ulm university umverswlat |

m

Karsten Urban Reduced Basis Methods
for Non-Parabolic
Institute for Numerical Mathematics I nstat]on ary P roblems

Ulm University (Germany)



RBM for Non-Parabolic Instationary Problems | EPSRC Durham MOR 2017 | Karsten Urban | Acknowledgements

Acknowledgements

> joint work with

Anthony Patera (MIT)

Kathrin Smetana (Twente)

Julia Brunken (Miinster)

Mazen Ali, Silke Glas, Jannis Pickenhein (Ulm)

v

vYyy

> Funding:
> Baden-Wiirttemberg (Landesgraduiertenférderung)
» Deutsche Forschungsgemeinschaft (DFG)
» Federal Ministry of Economy (BMWT)

» Daimler (Ulm, Germany)
> Voith (Heidenheim, Germany)
» TWT (Stuttgart, Germany)



RBM for Non-Parabolic Instationary Problems | EPSRC Durham MOR 2017 | Karsten Urban | RB and parabolic problems

© RB and parabolic problems



RBM for Non-Parabolic Instationary Problems | EPSRC Durham MOR 2017 | Karsten Urban | RB and parabolic problems

RB and parabolic problems — semi-variational setting
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RB and parabolic problems — semi-variational setting

> space: Gelfand triple V < H < V/ (eg. V = HX(Q), H = 1,(Q))
> time: 0< T < oo, [:=(0,T)

> parameter: p € D C RP

» standard assumptions (Vi € D):

|a(¢, i )| < Mall@llvIvllv, ¢, €V (boundedness)
a(, ¢: 1) + AallllE = aalllly, peV (Gérding)

> operator A(u) € L(V, V'): (A(p)w, v)vixv = a(w, v; u)

u(t; ) + Alp) u(t; ) = g(t; 1) in V', w(0; ) = up in H

(easy extension to non-LTI)



RBM for Non-Parabolic Instationary Problems | EPSRC Durham MOR 2017 | Karsten Urban | RB and parabolic problems

RB and parabolic problems: Semi-weak form/time-stepping

> (semi-)weak form in space (Vp € V, t € | a.e.)

find u(t;p) € Vo (a(t; p), @)n + a(u(t), ¢; p) = (g(t; 1), @)
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RB and parabolic problems: Semi-weak form/time-stepping

> (semi-)weak form in space (Vp € V, t € | a.e.)

find u(t;p) € Vi (i(t;n), )n + a(u(t), ¢; ) = (g(t: 1), S)n
» semi-discretization in time: e.g. f-scheme: u* = u*(p), tF = k At

1
—— (T =k V) a(0u T (1= 0)uk, v )

At
= 0g(v, ") + (1 - 0)g(v, ), veV.
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RB and parabolic problems: Semi-weak form/time-stepping

> (semi-)weak form in space (Vp € V, t € | a.e.)

find u(t; u) € Vo (i(t; p), d)n + a(u(t), ¢ 1) = (8(t: 1), d)n

» semi-discretization in time: e.g. f-scheme: u* = u*(p), tF = k At
1
E(Ukﬂ —uk V), +a(0u* T + (1 - 0)u, v; )
=0g(v,t" )+ (1 - 0)g(v,t5n), veV,

> parameter: POD-Greedy based upon energy estimates (Haasdonk, Ohlberger)

5 llv < 1€G0lv <WB) KzaLB(M)K_kTrﬁ(u)nw::Amm

«
= LB
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A simple, small example...

» [:=(0,T], T >0, Q:=(0,1); 6(x)::%—x

> |8tu—6xxu+ulﬁ(x)8xu+u2u = f| (t,x) e I xQ, u(0) = u
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» Discretization/RB w.r.t. space: Oruy — Oxxtn + p1 B(x) Oxun + pouy = f
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A simple, small example...

» [:=(0,T], T >0, Q:=(0,1); B(x)::%—x

v

‘8tu — Owx U + 11 B(x) Ot + pou = f‘ (t,x) e I xQ, u(0) = u

v

Discretization/RB w.r.t. space: Oruy — sty + 11 B(X) Oxty + pouy = f
Relation Error/Residual: [|u — un|lex < C(; T)| |
Lo-type energy-based error estimates:

v

v

‘ C(u; T) L, energy \

pu1 >0, up =0 el

w1 =0 u <0 e H2T

p1=p2 =0 T
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A simple, small example...

> [:=(0,T], T >0, Q:=(0,1); B(x):= % - X
|6tu—3xxu+,ulﬁ(x)6xu+,u2u:f| (t,x) e I xQ, u(0) = up
Discretization/RB w.r.t. space: Oruny — Oxxtn + i1 B(x) Oxtun + pouy =
Relation Error/Residual: ||u — upn|lex < C(w; T)|rwll
Lo-type energy-based error estimates:

| C(u; T) | Ly energy |
p1 >0, p2=0 e T

v

A2 4

v

p1 =0, pp <0 | et

pr=p2=0 T

“... the main bottleneck of RBMs for time-dependent systems,

namely the explosive (exponential) growth of the error with time.”

Some unknown referee, 2011.
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Space-Time variational formulation

» variational form in time and space:

/0 (e 1), 6(6)) + a(u(t), 6(1); 1)t = / (et 1), S(1))dt

-
> Ly(] X) = {v = X ||V||%2(/;x) ::/ Iv(t)||% < oo} (Bochner space)
0
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Space-Time variational formulation

» variational form in time and space:

/0 (e 1), 6(6)) + a(u(t), 6(1); 1)t = / (et 1), S(1))dt

T
Ly(5 X) = {v = X ||V||%2(/;x) ::/ Iv(t)||% < oo} (Bochner space)
0

>

> X = {v e Ly(l V) : v e Ly(l; V'), v(0) = 0} (note: " C(1; H))
Wil = w3,y + W, vy + I (TR

> Vo= L(L V), vily = [IvIlLev

v

bilinear/linear space-time forms read
» wovln= [((w(t), v(E)vevdt, Alw, vip] o= a(w(t), v(t); p) dt
> b(w,v;pu) = [w, v]y + Alw, v; u], f(v):=[g,vln
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Space-Time variational formulation

» variational form in time and space:

/0 (e 1), 6(6)) + a(u(t), 6(1); 1)t = / (et 1), S(1))dt

T
> Ly(] X) = {v = X ||V||%2(/;x) ::/0 Iv(t)||% < oo} (Bochner space)

> X ={vely(lV): vely(l;V),v(0) =0} (note: X — C(I; H))
IwllZ = Wiz, vy + IWIT, 00 + W (TG
> V= L(EV), iy = [IVIiL@y)
> bilinear/linear space-time forms read
> [w, vy = fl(w(t), v(t))vrxvdt, Alw,v; ] = fl a(w(t), v(t); p) dt
> b(w,v;pu) = [w, v]y + Alw, v; u], f(v):=[g,v]ln
> (Petrov-Galerkin) variational form:

u(p) € Xt b(u,vip) =Ff(v;p)Vve)y
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Space-Time variational formulation

Proposition (U., Patera 2011)
Assume (A1,A2). Then, we obtain the inf-sup lower bound

. b(Wa V;,u) LB min{17(a_>‘g2) min{l)M;2}}
= inf _— > = ,
Pl) = Jof, b Tl ]y = max(L, (83(1)) 1} V2

where o= sup 12I% and B(p) == inf sup

a(y,éip) )
0£BEV llllv $EV pev llollv llellv
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Space-Time variational formulation

Proposition (U., Patera 2011)
Assume (A1,A2). Then, we obtain the inf-sup lower bound

. b(w,v; ) g min{L, (o — Xo?) min{1, M;2}}
= inf _ =
AU = e 38 Tl Ty =7 max(L, (B3 (1) V2

where 9 := sup Hq&”” and B%(p) := inf su

p a(,dip)
ozgev 11V $eV ey N9V iy

» proof uses “supremizer” v,, := (A*)"1w + w € Y (~ Schwab, Stevenson)
> supremizers in RB: Rozza, Veroy 2006

> ~ optimal trial/test-function relation, Demkowicz, Gopalakrishnan 2011



RBM for Non-Parabolic Instationary Problems | EPSRC Durham MOR 2017 | Karsten Urban | RB and parabolic problems

Space-Time variational formulation

Proposition (U., Patera 2011)
Assume (A1,A2). Then, we obtain the inf-sup lower bound
b(Wa Vi ,u) > plB . min{17 (Ol — >‘4Q2) min{l’ M;2}}

B(p) = inf sup

wexvey [wllxllvly =7 7 max{1, (B3(n)1}v2
where o= sup L2l% and B*(p) := inf sup 2LLiL)
oSuP, Tialy 2d B (k) ¢6V¢EV4—L||¢||VWHV

)

Corollary

For the heat equation, it holds 3 = ~ := sup su L (/) W—
9 F= 7= sup SUB T

~ | error = residual |
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Petrov-Galerkin Discretization

> X5 C X, Ys CY can be chosen as Crank-Nicholson / DG [§ ~ (At, h)]
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Petrov-Galerkin Discretization

> X5 C X, Ys CY can be chosen as Crank-Nicholson / DG [§ ~ (At, h)]

Proposition
> If a(-,-) be symmetric, bounded and coercive
» use energy norm ||¢||3, := a(¢, ¢), ¢ € V
Then Bs = vs = 1.
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Petrov-Galerkin Discretization

> X5 C X, Ys CY can be chosen as Crank-Nicholson / DG [§ ~ (At, h)]

Proposition
> If a(-,-) be symmetric, bounded and coercive
» use energy norm ||¢||3, := a(¢, ¢), ¢ € V
Then Bs = vs = 1.

> Andreev (ETH, 2012-):
systematic study of inf-sup-stable space-time discretizations
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Space-Time:
> Offline:

» Do full space-time (Crank-Nicholson or DG or HT or ...)
> select N space-time basis functions via Greedy and Ap(u)
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> select N space-time basis functions via Greedy and Ap(u)

> Online:
» Solve N x N non-symmetric linear system
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RBM comparison for parabolic problems

Space-Time:
> Offline:

» Do full space-time (Crank-Nicholson or DG or HT or ...)
> select N space-time basis functions via Greedy and Ap(u)

> Online:
» Solve N x N non-symmetric linear system

POD-Greedy:
> Offline:

> Do time marching (K steps with sparse matrix, K ~ ﬁ)
» select M space basis functions (POD w.r.t. time)
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RBM comparison for parabolic problems

Space-Time:
> Offline:

> Do full space-time (Crank-Nicholson or DG or HT or ...)
> select N space-time basis functions via Greedy and Ap(u)

> Online:
> Solve N x N non-symmetric linear system

POD-Greedy:
> Offline:
1

» Do time marching (K steps with sparse matrix, K ~ 1)
> select M space basis functions (POD w.r.t. time)

» Online:
» Do K steps of M x M linear system

Extensive comparison: Glas, Mayerhofer, U. (2016)
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Numerical results

» comparison Ly-type energy vs. space-time-based error estimates:

‘ Clw; T) ‘ L energy ‘ Inf-Sup ‘
heat eq. 1 =2 =0 T 1
convection-diffusion | 1 >0, uo =0 e T T
Helmholtz p1 =0, up <0 | e H2T e r2T
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Numerical results

» comparison Ly-type energy vs. space-time-based error estimates:

| Clw; T) | L energy | Inf-Sup |
heat eq. 1 =2 =0 T 1
convection-diffusion | gy >0, pp =0 e T T
Helmholtz p1 =0, up <0 | e H2T e r2T

“... the main bottleneck of RBMs for time-dependent systems,

namely the explosive (exponential) growth of the error with time
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© Beyond parabolic problems
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Beyond parabolic problems (c. Beattie: “The mode killers”)

(1) 1st order transport: Bu:=u;+b-Vu+cu=: u +Au=f
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(1) 1st order transport: Bu:= u;+ b - Vu+ cu =: up + Au = f
(2) Wave equation: Bu:= u;y — Au=f
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(2) Wave equation: Bu:= u;y — Au=f
> In both: expect u(t) € H a.e. (L2(Q2)) — not more in general
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Beyond parabolic problems (c. Beattie: “The mode killers”)

1st order transport: Bu := u; + b-Vu+ cu=: u+Au="r

(1

~—

(2) Wave equation: Bu:= u;y — Au=f
> In both: expect u(t) € H a.e. (L2(Q2)) — not more in general
> Goal: construct optimal space-time form (8 =y ~ 1)
> use (very/ultra) weak space-time formulation in Ly(/; H)

with smooth test functions in H™(/; W), where
W :=D(A) ={pcH: Ap € H}
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Beyond parabOIiC pl’ObIemS (C. Beattie: “The mode killers”)

1st order transport: Bu := u; + b-Vu+ cu=: ur+Au="f
Wave equation: Bu = uy — Au=1"f

In both: expect u(t) € H a.e. (L»(2)) — not more in general
Goal: construct optimal space-time form (8 = v ~ 1)

use (very/ultra) weak space-time formulation in Ly(/; H)
with smooth test functions in H™(/; W), where
W :=D(A) ={pcH: Ap € H}

» Wave: m = 2, subspace of W = H?(Q) (~ Lions, Magenes)

(1
(2

~— ~—

vV vy
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Beyond parabOIiC pl’ObIemS (C. Beattie: “The mode killers”)

1st order transport: Bu := u; + b-Vu+ cu=: ur+Au="f
Wave equation: Bu = uy — Au=1"f

In both: expect u(t) € H a.e. (L»(2)) — not more in general
Goal: construct optimal space-time form (8 = v ~ 1)

use (very/ultra) weak space-time formulation in Ly(/; H)
with smooth test functions in H™(/; W), where
W :=D(A) ={pcH: Ap € H}
» Wave: m = 2, subspace of W = H?(Q) (~ Lions, Magenes)
» Transport: m =1, W ~ optimal test spaces
(~ Dahmen, Hoang, Schwab, Welper)

(1
(2

~— ~—

vV vy
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(Very) Weak formulation (pahmen, Hoang, Schwab, Welper)

» Q C R", n>1: bounded polyhedral, Lipschitz boundary
> T :={z€dQ: b(z)-i(z) =0}, A: outward normal of I := HQ.
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(Very) Weak formulation (Dahmen, Hoang, Schwab, Welper)
» Q C R", n>1: bounded polyhedral, Lipschitz boundary
> ML :={ze€0Q: b(z)-r(z) 20}, fi: outward normal of I := 9Q.
» 1st order transport:

B(n)u(2) := bu(2) - Vu(2) + cu(2)u(z) = f(zip), z€Q,
u(z) = g(z: 1) zel.,
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(Very) Weak formulation (Dahmen, Hoang, Schwab, Welper)

» Q C R", n>1: bounded polyhedral, Lipschitz boundary
» Ty :={ze€dQ: b(z)- f(z) =0}, i outward normal of [ := Q.
» 1st order transport:
B()u(z) := bu(2) - Vu(z) + cu(2)u(z) = f(zip), z€Q,
u(z) = g(z: 1) zel.,

» formal adjoint: (B*(p)v, w)i,q) = (B(1)w, v),@) Vv, w € C5°(RQ)
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(Very) Weak formulation (Dahmen, Hoang, Schwab, Welper)

» Q C R", n>1: bounded polyhedral, Lipschitz boundary
> T :={z€dQ: b(z)-i(z) =0}, A: outward normal of I := HQ.
» 1st order transport:

B1)u(z) = Bu(2) - Vu(2) + Gu(2)u(z) = F(z: 1), z€9,
u(z) = g(z: 1) zel.,
» formal adjoint: (B*(p)v, w)i,q) = (B(1)w, v),@) Vv, w € C5°(RQ)

» Examples: (v € (D) n c(D))
> stationary: A*(u)y = —E# VY + (cu — V- by),
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(Very) Weak formulation (Dahmen, Hoang, Schwab, Welper)

» Q C R", n>1: bounded polyhedral, Lipschitz boundary
» T :={z€dQ: b(z)-i(z) =0}, i: outward normal of I := Q.
» 1st order transport:

B(p)u(z) == bu(z) - Vu(z) + c.(2)u(z) = f(z; 1), z €,
u(z) = g(z: 1) zel.,

v

formal adjoint: (B*(p)v, w)i,q) = (B(u)w, v),@) Vv, w € C5°(RQ)
Examples: (y € c'(p)n c(D))
> stationary: A*(u)y = 75#_1 Vi + (e, — V- Bu) .
> instationary: B"(p)y := —bu.7 - V1o +(cu — V- bu)
=+ A (n)y

v
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(Very) Weak formulation (Dahmen, Hoang, Schwab, Welper)

» Q C R", n>1: bounded polyhedral, Lipschitz boundary
» T :={z€dQ: b(z)-i(z) =0}, i: outward normal of I := Q.
» 1st order transport:

B(p)u(z) == bu(z) - Vu(z) + c.(2)u(z) = f(z; 1), z €,
u(z) = g(z: 1) zel.,

v

formal adjoint: (B*(p)v, w)i,q) = (B(u)w, v),@) Vv, w € C5°(RQ)
Examples: (y € c'(p)n c(D))
> stationary: A*(p)y = 75#_1 Vi + (e, — V - by),
> instationary: B"(p)y := —bu.7 - V1o +(cu — V- bu)

=~ + A" ()Y

v

Q:=(0,T)x D, V1 :=(9/0t,V)"

X
BM:T = (1, E#)T € R+
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Petrov-Galerkin isomorphism

Lemma (Dahmen, Hoang, Schwab, Welper 2012)

(B1) If 3 dense D(B*) C Ly(Q2) on which B* is injective,

(B2) range R(B*) := {B*v: v € D(B*)} of B* dense in X', then
V]|« := [|B*v|| 2 is a norm on D(B*). [
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Petrov-Galerkin isomorphism

Lemma (Dahmen, Hoang, Schwab, Welper 2012)

(B1) If 3 dense D(B*) C Ly(Q2) on which B* is injective,

(B2) range R(B*) := {B*v: v € D(B*)} of B* dense in X', then
V]|« := [|B*v|| 2 is a norm on D(B*). [

> (B1), (B2) hold if either (i) 0 # b, € C}(2;R") or
(i) Jag >0: ¢, — 3V b, >ag>00nQae.
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Petrov-Galerkin isomorphism

Lemma (Dahmen, Hoang, Schwab, Welper 2012)

(B1) If 3 dense D(B*) C Ly(Q2) on which B* is injective,

(B2) range R(B*) := {B*v: v € D(B*)} of B* dense in X', then
V]|« := [|B*v|| 2 is a norm on D(B*). [

> here: X = X' = Ly, |[v[l. = [Ivl[u = [1B*(1) viiL,
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(B2) range R(B*) := {B*v: v € D(B*)} of B* dense in X', then
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Petrov-Galerkin isomorphism

Lemma (Dahmen, Hoang, Schwab, Welper 2012)

(B1) If 3 dense D(B*) C Ly(Q2) on which B* is injective,

(B2) range R(B*) := {B*v: v € D(B*)} of B* dense in X', then
V]|« := [|B*v|| 2 is a norm on D(B*). [

> here: X = X' = Lo, v« = [lv]u = [[B*(1) vlL,
YV, = clos . {D(B* (1))}
> b: X x )Y, xD =R, b(v,w;u) = (v, B*(n)w)L,



page 15/25 RBM for Non-Parabolic Instationary Problems | EPSRC Durham MOR 2017 | Karsten Urban | Instationary first order transport problems

Petrov-Galerkin isomorphism

Lemma (Dahmen, Hoang, Schwab, Welper 2012)

(B1) If 3 dense D(B*) C Ly(2) on which B* is injective,

(B2) range R(B*) :={B*v: v € D(B*)} of B* dense in X', then
v« == ||B*v| x is a norm on D(B*). [

> here: X = X' = Ly, |[v]l. = [lv][u == [1B* (1) viL,
Yy = clos, {D(B* (1))}
> b: X x)Y,xD =R, b(v,w;u) = (v, B*(1n)w)L,
Proposition

Assume (B1), (B2); f € V' given.
Then: 3 u(p) € X: b(u,v;p) = f(v;p) Vv €Y,
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Petrov-Galerkin isomorphism

Lemma (Dahmen, Hoang, Schwab, Welper 2012)

(B1) If 3 dense D(B*) C Ly(Q2) on which B* is injective,

(B2) range R(B*) := {B*v: v € D(B*)} of B* dense in X', then
V]|« := [|B*v|| 2 is a norm on D(B*). [

> here: X = X' = Lo, v« = [lv]u = [[B*(1) vlL,
YV, = clos . {D(B* (1))}
> b: X x )Y, xD =R, b(v,w;u) = (v, B*(n)w)L,

Proposition

Assume (B1), (B2); f € Y’ given.
Then: N u(p) € X: b(u,v;p) =f(v;u) Vv e, and

b ; ) b ;
oy OB e oo AT
wexvey, wWilxlvly, — wex ey, [[wlxlv]y,
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(Space-time) Discretization — how to realize optimality?

» 0: discretization parameter
» § = h for space-only problems
» § = (At, h) for instationary problems in space and time
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(Space-time) Discretization — how to realize optimality?

» 0: discretization parameter
» § = h for space-only problems
» § = (At, h) for instationary problems in space and time

» discrete PG problem: (X5 C X, V.6 C V)

us(p) € Xs b(us(2), Vi 1) = F (Vs 1) Vs € Vs
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(Space-time) Discretization — how to realize optimality?

» 0: discretization parameter
» § = h for space-only problems
» § = (At, h) for instationary problems in space and time

» discrete PG problem: (X5 C X, V.6 C V)

Ug(/l,) € Xs: b(ué(:u)) Vs ,U,) = f(vp;é; ,Uf) VV;L;S S y,u;&

» optimal setting (85 = 75 = 1) ]ym =B *(u)Xs C y‘
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(Space-time) Discretization — how to realize optimality?

» 0: discretization parameter
» § = h for space-only problems
» § = (At, h) for instationary problems in space and time

» discrete PG problem: (X5 C X, V.6 C V)

U5(/u‘) € Xs: b(U(;(/L), Vs ,Uf) = f(vp;é; ,Uf) VVM;S S y,u;&

> optimal setting (85 = 75 = 1) ’ng =B *(u)Xs C y\
> in [DHSW]: (i) choose Xjs; (i) determine (sub-optimal) Vs
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(Space-time) Discretization — how to realize optimality?

» 0: discretization parameter
» § = h for space-only problems
» § = (At, h) for instationary problems in space and time

discrete PG problem: (X5 C X, YV..6 C V)

v

us(p) € Xs b(us(p), visi 1) = F(Vusi 1) Yvius € Vs

v

optimal setting (85 = vs = 1) ’yu;a =B (n)Xs C y‘
in [DHSW]: (i) choose Xj; (i) determine (sub-optimal) Vs
here: (i) choose V.. := (s, || - | .);

v

v
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(Space-time) Discretization — how to realize optimality?
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» § = h for space-only problems
» § = (At, h) for instationary problems in space and time

discrete PG problem: (X5 C X, YV..6 C V)

v

us(p) € Xs b(us (), visi 1) = F(Vsi 1) Vs € Vs

v

optimal setting (85 = vs = 1) ’yu;a =B (n)Xs C y‘
in [DHSW]: (i) choose Xj; (i) determine (sub-optimal) Vs
here: (i) choose V5 := (Vs || - [l.); (ii) determine X5, := B*(1)(Vs)

v

v
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» 0: discretization parameter
» § = h for space-only problems
» § = (At, h) for instationary problems in space and time

» discrete PG problem: (X5 C X, V.6 C V)

us(p) € Xs b(us (), visi 1) = F(Vsi 1) Vs € Vs

> optimal setting (85 = 75 = 1) ’ng =B *(u)Xs C y\
> in [DHSW]: (i) choose Xjs; (i) determine (sub-optimal) Vs

» here: (i) choose V.5 := (Vs, || - I|.); (i) determine X5, := B*(1)(Vs)
> note:

> trial A5 different sets with common norm || - ||1,(q)
> test V,.s: common set Vs with different norms || - ||y,
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(Space-time) Discretization — how to realize optimality?

» 0: discretization parameter

» § = h for space-only problems
» § = (At, h) for instationary problems in space and time

» discrete PG problem: (X5 C X, V.6 C V)

us(p) € Xs b(us (), visi 1) = F(Vsi 1) Vs € Vs

» optimal setting (85 = 75 = 1) ’yu;a =B (n)Xs C y‘
> in [DHSW]: (i) choose Xjs; (i) determine (sub-optimal) Vs
» here: (i) choose V.5 := (Vs, || - I|.); (i) determine X5, := B*(1)(Vs)

> note:
> trial A5 different sets with common norm || - ||1,(q)
> test V,.s: common set Vs with different norms || - ||y,

~ RB approximation is no linear combination of snapshots!
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(Space-time) Discretization — how to realize optimality?

» §: discretization parameter
» § = h for space-only problems
» 0 = (At, h) for instationary problems in space and time

> discrete PG problem: (X5 C X, V.6 C V)

us(p) € X b(us(), Vs 1) = F(Vusi 1) Vs € Vs

> optimal setting (85 = 75 = 1) ’ng =B *(u)Xs C y‘
> in [DHSW]: (i) choose Xjs; (i) determine (sub-optimal) Vs
> here: (i) choose V.5 :== (Vs, || - ||,.); (i) determine X, := B*(1)(Vs)

> note:
> trial A5 different sets with common norm || - ||1,(q)
> test V,.s: common set Vs with different norms || - ||y,

~ RB approximation is no linear combination of snapshots!
> (& mji 1) = (B™ ()i, B* (1)), (Xs = span{&puii}i Vs = span{n;})
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(Space-time) Discretization — how to realize optimality?

» §: discretization parameter
» § = h for space-only problems
» 0 = (At, h) for instationary problems in space and time

> discrete PG problem: (X5 C X, V.6 C V)

us(p) € Xs b(us(p), visoi ) = F(Vissi 1) Vs € Vpuss-

> optimal setting (8s =75 = 1) ’yﬂ;g =B *(u)Xs C y\
> in [DHSW]: (i) choose Xjs; (i) determine (sub-optimal) Vs
> here: (i) choose V.5 :== (Vs, || - ||,.); (i) determine X, := B*(1)(Vs)

> note:
> trial A5 different sets with common norm || - ||1,(q)
> test V,.s: common set Vs with different norms || - ||y,

~> RB approximation is no linear combination of snapshots!
> b(&iiymyi ) = (B ()ni, B (1)), (X = span{&yii}; Vs = span{n;})
> w(p) eV (B (u)wo(p), BX(u)v), = fu(v°) W e ),

then: u (1) := B ()w (1)
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Numerical Experiments: 1D-1D (non—parametric)

» Q=(0,1),n=d=1, T_={0},Ty={1}
> Bu(x):=bu'(x) + c(x)u(x), xeQ, u0)=g
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Numerical Experiments: 1D-1D (non—parametric)
» Q=(0,1), n=d=1, T_={0},I, ={1}

> Bu(x):=bu'(x)+ c(x)u(x), x € Q, u(0) =g
> B*v(x) := —bVv'(x) + ¢(x) v(x)
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Numerical Experiments: 1D-1D (non—parametric)

» Q=(0,1), n=d=1, T_={0},I;={1}
Bu(x) :=bu'(x) + c(x) u(x), x € Q, u(0) =g
B*v(x) :== —bVv'(x) + c(x) v(x)

test space: pw linear FE n;

vV V. v v

trial space:

“bpe()(E+1-14), x€liq,
G(x) =B ni(x) = 2+ c(x)(—%+1+i), x€l,
0, else.
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Numerical Experiments: 1D-1D (non—parametric)

» Q=(0,1),n=d=1, T_={0},IL={1}
> Bu(x):=bu'(x)+ c(x)u(x), x € Q, u(0)=g
> B*v(x):= —bVv/(x)+ c(x) v(x)
> test space: pw linear FE ;
> trial space:
—%—f—c(x)(%—i—l—i), x € li_q,
&i(x) = B'ni(x) = % +e(x)(=F+1+1i), xel,
0, else.

n=1/h 4 8 16 32 64 128 256
Lr-error | 0.03311 | 0.01664 | 0.00833 | 0.00417 | 0.00208 | 0.00104 | 0.00052

rate — | 0.99274 | 0.99817 | 0.99954 | 0.99989 | 0.99997 | 0.99999

Table: 1D: Lp-error and rate of convergence as h — 0.
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Numerical Experiments: 1D-1D

10 10
08 08
06 06
0.4 0.4
02 02
0.0 02 04 06 08 L0 0.0 02 04 06 08 10

Figure: 1D: Lp-approximation vs. exact solution for h = 1/8 (left) and h = 1/16 (right).
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Numerical Experiments: 1D-2D-P

» Q=(0,1)2, P := (0, )
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Numerical Experiments: 1D-2D-P
> Q=(0,1)% P :=(0,3)

> B,u:= cos(n) Vut+cu=1Ff ~ Biu:=—cos(u)dxu—sin(p)d,u+ cu
w 7 Y

sin(p)
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Numerical Experiments: 1D-2D-P
» Q=(0,1)% P:=(0,%)
cos()

> Bu:= Vut+cu=1Ff ~ Biu:=—cos(u)dxu—sin(p)d,u+ cu
w 7 Y
sin(p)

> §=1/64 ~ dim(V;) = (2-64)> = 16.384
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Numerical Experiments: 1D-2D-P
» Q=(0,1)% P:=(0,%)

> Buu:= cos{) Vutcu=f ~ Bju:=—cos(u)0xu—sin(u)dyu+ cu
sin(p)
> §=1/64 ~ dim(V;) = (2-64)> = 16.384

> Pirain = {1°,2°,...,89°}, i.e. Nyain = 89; strong greedy
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Numerical Experiments: 1D-2D-P
- Q= (0,17 P:=(0.3)

> Buu:= cos() Vutcu=f ~ Biu:=—cos(uu)0xu—sin(u)dyu+ cu

sin(p)

> 5 =1/64 ~ dim(Ys) = (2 64)% = 16.384
> Prrain = {1°,2°,...,89°}, i.e. Nerain = 89; strong greedy
> firest = 67.2439587°
107 —— Error for mu=67.2439587 Reduced Solution for mu=67.2439587, m=45, model error: 0.0043 odel Error Function for mu=67.2439587, m=45, model error: 0.0043
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:
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Numerical Experiments: 1D-2D-P
» Q=(0,1)% P:=(0,%)

> Buu:= cos{) Vutcu=f ~ Bju:=—cos(u)0xu—sin(u)dyu+ cu
sin(p)

> §=1/64 ~ dim(V;) = (2-64)> = 16.384

> Pirain = {1°,2°,...,89°}, i.e. Nyain = 89; strong greedy

> fitest = 07.2439587°

00 " ror for mu=o7.2439587 Reduced Solution for mu=67.2439587, m=65, model error: 0.0002 odel Error Function for mu=67.2439587, m=65, model error: 0.0002
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Wave equation: A (very) weak space-time form

» Wave: i —Au=g, u(0)=uw e H, u(0)=u; € V/
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Wave equation: A (very) weak space-time form

» Wave: i —Au=g, u(0)=uw e H, u(0)=u; € V/

» Very/ultra weak in space and time:

T
b(w, v) ::/ (w(t), ¥(t) + Av(£)) dt
0
f(v) == (& V)Lo1:Hy + (1, v(0)) vixv — (uo, v(0)) 1

> X = Ly(; H)
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Wave equation: A (very) weak space-time form

» Wave: i —Au=g, u(0)=uw e H, u(0)=u; € V/
» Very/ultra weak in space and time:

b(w, v) ;:/0 (w(t), ¥(t) + Av(e)) dt

f(v) == (&, V)Lo(;1) + (U1, v(0))vixv — (o, ¥(0)) 1

> X = Ly(; H)
> test inner product: (w,v)y = (w, V). 1= (W + Aw, V + AV) 1, (1;H)



page 21/25 RBM for Non-Parabolic Instationary Problems | EPSRC Durham MOR 2017 | Karsten Urban | Wave equation

Wave equation: A (very) weak space-time form

» Wave: i —Au=g, u(0)=uw e H, u(0)=u; € V/
» Very/ultra weak in space and time:

b(w, v) ;:/0 (w(t), ¥(t) + Av(e)) dt
f(v) :== (& V)Lo(m) + (1, v(0))vixv — (uo, ¥(0))

> X = Ly(; H)

> test inner product: (w,v)y = (w, V). 1= (W + Aw, V + AV) 1, (1;H)
»YVi={we HfT}(/; H) N Ly(l; W) 1 |lv]ly < oo} (~ Lions, Magenes)
> Then:

inf sup b(w, v)

AW Y g
weX vey [[wlx [[vly
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Wave equation: Discretization

> using standard trial X5 C X = L(/; H) and
computing optimal test Vs, is too costly
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Wave equation: Discretization

> using standard trial X5 C X = L(/; H) and
computing optimal test Vs, is too costly

» choose V5 = Q2 ® @3, for various § = (h, At)

EVs of Stiffness Matrix as Logarithmic Plot

500

200

0 o Number of Time Steps
Numerical results by J. Pickenhain

Number of Steps in Space
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Wave equation: Numerical results (optimal trial /test)

Trial Function

0.5 05

time 0o space
space
Error and Residual as a Log-Log Plot for ug(x) = sin(z x)
o
N 10
| Errors as Log-Log Plot, Where ug(x) = sin(x x) Residual at 3 Times the Accuracy
10 Residual at 9 Times the Accuracy
Error
107" I
=
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Wave equation: Numerical results

Comparison with energy-based estimate (Patera, U. ~ Bernardi, Siili)
for ey == u — up:

len(6)l < /(@)1 + aallan(®lR + 5= [ Il

Estimate and [ju(t)ll, Where g(tx) = 100sin(x x)sin(5x V)
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Conclusions and outlook
Space-Time variational formulations ...

> ... allow for sharp inf-sup estimates (~ RBM)

www.uzwr.de



page 25/25 RBM for Non-Parabolic Instationary Problems | EPSRC Durham MOR 2017 | Karsten Urban | Wave equation

Conclusions and outlook
Space-Time variational formulations ...

> ... allow for sharp inf-sup estimates (~ RBM)
> ... provide us with estimates also for standard schemes (Crank-Nicholson)

www.uzwr.de



page 25/25 RBM for Non-Parabolic Instationary Problems | EPSRC Durham MOR 2017 | Karsten Urban | Wave equation

Conclusions and outlook
Space-Time variational formulations ...

» ... allow for sharp inf-sup estimates (~ RBM)
> ... provide us with estimates also for standard schemes (Crank-Nicholson)
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Conclusions and outlook
Space-Time variational formulations ...
» ... allow for sharp inf-sup estimates (~ RBM)
> ... provide us with estimates also for standard schemes (Crank-Nicholson)

> ... are applicable (at least) for parabolic,
transport, wave problems (optimal trial /test function relation)

> ... are highly online efficient for RB (ex.. CDR N = 8)
> ... can be coupled with adaptive schemes (Ali, Steih, U.)

> Extensions / ongoing work:

online efficient error estimates (Brunken, Smetana)
non-coercive variational inequalities (Glas)
Helmholtz, Schrédinger (Hain, Radic)

HJB (Glas, Kiesel)

vy vV VY

www.uzwr.de
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