?H+|x[?)

2«
EBexp (C”ktz’"*“ (1 + sup |B,|> )
x€[0,1]

Cas exp (C'kt2H | x|?*) exp (C ke ati”ﬁ;’).

IN

Finally,

exp (C'kEHHe|xP?) < C, 4, exp (c" Gk ti”*“)
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Definition
Given a random field v = {v(t, x), t > 0, x € R?} such that

t
/ / |v(s,x)|dxds < co a.s. forall t >0,
0o Jrd

the Stratonovich integral is defined as the following limit in probability if
it exists

/ t / v(s, x)W(ds, dx)
Rd
= !L%—e/ /Rd (8, x)[W(s+¢€,x) — W(s,x)]dsdx.
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Definition
u={u(t,x),t >0,x € RY is a weak solutionto (1) if for any ¢ € C5°(R?)
and for all t > 0,

/ [u(t, X) — Uo(x)] $(x) / / (s, X)A6(x)dxds

+/0 /Rd u(s, x)p(x)W(ds, x)dx.
Theorem

Suppose that Q satisfies condition (H1) with 2H + o > 1 and ug is bounded.
Let u(t, x) be the random field defined by the Feynman-Kac formula. Then for
any ¢ € C°(RY), u(t, x)¢(x) is Stratonovich integrable and u(t, x) is a weak
solution to (1).

@ The case H € (3, ) was proved by Hu, Lu and N. in 2012 under
different conditions on Q.
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Lower bounds of moments

Theorem
Suppose that:
(i) Q satisfies (H1) with 2H + o > 1.
(ii) infy up(x) > 0.
(iii) Q(x,[y) ? CoM?5 if mint<j<a(1Xi| A lyi]) > M, 1 < i < d for some
B €[0,1).

Then there exist some constants C = C(d, H, , 3, infycgra Up(X)) > 0 and
Cx = Cx(d, H, a, B, inf,cga Up(X), X) > 0, such that for all t > 1, x € RY and

k>1,

2-8 2H+B )

E [u(t,x)K] > Crexp (quh—ﬁ

Remark: The fractional Brownian motion satisfies (iii) with 8 = o = Hp.
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Sketch of the proof:

@ Suppose ug = 1. Then

E [u(t, x)¥] = EBexp (EY’E

t k ] R 2
/ > Y(BX)dBs| |,
0 i

where Y = {Y(x), x € R} is a centered Gaussian process with

covariance Q and B is a fractional Brownian motion with Hurst
parameter H, and B, Y and B are independent.

@ Then, we use the inequality (Memin-Mishura-Valkeila '01)

/ B’X dBs

2 t_ P 2
> Cy /0 EYZY(BQX)] ds

i=1

EYB

\%

2H

N
-

k

Y /Ot > (885

ij=1

ds
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@ This leads to

E [U(T’ X)k] > P(min Bl + x| > M)kdgChk? M
se[f.1]

> 27k gxp (CHkZM%tZH - —16""/’2) .

t

The proof is concluded optimizing over M.
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Lyapunov exponents

When a = 8 and uy is bounded away from 0 and oo, one can define the
moment Lyapunov exponents

Mk(x) := limsup t~ %= log E [u(t, x)¥]

t—+o0

and 2H+o
my(x) = liminf == log £ [u(t,x) ],
— 400

and establish that for all kK > 2,

Ck™=+ < inf mk( ) < sup mg(x) < Cki==«
XER xcRd

Therefore, this solution is fully intermittent.
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Related results
1. Consider the equation

@ — 1Au+uﬂ
ot 2 Otoxq -+ OXg’

. . d+1 . .
where the covariance of the noise £(t, x) = % is given by

E(€(t,x)s(s, y)) = (t = S)Nx — y),

where ~(t) ~ |t[2"~2 and A(x) ~ |x|~2* (Riesz kernel). Then we have
(Hu-Huang-N.-Tindel '15):

@ The solution exists (in the Stratonovich sense) if H € (3, 1) and
a<2H—1.

David Nualart (Kansas University) July 10, 2017 20/22



Related results
1. Consider the equation

ot 22T Yatax, - oxg

. . d+1 . .
where the covariance of the noise &(t, x) = 5 5.—%- is given by

E(€(t,x)s(s, y)) = (t = S)Nx — y),

where ~(t) ~ |t[2"~2 and A(x) ~ |x|~2* (Riesz kernel). Then we have
(Hu-Huang-N.-Tindel '15):

@ The solution exists (in the Stratonovich sense) if H € (3, 1) and
a<2H—1.

@ We have the Feynman-Kac formula

u(t, x) = EB [uo(Bf)exp ( /0 /R do(BYs ~ yW(ds, dy))] ,

where B¥ is a d-dimensional Brownian motion independent of W,
starting from x.
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@ We have

k t gt )
E[u(t, x)X] = EBexp {Z / / v(t — s)N(B! — B/s)dsdt}
0o Jo

ij=1

and this leads to

Cexp (Ck%tzﬁ—;ﬁ) < E[u(t,x)K] < C'exp (C’k%tzﬁfaa> )

Notice the change of sign in « in the numerator of the exponent of ¢.

@ The solution exists in the Skorohod sense if H € (3, 1) and
a < min(2,d). In this case the above results are true.
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2. The one-dimensional equation

@ — 1Au+u627W
ot 2 otox’

where the covariance of W is given by
1
EW(t,x)W(s,y)) = (sAt)5 (Ix[2 + [y 2o — |x — y[2")

can be solved in the It6 sense, provided J < Hy < § (Hu-Huang-Lé&-N.-Tindel
17).

@ We have the following Feynman-Kac formula for the moments:

t . .
E[U(t,X)k]:EBeXp cH Z /\/efﬁ(Bé*Bjs)‘ngZHodde ,
1<i<j<k”’0 /R

which leads to

exp (citk' ") < E(u(t, x)*) < exp (catk' "7 ) .
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